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Preface

In this book we mainly discuss the following three tunneling phenomena based on
our recent theoretical developments: (1) energy splitting, or tunneling splitting, in
symmetric double well potential, (2) decay of metastable state through tunneling, and
(3) tunneling effects in chemical reactions. The corresponding physical processes can
be naively understood in terms of a reaction path in which (1) two endpoints are fixed,
(2) one endpoint is fixed and one is free, and (3) both ends are free. Quantum me-
chanical tunneling manifests itself in a very wide range of natural phenomena and the
subjects we deal with here constitute only a small portion of the whole area. In spite
of the long history of studies of quantum mechanical tunneling phenomena, however,
the theory of multidimensional tunneling has not yet been satisfactorily developed.
Recently, we have successfully developed practical and useful methods applicable
to real multidimensional systems for the above-mentioned problems. Basic theories,
practical methodologies, and actual numerical applications to real molecular systems
are presented so that the reader can hopefully comprehend the basic concepts and
dynamics of multidimensional tunneling phenomena and use the methods directly
in various problems of molecular spectroscopy and chemical dynamics, if neces-
sary. Insufficiency of the low-dimensional treatments that are often employed for
practical problems and intriguing effects of multidimensionality are demonstrated
and clarified conceptually as well as numerically. Furthermore, attention is called
to the nonadiabatic tunneling phenomenon, which is quite ubiquitous in molecular
systems and yet manifests unique and intriguing phenomenon in comparison with or-
dinary tunneling. In this book, quite a bit of mathematics is used for the development
and explanation of basic theories; thus a background knowledge of mathematics
is required at the level of graduate students. This book is intended as a standard
reference for comprehending the phenomena and solving practical problems in the
fields of chemical physics. H. N. mainly wrote the whole contents and thus is re-
sponsible for all chapters. G. M. shares responsibility for Chapters 6, 7, and 8 and
Section 9.1.

We would like to thank all the collaborators for their contributions in the de-
velopment of the methods and various applications to real molecular systems that
clearly demonstrate the usefulness of our methods. H. N. would like to express his
sincere thanks to National Chiao Tung University in Hsinchu, Taiwan, and people
at the Institute of Molecular Science, Department of Applied Chemistry, Faculty of
Science of the university for providing this nice opportunity to work on this book.
Especially, he is deeply indebted to Professors S. H. Lin and Y. P. Lee for their hos-
pitality. G. M. thanks his colleagues and friends in Okazaki who have turned this
place into his second hometown after spending seven wonderful years in the Institute
for Molecular Science, National Institutes of Natural Sciences. Acknowledgment is
also due to the following societies and publishers for permission of reproducing vari-
ous copyright materials: American Institute of Physics, American Chemical Society,
Elsevier Science B.V., and World Scientific Publishing.
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1 Introduction

Needless to say, quantum mechanical tunneling is the most fundamental and well-
known quantum mechanical effect and has been a long-standing important subject
since the dawn of quantum mechanics. It plays crucial roles in a wide range of natural
sciences from various fields of physics and chemistry to biology, representing its
multidisciplinarity. For instance, tunneling effects are studied in false vacuum states
in quantum field theory [1–3], fission of atomic nuclei in nuclear physics [2,4,5],
scanning tunneling microscopy and mesoscopic devices in solid-state physics [6–8],
and proton transfer and chemical reactions in chemistry and biology [9–20]. The de
Broglie wavelength λ of atoms and molecules is given by

λ = 2π h̄

mv
, (1.1)

where m and v are the mass and velocity of a particle. If a hydrogen atom moves
with the kinetic energy of 1 eV, its corresponding de Broglie wavelength is as short
as λ � 2.9 × 10−9 cm and definitely its quantum mechanical behavior becomes
important. At lower energies, the effect becomes more crucial.

There are enormous amounts of literature dealing with quantum mechanical tun-
neling phenomena, and many monographs have also been published recently covering
various fields of the phenomenon [21–24]. Unfortunately, however, theories of mul-
tidimensional tunneling phenomena are not yet satisfactorily developed. Effective
numerical algorithms in quantum mechanics such as MCTDH (multichannel time-
dependent Hartree) method [25] and quantum Monte Carlo method [26] have been
developed and successfully implemented to study quantum dynamics in multidimen-
sional systems. However, exact quantum dynamics methods require a formidable task
including accurate ab initio calculations of global potential energy surfaces. Besides,
it is not straightforward to obtain the physical insights of dynamic processes.

In this sense, semiclassical methods seem to be the most promising, since any
WKB (Wentzel-Kramers-Brillouin) type theory is based on classical trajectories
that can be computed rather easily even in high-dimensional systems. So far, many
semiclassical theories of multidimensional tunneling have been proposed and tested
[1,4,7,27–37]. In the ordinary WKB-type approach, the crucial problem is matching
the semiclassical wave functions at the boundary between the classically allowed re-
gion and the tunneling (classically forbidden) region in multidimensional space. This
is equivalent to the analytical continuation into the complex phase space and has been
done successfully so far only in two dimensions. The instanton approach, on the other
hand, avoids this problem of matching by formally treating the energy E as the first-
order term with respect to h̄ in the semiclassical asymptotic expansion. As a result,
in the limit of h̄ → 0 the classically allowed region shrinks to a single point at the
potential minimum position. The tunneling (instanton) trajectory has zero energy and
originates from the minimum. This instanton theory was reformulated on the basis of
the WKB approximation to the Schrödinger equation by treating the energy E as the
first-order term with respect to h̄ [33,34]. The main idea of instanton approach closely

1



2 Quantum Mechanical Tunneling in Chemical Physics

resembles that of periodic orbit method [27] and was originally formulated in the con-
text of the path-integral formalism by Coleman [38] for the decay problem and by
Vainshtein et al. [39] for the tunneling splitting. The decay problem means the decay
of a metastable state supported by a potential well by tunneling through a potential
barrier. The tunneling splitting is an energy splitting due to tunneling in a symmetric
double well potential. This instanton approach was applied to relatively big molecules
and molecular complexes [40–42]. There are, however, some problems in these treat-
ments from our viewpoint. The contributions of the transverse modes perpendicular
to the instanton orbit are assumed to be additive and the multidimensional systems are
treated essentially as a set of two-dimensional ones. Another problem is related to the
difficulty of finding the multidimensional instanton trajectory. It is not possible to find
it just by shooting classical trajectories on the inverted potential energy surface, as can
be done in two dimensions. Thus the instanton trajectory is found only approximately
and the pre-exponential factor is often taken from one-dimensional theory.

Recently, we developed practical and useful semiclassical methods applicable to
multidimensional systems [43–46]. These are multidimensional theories of tunneling
splitting in symmetric double well potential and decay of metastable states through
potential barrier. These are canonically invariant WKB-type instanton theory and
based on exact solutions of Hamilton-Jacobi and transport equations (or continuity
equation) for arbitrary multidimensional systems with general form of the Hamilto-
nian. The final result is presented in canonically invariant form, which does not resort
to any special coordinate system and can be used directly for practical computations.
The instanton trajectory can be determined efficiently in any multidimensional sys-
tems. We also formulated an efficient method to detect caustics, namely, a boundary
between classically allowed and forbidden regions, on multidimensional potential
energy surface [47]. Finding caustics is nontrivial in multidimensional space. The
present method can be applied to tunneling in multidimensional chemical reactions,
since tunneling trajectories can be run from the caustics on the inverted potential en-
ergy surface. These methods can be usefully applied to various realistic problems in
molecular spectroscopy and chemical dynamics. Considering the boundary conditions
of tunneling processes, there are three kinds of tunneling, as shown in Figure 1.1: (a)
tunneling splitting in which both ends are bounded, (b) decay of metastable state
through tunneling or resonance scattering via potential barrier penetration in which
one end is free to infinity, and (c) tunneling in chemical reactions in which both
ends are free. The above-mentioned theoretical methods are relevant to each of these
subjects.

There is another important tunneling phenomenon that is called nonadiabatic
tunneling . This represents one class of nonadiabatic transitions and plays significant
roles in chemical dynamics [48]. The potential barrier is created by the interaction
between two crossing diabatic potential energy surfaces with opposite signs of slopes
(see Figure 1.2). This nonadiabatic tunneling is affected by the nonadiabatic coupling
between the two adiabatic potentials and is quite different from ordinary tunneling.
This phenomenon is rather ubiquitous in chemical physics, since the so-called conical
intersections of potential energy surfaces appear frequently in molecular systems.
This new type of tunneling requires careful treatment, but this is not necessarily well
recognized yet. Tunneling through the lower adiabatic potential at energies lower than



Introduction 3

Coordinate

P
o

te
n

ti
al

 E
n

er
g

y

(a)

Coordinate

P
o

te
n

ti
al

 E
n

er
g

y

(b)

Coordinate

P
o

te
n

ti
al

 E
n

er
g

y

(c)

FIGURE 1.1 Three kinds of tunneling phenomena schematically depicted by one-dimensional
potential energy curves: (a) tunneling splitting, (b) decay of metastable state, and (c) tunneling
in reaction.

the top of that lower adiabatic potential is affected by the coupling with the upper
adiabatic potential. Whenever we encounter a potential barrier, we always have to be
careful whether any excited state potential is located near the barrier top or why the
potential barrier is created.

In addition to the above-mentioned subjects, theories for direct evaluation of
reaction rate constants are also discussed for both electronically adiabatic chemical
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E2

(EX)

E1

ε = 0

Nonadiabatic Tunneling Type

Classically

Classically

Allowed

Forbidden

TRTL

FIGURE 1.2 Nonadiabatic tunneling type of potential curve crossing. Dashed lines represent
diabatic states that are coupled to each other. Solid lines are the adiabatic states obtained by
diagonalizing the coupled diabataic states.

reactions on a single potential energy surface and nonadiabatic chemical reactions
in which two or more adiabatic potential energy surfaces are involved. As is well
known, a reaction rate constant is an important physical quantity to characterize
chemical reactions. It is desirable to be able to estimate that quantity directly, not
from the detailed dynamics (i.e., not from the state-to-state reaction probabilities).

This book is organized as follows. In Chapters 2 and 3 the basic low-dimensional
(one- and two-dimensional) theories are reviewed as an introduction to subsequent
chapters. In Chapter 4 multidimensionality effects that cannot be interpreted by one-
dimensional theory are clarified conceptually. These are endorsed by both numerical
demonstrations and experimental observations. An analysis is presented by taking tun-
neling splittings of the tropolone molecule. The peculiar phenomenon of nonadiabatic
tunneling is explained in Chapter 5 and the basic one-dimensional Zhu-Nakamura
theory is presented there. Chapter 6 is devoted to the theory of multidimensional
tunneling splitting in symmetric double well potential in polyatomic molecules. The
above-mentioned WKB-type instanton method (modified WKB method) is presented.
A general and practical algorithm to find the instanton trajectory is formulated and
the efficient method to include ab initio quantum chemical data is explained. Applica-
tions to real polyatomic molecules are reported, and the high efficiency and accuracy
of the method are demonstrated in Chapter 7. Actual polyatomic molecules treated
are hydroperoxy radical (HO2), vinyl radical (C2H3), malonaldehyde (C3O2H4), and
formic acid dimer [(DCOOH)2]. The algorithm is extended to the decay of metastable
states through a potential barrier in Chapter 8. In Chapter 9 tunneling in chemical
reactions is discussed. An efficient way of detecting caustics in multidimensional
space is presented. Direct evaluation of reaction rate constant is also discussed for
both electronically adiabatic and nonadiabatic reactions. Chapter 10 briefly discusses
future perspectives and some other topics that are not touched upon in this book.



2 One-Dimensional Theory

2.1 EXACTLY SOLVABLE CASES

The analytical solutions for the following three exactly solvable cases are presented:
(1) delta-function barrier, (2) parabolic potential barrier, and (3) Eckart potential
barrier. These solutions may be useful for some analyses.

2.1.1 CASE OF DELTA-FUNCTION BARRIER

Let us consider the case of a delta-function barrier V (x) = λδ(x)(λ > 0). The
Schrödinger equation to be solved is

− h̄2

2m

d2ψ(x)

dx2
+ λδ(x)ψ(x) = Eψ(x). (2.1)

Since the plane waves exp(±ikx) with k = √
2m E/h̄ are the independent solutions

at x �= 0, the wave function ψ(x) is expressed as

ψ(x) =
{−Ar exp(ikx) + Al exp(−ikx), (x<0),

−Br exp(ikx) + Bl exp(−ikx), (x>0),
(2.2)

where Aα and Bα(α = r, l) are the coefficients to be determined. The continuity of
the wave function at x = 0 (ψ(−0) = ψ(+0)) requires

Ar − Al = Br − Bl . (2.3)

One more condition is obtained by integrating the Schrödinger equation over the
interval (−ε, ε) as

− h̄2

2m

∫ ε

−ε

ψ ′′(x)dx + λ

∫ ε

−ε

δ(x)ψ(x)dx = E
∫ ε

−ε

ψ(x)dx, (2.4)

where ε → 0 is taken. Since
∫ ε

−ε
ψ ′′(x)dx = ψ ′(+ε) − ψ ′(−ε), we have

Ar + Al − Br − Bl = 2mλ

ikh̄2 (−Ar + Al). (2.5)

Considering the case that the incident wave comes in from the left side, we have
Ar = 1 and Bl = 0. Putting Al = r (reflection amplitude) and Br = t (transmission
amplitude) and solving Equations (2.3) and (2.5), we have

r = mλ

i h̄2k − mλ
(2.6)

and

t = i h̄2k

i h̄2k − mλ
. (2.7)

5



6 Quantum Mechanical Tunneling in Chemical Physics

The transfer matrix M defined by(
Ar

Al

)
= M

(
Br

Bl

)
(2.8)

is given by

M =
(

1/t r∗/t∗

r/t 1/t∗

)
. (2.9)

The scattering matrix S defined by(
Al

Br

)
= S

(
Ar

Bl

)
(2.10)

is given by

S =
(

r t
t r

)
. (2.11)

The transmission and reflection probabilities are

|t |2 = h̄4k2

h̄4k2 + m2λ2
(2.12)

and

|r |2 = m2λ2

h̄4k2 + m2λ2
. (2.13)

2.1.2 CASE OF PARABOLIC POTENTIAL BARRIER

In the case of a parabolic potential barrier, the Schrödinger equation to be solved is
given by (

d2

dx2
+ K 2(x)

)
ψ(x) = 0, (2.14)

where

K 2(x) = 2m

h̄2 [E − V (x)] ≡ 2m

h̄2

(
E − Vmax + 1

2
kx2

)
. (2.15)

Introducing the following variable and parameters:

z =
(

4mk

h̄2

)−1/4

e−π i/4x, (2.16)

ε = E − Vmax

h̄ω∗ , (2.17)

and
ω∗ = (k/m)1/2, (2.18)

the Schrödinger equation is transformed to the Weber equation,(
d2

dz2
+ iε − z2

4

)
ψ(z) = 0. (2.19)



One-Dimensional Theory 7

The WKB solutions (see Section 2.2) at x 
 a and at x � b are expressed, respec-
tively, as

ψ(x)
x
a� [k(x)]−1/2

(
−C

′
a exp

[
i
∫ x

a
k(x)dx

]
+ C

′′
a exp

[
−i
∫ x

a
k(x)dx

])
(2.20)

and

ψ(x)
x�b� [k(x)]−1/2

(
−C

′
b exp

[
i
∫ x

b
k(x)dx

]
+ C

′′
b exp

[
−i
∫ x

b
k(x)dx

])
.

(2.21)
It should be noted that the coefficients of the wave running to the right are taken to
be −C ′

a and −C ′
b as in Equation (2.2). By using the asymptotic expressions of Weber

functions and the above WKB solutions, the connection between the coefficients
(C

′
a,C

′′
a) and (C

′
b,C

′′
b) can be obtained as(

C
′
a

C
′′
a

)
=

( √
2π

	(1/2−iε) exp[−π
2 ε + iε − iε ln |ε|] −i exp[−πε]

i exp[−πε]
√

2π
	(1/2+iε) exp[−π

2 ε − iε + iε ln |ε|]

)(
C

′
b

C
′′
b

)

≡ M

(
C

′
b

C
′′
b

)
, (2.22)

where 	(z) is the gamma function. Using the relation

	(1/2 + iε) =
√

2π exp
[
−π

2
ε
]

(1 + exp[−2πε])−1/2 exp[i arg	(1/2 + iε)],

(2.23)
the final expression of the transfer matrix M can be obtained as

M =
( (1 + exp [−2πε])1/2 exp[iφ(ε)] −i exp[−πε]

i exp[−πε] (1 + exp[−2πε])1/2 exp[−iφ(ε)]

)
,

(2.24)
where the phase φ(ε) is defined as

φ(ε) = arg	(1/2 + iε) + ε − ε ln |ε|. (2.25)

The coefficients C
′
a and C

′′
b represent the incoming waves to the potential barrier and

the coefficients C
′
b and C

′′
a represent the outgoing waves from the barrier. The matrix

ST that connects these sets of coefficients has physical meaning of scattering matrix
defined as (

C
′
b

C
′′
a

)
= ST

(
C

′
a

C
′′
b

)
. (2.26)

This tunneling scattering matrix can be obtained easily from the above expression of
M-matrix as

ST = exp[−iφ(ε)](1 + exp[−2πε])−1/2

(
1 i exp[−πε]

i exp[−πε] 1

)
. (2.27)
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The diagonal (off-diagonal) elements of this matrix represent tunneling (reflection)
amplitudes. At E ≤ Vmax the parameter ε is negative [ε = −|ε|] [see Equation (2.17)]
and the tunneling probability is given by

Ptunnel = exp[−2π |ε|]
1 + exp[−2π |ε|] . (2.28)

In the deep tunneling limit E 
 Vmax, i.e., |ε| � 1, this becomes the same as the
Gamov formula. On the other hand, at E ≥ Vmax, ε(= |ε|) is positive [see Equation
(2.17)] and the transmission probability becomes

Ptunnel = exp[2π |ε|]
1 + exp[2π |ε|] . (2.29)

In the high-energy limit E � Vmax, the probability naturally goes to unity.

2.1.3 CASE OF ECKART POTENTIAL BARRIER

The Schrödinger equation to be solved is given by [49](
d2

dx2
+ K 2(x)

)
ψ(x) = 0, (2.30)

where

K 2(x) = 2m

h̄2 [E − V (x)] ≡ 2m

h̄2

[
E − U0sechyp2(αx)

]
. (2.31)

The solution of this equation is given in the textbook of Landau and Lifshitz [50].
With the variable changes

u = 1

2
(1 − ξ ) = 1

2
[1 − tanh(αx)] (2.32)

and
ψ(x) = [1 − (1 − 2u)2

]−iε/2
w, (2.33)

we obtain the differential equation

u(1 − u)
d2w

du2
+ (1 − iε)(1 − 2u)

dw

du
+ [iε(1 − iε) + s(s + 1)]w = 0, (2.34)

where

ε =
√

2m E

α2h̄2 = k

α
(2.35)

and

s =

⎧⎪⎨
⎪⎩

1
2

[
−1 +

√
1 − 8mU0/(α2h̄2)

]
≡ − 1

2 + s1 for 8mU0/(α2h̄2) ≤ 1,

1
2

[
−1 + i

√
8mU0/(α2h̄2) − 1

]
≡ − 1

2 + is0 for 8mU0/(α2h̄2) ≥ 1.

(2.36)
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The physically meaningful solution of Equation (2.34) is given by the hypergeometric
function as

w = F
(− iε − s,−iε + s + 1, 1 − iε : [1 − tanh(αx)]/2

)
. (2.37)

For x → +∞, we have ξ → 1, u → 0, w → 1, and

ψ(x) → [1 − (1 − 2u)2]−iε/2 → 2−iεeikx , (2.38)

which represents the tunneling wave moving to the right. For x → −∞, on the other
hand, we have ξ → −1, u → 1 and thus

ψ(x) → 2−iε[Aeikx + Be−ikx ], (2.39)

where

A = 	(1 − iε)	(−iε)

	(−iε − s)	(−iε + s + 1)
≡ |A| exp(iθA) (2.40)

and

B = 	(1 − iε)	(iε)

	(1 + s)	(−s)
≡ |B| exp(iθB). (2.41)

In order to derive Equation (2.39), the following relation of the hypergeometric func-
tions is used:

F(α, β, γ : z) = 	(γ )	(γ − α − β)

	(γ − α)	(γ − β)
F(α, β, α + β + 1 − γ : 1 − z)

+	(γ )	(α + β − γ )

	(α)	(β)
(1 − z)γ−α−β

×F(γ − α, γ − β, γ + 1 − α − β : 1 − z). (2.42)

The transmission amplitude T and the reflection amplitude R are obtained as follows:

T = 1

A
= |T | exp(−iθA) (2.43)

and

R = B

A
= |R| exp(iθB − iθA). (2.44)

The tunneling probability is given by

P = |T |2 =
⎧⎨
⎩

sinh2(πε)
sinh2(πε)+cos2(πs1)

for s = −1/2 + s1,

sinh2(πε)
sinh2(πε)+cosh2(πs0)

for s = −1/2 + is0.
(2.45)
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2.2 WKB APPROXIMATION AND CONNECTION FORMULA

The WKB approximation, which is sometimes called the JWKB approximation, pay-
ing respect to the contribution of mathematician H. Jeffreys, provides us with the
analytical expression of wave function for a particle moving in a general potential
V (x) as

ψ(x) � 1√
k(x)

exp[± i

h̄

∫ x

x0

p(x)dx], (2.46)

where x0 is the turning point [E = V (x0)] and

k(x) = p(x)

h̄
= 1

h̄

√
2m[E − V (x)]. (2.47)

Since this wave function becomes the quantum mechanically exact solution—namely,
plane wave, when the potential V (x) does not depend on the coordinate x and is
constant—the WKB approximation holds well when the potential weakly depends
on the coordinate. That is to say, the condition that the above WKB approximation
holds well is given by

1

2π

∣∣∣∣dλ(x)

dx

∣∣∣∣
 1, (2.48)

where λ(x) is the coordinate-dependent de Broglie wavelength. This approximation
is useful, since it gives an analytical expression of wave function for any potential
V (x) as far as the above condition is satisfied. At the turning point x0, however,
it breaks down, since k(x) ∝ √

x − x0 there. The turning point is nothing but the
boundary between the classically allowed and forbidden regions. In the classically
forbidden region, the two independent WKB solutions are exponentially decaying and
growing functions, as can be easily guessed from Equation (2.46). In order to obtain
a physical solution that satisfies physical boundary conditions, the WKB functions
that hold in each region should be connected. This connection is one of the most
important problems of the WKB approximation. As an example, let us consider the
one-dimensional tunneling problem depicted in Figure 1.1(c). Suppose the incident
wave comes in from the left and the turning points on the left and right sides are
denoted as x = a and x = b, respectively.

At the turning point x = b, the following two connection formulas hold:

c

2
√|k(x)| exp

[
−|
∫ x

b
k(x)dx |

]
↔ c√

k(x)
sin

[∫ x

b
k(x)dx + π/4

]
(2.49)

and

−ic√|k(x)| exp

[
+|
∫ x

b
k(x)dx |

]
↔ c√

k(x)
exp

[
i
∫ x

b
k(x)dx − π i/4

]
, (2.50)

where c is a constant. Equation (2.49) tells that the stationary wave in the classically
allowed region is connected to the exponentially decaying function with the coefficient
1/2. On the other hand, Equation (2.50) means that the outgoing wave in the classically
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allowed region is connected to the exponentially growing wave in the classically
forbidden region. The factor −i in the classically forbidden region and the phase
−π i/4 in the classically allowed region should be noted. Suppose the incident wave
comes in from the left at x 
 a. This incident wave is expressed as

1

2i
√

p

(
exp

[
i
∫ a

x
k(x)dx + π i/4

]
− exp

[
−i
∫ a

x
k(x)dx − π i/4

])

= 1

p
sin

(∫ a

x
k(x)dx + π/4

)
, (2.51)

where the second (first) exponential function represents the incident (reflected) wave.
Here the tunneling probability is assumed to be small and the amplitude of the reflected
wave is set to be unity. Now we apply the connection formula Equation (2.49) and
we have the following wave inside the potential barrier at a < x < b:

1

2
√|p(x)| exp

[
−|
∫ x

a
k(x)dx |

]
. (2.52)

This can be rewritten as

exp

[
−|
∫ b

a
k(x)dx |

]
× 1

2
√|p(x)| exp

[
|
∫ x

b
k(x)dx |

]
. (2.53)

Here we can apply the connection formula Equation (2.50) to the last exponential
function in the above expression and we have the wave function in the classically
allowed region at x > b as

exp

[
−|
∫ b

a
k(x)dx |

]
× i

2
√

p(x)
exp

[
i
∫ x

b
k(x)dx − π i/4

]
. (2.54)

The square of the first term of this expression gives the tunneling probability as

Ptunnel � exp

[
−2|

∫ b

a
k(x)dx |

]
. (2.55)

This is the well-known Gamov formula of tunneling probability. It is now well under-
stood that the connection formulas of Equations (2.49) and (2.50) are crucial. These
formulas can be obtained from the Airy function, since the potential in the vicinity
of the turning point can be approximated by a linear function of x for which the Airy
function gives the exact analytical solution.

2.3 COMPARISON EQUATION METHOD

The Gamov formula derived above is a deep tunneling approximation at E 
 Vmax,
where Vmax is the potential barrier top. Actually, Equation (2.55) gives 1.0 at E =
Vmax, but the correct transmission probability at E � Vmax is ∼ 1/2. This error is
obvious, since the linear potential approximation does not hold in the vicinity of the
potential barrier top. It is better to use a quadratic potential approximation. Instead
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of directly using the parabolic potential approximation, a more general comparison
equation method is explained here [51]. Suppose we know the exact solution of the
following differential equation:[

d2

dx2
+ J 2(ξ )

]
φ(ξ ) = 0. (2.56)

We try to solve a more general equation that has the same analytical structure,[
d2

dx2
+ K 2(x)

]
ψ(x) = 0, (2.57)

in the form
ψapp(x) = A(x)φ[ξ (x)]. (2.58)

In order for the function ψapp(x) to be a good approximation to ψ(x), the WKB
solutions of Equations (2.56) and (2.57),

ψW K B(x) = K −1/2(x) exp

[
i
∫ x

x0

K (x ′)dx ′
]

(2.59)

and

φW K B(ξ ) = J−1/2(ξ ) exp

[
i
∫ ξ

ξ0

J (ξ ′)dξ ′
]
, (2.60)

should coincide. In other words, the following relations should be satisfied:∫ x

x0

K (x ′)dx ′ =
∫ ξ

ξ0

J (ξ ′)dξ ′ (2.61)

and

A(x) =
(

J (ξ )

K (x)

)1/2

=
(

dξ

dx

)−1/2

. (2.62)

The approximate function ψapp(x) can be shown to satisfy the equation[
d2

dx2
+ K 2(x) + γ (x)

]
ψapp(x) = 0, (2.63)

where

γ (x) = −
(

dξ

dx

)1/2 d2

dx2

(
dξ

dx

)−1/2

= −
(

K (x)

J (ξ )

)1/2 d2

dx2

(
K (x)

J (ξ )

)−1/2

. (2.64)

Thus, ψapp(x) can be a good approximation, when the following condition is satisfied:

γ (x) 
 K 2(x). (2.65)

The important question about this comparison equation method is what “the same
analytical structure” means. In order for the function γ (x) given by Equation (2.64)
not to diverge, the order and the number of zeros of K (x) should be the same as those
of J (ξ ). That is to say, if the conditions

K (x j ) = J (ξ j ) = 0 ( j = 1, 2, 3, , , ) (2.66)
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and ∫ x j+1

x j

K (x)dx =
∫ ξ j+1

ξ j

J (ξ )dξ (2.67)

are satisfied, then we can construct a good approximate solution ψapp(x) from the
solution φ(ξ ) of the standard Equation (2.56).

In the case of a general potential that has “the same analytical structure” as that of
the parabolic potential barrier, we can use the comparison equation method explained
above. Equation (2.67) requires

∫ b

a
K (x)dx =

∫ 2(iε)1/2

−2(iε)1/2
(−z2/4 + iε)1/2dz = −iπε. (2.68)

Thus we obtain

ε =
⎧⎨
⎩

− 1
π

∫ b
a |K (x)|dx for E ≤ Vmax,

− 1
π i

∫ x2

x1
K (x)dx for E ≥ Vmax,

(2.69)

where x1 and x2 are the complex turning points that satisfy K (x j ) = 0 ( j = 1, 2) at
E ≥ Vmax. With this replacement of ε we can use the results obtained in Section 2.1.2.
The matrices M of Equation (2.24) and S of Equation (2.27) can be used together
with ε given by Equation (2.69).

Unfortunately, this method cannot be used in the case of an Eckart potential bar-
rier, discussed in Section 2.1.3. The corresponding appropriate comparison equation
method has not yet been developed in this case.

2.4 DIAGRAMMATIC TECHNIQUE

Many chemical dynamic processes can be decomposed into basic events and described
as a sequence of those events. The basic events are (1) wave propagation along adia-
batic potential without any transition, (2) wave reflection at turning point, (3) potential
barrier transmission and reflection, (4) nonadiabatic transition at avoided crossing
point, and (5) nonadiabatic tunneling and reflection at the energy lower than the bot-
tom of the upper adiabatic potential. These are expressed by the diagrams depicted
in Figures 2.1–2.5.

Various one-dimensional processes can be expressed by connecting these dia-
grams and can be described by combining the appropriate semiclassical matrices.
This technique is called diagrammatic technique [48,52]. When we write the semi-
classical wave function on the adiabatic potential En(x) with a as a reference point as

ψn(x) � −V ′
nφ

(+)
n (x : a) + V ′′

n φ(−)
n (x : a) (2.70)

with

φ(±)
n (x : a) =

√
m

2πkn(x)
exp

(
±i
∫ x

a
kn(x)dx

)
, (2.71)

the connection of the coefficients is provided as follows for each basic element.
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UV
b

b
En(R)

a

a

FIGURE 2.1 Diagram for wave propagation from a to b along the potential En(R).

1. Wave propagation (see Figure 2.1)

U =
(

exp[iγn(a, b)] 0
0 exp[−iγn(a, b)]

)
V ≡ PabV (a < b), (2.72)

where

γn(a, b) =
∫ b

a
kn(x)dx, (2.73)

V is a column vector with components V ′ and V ′′, and U is the similar
vector that represents the wave function with b as a reference point.

2. Wave reflection at turning point (see Figure 2.2)

V =
(

eπ i/4 0
0 e−π i/4

)(
A
A

)
, (2.74)

where A simply represents the wave amplitude. If the turning point is
located on the right side, the signs of π i/4 should be interchanged. If we
eliminate the amplitude A, then we have V ′ = exp(iπ/2)V ′′.

3. Potential barrier transmission and reflection (see Figure 2.3)

V =
(√

1 + exp[−2πε]eiφ −i exp[−πε]
i exp[−πε]

√
1 + exp[−2πε]e−iφ

)
U ≡ MU . (2.75)

En(R)

V˝

V´

Vń

Vn̋

T

T

FIGURE 2.2 Diagram for wave reflection at the turning point T .
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U´

U˝

V´

V ˝

V´

V˝

U´

U˝

E(R)

M

FIGURE 2.3 Diagram for potential barrier transmission and reflection.

Here we have used the comparison equation method for the case of quadratic
potential barrier. This transfer matrix M is the same as Equation (2.24),
and φ and ε are given by Equations (2.25) and (2.69).

4. Nonadiabatic transition at avoided crossing point (see Figure 2.4)

U ′′ = IV ′′ and V ′ = OU ′, (2.76)

I

U2̋

U1̋

V2̋

V1̋

U2̋

V2̋

U1̋

V1̋

E2(R)

E1(R)

U2́

U1́

V2́

V1́

U2́

V2́

U1́

V1́

E2(R)

E1(R)

O

FIGURE 2.4 Diagram for nonadiabatic transition. Matrix O is a transpose of I (O = I t ).
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U´

V˝

V´

U˝

N

V´

V˝

U´

U˝

E2(R)

E1(R)

FIGURE 2.5 Diagram for nonadiabatic tunneling.

where U ′ is a column vector with components U ′
1 and U ′

2, and the other
vectors have similar meanings. When the energy is lower than the crossing
point EX , we have

V ′ = S(R)V ′′, (2.77)

where S(R) is the so-called reduced scattering matrix, which is a scattering
matrix with elastic scattering phase parts removed from the total scattering
matrix.

5. Nonadiabatic tunneling at E ≤ Eb (bottom of the upper adiabatic poten-
tial) (see Figure 2.5)

U = NV, (2.78)

where N is a transfer matrix.
Since the nonadiabatic transition is not a main subject in this book, the
expressions of the matrices I, O(= transpose of I ), S(R), and N are not
given here. The reader interested in these should refer to Reference [48], and
especially Appendix A of this book. The nonadiabatic tunneling problem
is, however, discussed in Chapter 5.

2.5 INSTANTON THEORY AND MODIFIED WKB METHOD

In the first part of this section, the instanton theory [2] is explained by taking the motion
of a particle of mass m in one-dimensional potential V (x). Tunneling splitting in a
symmetric double well potential and decay of metastable state by tunneling through
a potential barrier are employed as examples. In the second subsection, it is shown
that the results can be reproduced by the WKB method with slight modification.

2.5.1 INSTANTON THEORY

The instanton theory was invented in the field theory by introducing imaginary time
to Minkowski space-time. The instanton is the classical object in the Euclidean space-
time that gives a finite action. The instanton is also called pseudo-particle. Here the
theory is explained by following Coleman [2]. See also References [17,39,43,46].
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Let us consider the transition amplitude from position xi to x f under the
Hamiltonian H ,

〈x f |e−i Ht/h̄ |xi 〉 = N
∫

D[x]ei Sc/h̄, (2.79)

where Sc is the action, N is a normalization factor, and D[x] means Feynman’s path
integral over all functions x(t), which satisfies the boundary conditions x(−t/2) = xi

and x(t/2) = x f . For simplicity of formulation, we assume for a moment that the
particle mass is equal to unity. The mass m is recovered in the final expression. Here
we introduce the imaginary time t = −iT ; then the above expression becomes

〈x f |e−H T/h̄ |xi 〉 = N
∫

D[x]e−S/h̄, (2.80)

where S is the Euclidean action defined by

S =
∫ T/2

−T/2
dτ

[
1

2

(
dx

dτ

)2

+ V

]
. (2.81)

The reason we consider the amplitude given by Equation (2.80) is as follows. If we
expand this amplitude by using a complete set of energy eigenstates,

H |n〉 = En|n〉, (2.82)

then
〈x f |e−H T h̄ |xi 〉 =

∑
n

e−En T/h̄〈x f |n〉〈n|xi 〉. (2.83)

At T → ∞, the leading term gives the lowest energy and the corresponding wave
function.

Now we try to evaluate the right side of Equation (2.80) by using the expansion

x(τ ) = x̄(τ ) +
∑

n

cn xn(τ ), (2.84)

where x̄(τ ) is a certain function satisfying the boundary condition and {xn(τ )} is a
complete set of orthonormal functions vanishing at the boundaries,∫ T/2

−T/2
dτ xn(τ )xm(τ ) = δnm, xn(±T/2) = 0. (2.85)

Then, the integration measure D[x] is given by

D[x] = �
n

(2π h̄)−1/2dcn. (2.86)

Here we use the semiclassical approximation (small h̄); namely, we use the station-
ary phase approximation, assuming that there is only one stationary point, which is
denoted by x̄ . The variation of the action S for the change of x → x̄ + δx is given by
using the partial integration method as

S(x̄ + δx) = S(x̄) +
∫

dτ

[
−d2 x̄

dτ 2
+ V ′(x̄)

]
δx +

∫
dτδx

[
−d2δx

dτ 2
+ V ′′δx

]
+· · ·.
(2.87)
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The stationary solution x̄ , which is called instanton trajectory, satisfies the equation

δS

δ x̄
= −d2 x̄

dτ 2
+ V ′(x̄) = 0. (2.88)

It should be noted that this is a classical equation of motion in the inverted poten-
tial −V (x). Let us choose the functions {xn(τ )} to be eigenfunctions of the second
variational derivative of S at x̄ [see Equation (2.87)],

−d2xn(t)

dτ 2
+ V ′′(x̄)xn(τ ) = λn xn(τ ). (2.89)

Since

S = S(x̄) + 1

2

∑
n

λnc2
n ≡ S0 + 1

2

∑
n

λnc2
n, (2.90)

the integral in Equation (2.80) can be carried out by Gaussian integrals and we have

〈x f |e−H T/h̄ |xi 〉 = Ne−S0/h̄
�
n
λ−1/2

n

= Ne−S0/h̄
[
det
(−d2/dτ 2 + V ′′(x̄)

)]−1/2
, (2.91)

where the second equation gives the definition of the determinant of differential
operator; namely, det[. . .] means the infinite product of the eigenvalues of the differ-
ential operator in the bracket. It is assumed here that all eigenvalues are positive. This
point is discussed later.

Now, let us consider the double well potential V (x) (see Figure 2.9), which is
symmetric V (−x) = V (x) and vanishes at minima with frequency ω there, namely,
V (x = ±x0) = 0 and V ′′(x = ±x0) = ω2. First we have to find solutions that satisfy
Equation (2.88). There are two obvious solutions in which the particle stays forever
at one of the tops of the two hills. But there is another important solution that starts
from the top of one hill, say at x = −x0 at time τ = −T/2, and moves to the top of
the other hill at x = x0 at time τ = T/2. From Equation (2.88) we obtain

dx̄

dτ
=

√
2V (2.92)

or

τ = τ1 +
∫ x

0
dx ′(2V )−1/2, (2.93)

where τ1 is an integration constant time at which x vanishes. This solution is called
“an instanton with center at τ1.” Solutions that go from x0 to −x0 are called
“anti-instantons.” When x approaches x0 at large τ , Equation (2.92) can be approxi-
mated as dx/dτ = ω(x0 − x), which gives (x0 − x) ∝ e−ωτ at large τ . This indicates
that instantons are well-localized objects. From Equations (2.81) and (2.92), the action
S0 is given by

S0 =
∫

dτ

[
1

2
(dx/dτ )2 + V

]
=
∫

dτ (dx/dτ )2 =
∫ x0

−x0

dx
√

2V (x). (2.94)
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Since the instantons are well localized, strings of widely separated instantons and
anti-instantons can also be solutions and we have to sum up all of them. Suppose
there are well-separated n objects (instantons or anti-instantons), the action is nS0,
and the contribution to the transition amplitude from one object is the same as that
for a single harmonic potential and is given by (see Appendix A),

N

[
det

(
− d2

dτ 2
+ ω2

)]−1/2

=
(

ω

π h̄

)1/2

e−ωT . (2.95)

The interval between the two objects is actually not infinity and thus the correction
to this is introduced as (

ω

π h̄

)1/2

e−ωT [B/2]n, (2.96)

where B is derived below by demanding that this formula gives the right answer for
one instanton. The functional integration should be carried out over the locations of
the centers {τn} as ∫ T/2

−T/2
dτ1

∫ τ1

−T/2
dτ2 · · ·

∫ τn−1

−T/2
dτn = T n/n!. (2.97)

If we start at −x0(x0) and come back to x0(−x0), then n must be an odd number and
we can obtain the corresponding transition amplitudes as

〈x0|e−H T/h̄ | − x0〉 = 〈−x0|e−H T/h̄ |x0〉

=
(

ω

π h̄

)1/2

e−ωT
∑
odd n

(BT e−S0/h̄/2)n

n!
. (2.98)

The amplitudes 〈−x0|e−H T/h̄ | − x0〉 = 〈x0|e−H T/h̄ |x0〉 are given by the same expres-
sion with the summation over even n. Denoting the splitted ground states as |0〉 and
|1〉 with energies E0 and E1(E0 < E1), then we have

|〈1| ± x0〉|2 = |〈0| ± x0〉|2

= 〈x0|0〉〈0| − x0〉 = −〈x0|1〉〈1| − x0〉 = 1

2

(
ω

π h̄

)1/2

. (2.99)

Since at T → ∞
exp[−E0(E1)T/h̄] =

√
π h̄/ω

[
〈−x0|e−H T/h̄ | − x0〉

+(−)〈x0|e−H T/h̄ | − x0〉
]
, (2.100)

we have finally

E0(E1) = h̄ω

2
− (+)h̄

B

2
e−S0/h̄ . (2.101)

Thus the tunneling splitting �0 of the ground state is

�0 ≡ E1 − E0 = h̄ Be−S0/h̄ . (2.102)
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We now turn to the evaluation of B. This is related to the zero eigenvalue solution as
follows. Because of the time translation invariance (i.e., the invariance with respect
to the time shift) the eigenvalue Equation (2.89) has a solution with zero eigenvalue
(λ1 = 0) as

x1 = S−1/2
0

dx̄

dτ
. (2.103)

This can be easily proved by using Equation (2.88) satisfied by x̄(t). The normalization
factor is obtained from the normalization of x1(τ )(

∫
x2

1 dτ = 1) and Equation (2.94).
The integration over the corresponding coefficient c1 [see Equation (2.84)] diverges.
This integration is the same as the integration over τ1 in Equation (2.97) apart from
a proportional coefficient. From Equation (2.84) we obtain

dx = x1dc1 (2.104)

and the change dx induced by a change of the center location τ1 is equal to

dx = (dx̄/dτ )dτ1. (2.105)

Hence, we have [see Equation (2.103)]

dc1 = S1/2
0 dτ1 (2.106)

and thus the one-instanton contribution to the transition amplitude is given by

〈x0|e−H T/h̄ | − x0〉 = N T (S0/2π h̄)1/2e−S0/h̄

[
det′

(
− d2

dτ 2
+ V ′′(x̄)

)]−1/2

,

(2.107)
where det′ indicates that the zero eigenvalue is omitted when computing the determi-
nant. Comparing this to the one-instanton expression, namely, the first (n = 1) term
in Equation (2.98), we have

B =
√

2S0

π h̄

[
det(− d2

dτ 2 + ω2)

det′(− d2

dτ 2 + V ′′(x̄))

]1/2

. (2.108)

Now we further transform the expression of Equation (2.107) [43]. Let us consider
the quantity

det[− d2

dτ 2 + ω2]T/2λ(T/2)

det[− d2

dτ 2 + V ′′(x̄)]T/2

, (2.109)

where λ(T/2) is the lowest eigenvalue of the operator in the denominator so that
the denominator becomes the primed determinant at T → ∞ as Equation (2.108)
requires. As is proved in Reference [2], Equation (2.109) (see Appendix A) is equal to

J0(T/2)λ(T/2)

J (T/2)
, (2.110)

where J0(τ ) and J (τ ), which are called Jacobi fields, satisfy the following equations[
− d2

dτ 2
+ ω2

]
J0(τ ) = 0 (2.111)
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and [
− d2

dτ 2
+ V ′′(x̄)

]
J (τ ) = 0 (2.112)

under the initial conditions

J0(−T/2) = J (−T/2) = 0 (2.113)

and
J ′

0(−T/2) = J ′(−T/2) = 1. (2.114)

From Equation (2.111) we immediately find at τ → T/2 → ∞

J0(τ → T/2) → 1

2ω
exp[ωT ]. (2.115)

As for Equation (2.112), the time derivative of the instanton solutionη(τ ) ≡ dx̄(τ )/dτ
is the solution of this equation. If the instanton trajectory is chosen as x̄(τ ) = −x̄(−τ ),
then η(τ ) is symmetric and asymptotically given as

η(τ )
τ→±∞−→ P exp[−ω|τ |], (2.116)

where the constant P will be found later. Denoting the second independent solution
that satisfies the Wronskian W (ξ, η) = ηξ ′ − η′ξ = 1 as ξ (τ ), we have

J (τ ) = −ξ (−T/2)η(τ ) + ξ (τ )η(−T/2) (2.117)

and

ξ (τ )
τ→±∞−→ 1

2ωP
exp[ω|τ |]. (2.118)

Thus we find at τ = T/2

J (T/2) = 1

ω
+ O

(
exp
[
−ω

2
T
])

(2.119)

and

Equation (2.110) = exp[ωT ]

2
λ(T/2). (2.120)

The lowest eigenvalue λ(T/2) is obtained as follows. We consider the eigenvalue
problem

−d2�

dτ 2
+ V ′′(τ )� = λ� (2.121)

with the boundary conditions

�

(
±T

2

)
= 0. (2.122)

The solution can be formally written as

� = �0 + λ

∫ τ

−T/2
dτ ′[η(τ )ξ (τ ′) − η(τ ′)ξ (τ )]�(τ ′), (2.123)
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where �0 is the solution for λ = 0. Since �0(τ ) satisfies the zero boundary condition
�0(−T/2) = 0 and the normalization is not necessary, we can put

�0(τ ) = η(τ ) + Cξ (τ ). (2.124)

From �0(−T/2) = 0 and the asymptotic behavior of ξ and η, C can be obtained as

C = 2ωP2 exp[−ωT ]. (2.125)

The second boundary condition �(T/2) = 0 gives

λ = − �0(T/2)∫ T/2
−T/2 dτ ′[η(T/2)ξ (τ ′) − η(τ ′)ξ (T/2)]�(τ ′)

. (2.126)

Replacing �(τ ′) in the denominator by �0(τ ′), we obtain the desired λ as

λ(T/2) = 4ωP2

S0
exp[−ωT ]. (2.127)

Here we have used Equations (2.116), (2.118), (2.125), and

∫ T/2

−T/2
η2(τ )dτ =

∫ T/2

−T/2

(
dx̄

dτ

)2

dτ = S0 [see Equation (2.94)]. (2.128)

Using Equations (2.120) and (2.127), we have the following expression for the pre-
exponential factor B [see Equation (2.108)]:

B = 2P

√
ω

π h̄
. (2.129)

Finally, the constant P is obtained from the classical equation of motion

τ =
∫ x dz

p(z)
=
∫ x

−x0

dz

(
1

p
− 1

ω(z + x0)

)
+ 1

ω
ln(x + x0) + C0, (2.130)

where p(z) = √
2V (z). The constant of integration C0 is determined from the condi-

tion x(0) = 0 as

exp[−ωC0] = x0 exp

[∫ 0

−x0

dz

(
ω

p
− 1

z + x0

)]
. (2.131)

Equation (2.130) gives the instanton trajectory x̄(τ ) and η(τ ) is obtained as its deriva-
tive (= dx̄/dτ ). The asymptotic expression at τ → −T/2 of thus obtained η(τ ) can
be compared with Equation (2.116) and we obtain the following expression of P:

P = ω exp[−ωC0] = ωx0 exp

[∫ 0

−x0

dz

[
ω

p
− 1

z + x0

]]
. (2.132)
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It is more convenient to rewrite the above integral in terms of τ . Using the relation∫ x

−x0

dz

(
ω

p(z)
− 1

z + x0

)
= ln

(
p(x)

ω(x + x0)

)
+
∫ τ

−∞
dτ

(
ω − dp

dz

)
, (2.133)

we can have

P = p(0) exp

[∫ 0

−∞
dτ

(
ω − dp

dz

)]
. (2.134)

Then the pre-exponential factor B can be finally obtained as

B =
√

4ω

π h̄
p(0) exp

[∫ 0

−∞
dτ

(
ω − dp

dz

)]
. (2.135)

So far we have been using the unit mass, but now we can recover the mass in this final
expression. From the dimension analysis we obtain finally the ground-state tunneling
splitting [see Equation (2.102)] as

�0 = h̄ω

√
4p2(0)

mπωh̄
exp

[∫ 0

−∞
dτ

(
ω − 1

m

dp

dz

)]
exp[−S0/h̄]. (2.136)

Now we apply the above expressions to the quartic potential problem,

V (x) = λ(x2 − x2
0 )2. (2.137)

The instanton trajectory, the corresponding momentum, and the frequency ω can be
obtained as

x(τ ) = x0 tanh(ωτ/2), (2.138)

p(x) =
√

2λ(x2
0 − x2) =

√
2λx2

0 sech2(ωτ/2), (2.139)

and

ω =
√

8x2
0λ. (2.140)

Then we finally obtain the well-known expression of the splitting as

�0 = h̄ω

√
2mω3

πλh̄
exp

[
− mω3

12λh̄

]
. (2.141)

Next, let us consider the decay of a metastable state through tunneling [see
Figure 1.1(b) and Figure 2.10]. The formulation can be done in the similar way
as in the case of tunneling splitting [44]. The decay rate is given by

k = B exp[−S0/h̄], (2.142)

where the pre-exponential factor B can be obtained as

B =
√

S0

2π h̄

[
det′
(− d2

dτ 2 + V ′′(τ )
)

det
(− d2

dτ 2 + ω2
)
]−1/2

. (2.143)
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It should be noted that the pre-exponential factor is one-half of the tunneling splitting
case [see Equation (2.108)] and the action S0 is the action along the instanton from
the potential minimum at τ = −∞ back to the potential minimum at τ = ∞ and thus
is two times of the action from the potential minimum to the turning point (= exit
to the free space). By using the same procedure as that in the tunneling splitting, the
decay rate k is finally obtained as

k = ω

√
mωx2

0

π h̄
exp

[∫ x0

0
dx

(
mω

p
− 1

x

)]
exp[−S0/h̄], (2.144)

where x = 0(τ = −∞) and x = x0(τ = 0) correspond to the potential minimum
and the turning point (exit), respectively.

In the case of cubic potential

V (x) = 1

2
mω2x2

(
1 − x

x0

)
, (2.145)

we obtain

S0 = 8

15
mωx2

0 (2.146)

and

k = 4ω

(
mωx2

0

π h̄

)1/2

exp[−S0/h̄]. (2.147)

2.5.2 MODIFIED WKB METHOD

In this subsection, we show that the same results as those obtained by the instanton
theory in the previous subsection can be derived by the WKB theory with a slight
modification [43,46]. We consider the tunneling splitting in a symmetric double well
potential and as usual we use the asymptotic WKB wave function localized in one of
the wells—say, left-side well:

� = exp

[
−W0

h̄
− W1

]
. (2.148)

The key observation here is that the energy E0 of the ground state is given by

E0 = h̄
ω

2
+ O(h̄2), (2.149)

and we treat this energy as the first-order term with respect to h̄ [53]. Then W0 and
W1 satisfy the following forms of Hamilton-Jacobi equation and transport equation
(or continuity equation),

1

2

(
dW0

dx

)2

− V (x) = 0 (2.150)

and
dW1

dx

dW0

dx
− 1

2

d2W0

dx2
+ ω

2
= 0. (2.151)
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These can be solved easily as

W0(x) =
∫ x

−x0

p(z)dz (2.152)

and

W1(x) = 1

2
ln[p(x)] − 1

2

∫ x ω

p(z)
dz. (2.153)

It should be noted that the energy is missing in Equation (2.150) but appears in
Equation (2.151). The integral

∫
dz/p(z) is regularized, or the divergence is removed,

in the same way as before and we come to the solution

�(x) =
√

x + x0

p(x)
exp

(∫ x

−x0

[
ω

p(z)
− 1

z + x0

]
dz

)
exp

[
−
∫ x

−x0

p(z)dz

]
. (2.154)

p(x) can be thought of as the classical momentum, and the corresponding (instanton)
trajectory x(τ ) runs on the inverted potential −V (x), starting from −x0 with zero
velocity. This trajectory is assumed to be symmetric in time and passes the barrier
top at τ = 0. At x close to −x0, we have V (x) � ω2(x + x0)2/2, p(x) � ω(x + x0),
W0(x) = ω(x + x0)2/2 and W1 = 0. Thus the wave function Equation (2.148) within
the accuracy of order O(h̄2) becomes at x � −x0

�(x) = exp

[
−ω(x + x0)2

2h̄

]
. (2.155)

This semiclassical wave function does not require any special matching condition at
the boundary between classically allowed and classically forbidden regions, which
represents the main obstacle in the ordinary WKB theory. The tunneling splitting �0

can be calculated from the Herring formula [54],

�0 = −h̄2 2�(x) d�(x)
dx |x=0∫

�2(x)dx
. (2.156)

The denominator can be easily calculated using Equation (2.155). In the numerator,
within the accuracy of semiclassical approximation, the differentiation of �(x) at
x = 0 gives

�(x)

dx
|x=0 = − 1

h̄

dW0

dx
|x=0 = − p(x = 0)

h̄
. (2.157)

Transforming the integral of ω/p − 1/(z + x0) with respect to z in Equation (2.154)
to the integral with respect to τ as before using Equation (2.133) and introducing the
mass m, we obtain the same formula as Equation (2.136).

The formulation here indicates that the WKB theory works well and gives the
same results as the instanton theory, if we observe that the energy is the quantity
proportional to h̄. This modified WKB method is actually simpler than the instanton
treatment and can be directly extended to multidimensional systems. This is discussed
in Chapters 6 and 7.
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2.6 ENERGY LEVELS IN A DOUBLE WELL POTENTIAL

2.6.1 ASYMMETRIC DOUBLE WELL POTENTIAL

Here we consider the energy levels or the energy shifts in an asymmetric double well
potential such as that shown in Figure 2.6. The diagrammatic technique mentioned
in Section 2.4 can be applied. The corresponding diagram is shown in Figure 2.7.

As was explained in Section 2.4, M and xα(α = a−d) represent the 2×2 tunneling
transfer matrix and turning points. The matrix M is given by Equations (2.24), (2.25),
and (2.69). The secular equation is given by

∑
j

[Q]1 j =
∑

j

[Q]2 j (2.158)

with

Q = L(xc, xd )M L(xa, xb), (2.159)

where

[L(a, b)]i j = δi j exp[iσ (a, b) + iπ/4] (2.160)

and

σ (a, b) =
∫ b

a
K (x)dx =

√
2m

h̄2

∫ b

a

√
E − V (x)dx . (2.161)
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FIGURE 2.6 Asymmetric double well potential.
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Mxa

x = xcx = xb

xd

FIGURE 2.7 Diagram corresponding to Figure 2.6.

Equation (2.158) gives

F ≡ |M11| sin[σ (xa, xb) + σ (xc, xd ) + π/2 − φ(ε)]

= −|M12| sin[σ (xc, xd ) − σ (xa, xb) + π/2] ≡ G. (2.162)

Here φ(ε) is given by Equation (2.25) and

|M11| =
√

1 + κ2, |M12| = κ, (2.163)

κ = exp[−πε], (2.164)

ε = − 1

π

∫ xc

xb

|K (x)|dx [see Equation (2.69)]. (2.165)

The eigenvalues can be obtained from the crossing points of the two curves, F(E)
and G(E). As an example the following potential is considered:

V (x) = V0(x2 − x2
0 )2 + AV0(x2 − x2

0 )x − 2AV0(x + x0)x2
0 , (2.166)

where V (−x0) = 0. The parameters used are x0 = 1.0a0,m = 1000 a.u., V0 =
4000 cm−1/a4

0 = 1.823×10−2 a.u., and A = 0.125 a.u. The potential function V (x)
is shown in Figure 2.6.

The functions F(E) and G(E) can be easily calculated and plotted as a function of
E to find crossing points. An example is shown in Figure 2.8. The accurate numerical
solutions give the lowest three eigenvalues as E0−2 = −3.04 × 10−3, 5.41 × 10−3,

and 7.90 × 10−3 a.u. The lowest one is the level in the right-side single well. The two
crossing points in Figure 2.8 correspond to the second- and third-lowest eigenvalues.

In the case that the unperturbed eigenvalue, say El , of the left-side well is close to
the one (Er ) in the right-side well, Miller [17,55] obtained the formula for the level
shift of El by using the spectral function method

�E = exp[−2π |ε|]
4π2 dn1(Er )

d E
dn2(El )

d E (Er − El)
, (2.167)
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FIGURE 2.8 The functions F(E) (dotted line) and G(E) (solid line) [see Equation (2.162)].

where

n1(E) = 1

π

∫ xb

xa

K (x)dx − 1/2. (2.168)

2.6.2 SYMMETRIC DOUBLE WELL POTENTIAL

This case was already treated by the instanton theory and the modified WKB theory
in Section 2.5. Here we apply these methods to a model potential shown in Figure 2.9.
This is the one given by Equation (2.166) with the parameter A = 0. The accurate
numerical solution gives the lowest two eigenvalues as E0 = 5.7444 × 10−3 a.u. and
E1 = 5.7706 × 10−3 a.u. with the splitting �0 = 2.62 × 10−5 a.u. = 5.75 cm−1.
The instanton theory and the modified WKB theory explained in the previous section
[see Equation (2.141)] give a good estimate as �0 = 6.63 cm−1. The diagrammatic
technique can in principle be applied to this case to obtain eigenvalues but is actually
not efficient. As can be easily guessed, it is better to directly evaluate the splitting.

Using the spectral function method, Miller [17,55] obtained the following expres-
sion for the tunneling splitting, which is applicable to the excited state En:

�n = exp[−π |ε(En)|]
πdn(En)/d E

. (2.169)



One-Dimensional Theory 29

–X0 X0

Coordinate (a0)

P
o

te
n

ti
al

 E
n

er
g

y 
(a

.u
.)

0.03

0

0.005

0.01

0.015

0.02

0.025

–2 –1.5 –0.5 0 0.5 1 1.5 21

FIGURE 2.9 Symmetric double well potential.

The modified WKB method can also be applied to low excited states. This is discussed
for the case of a multidimensional problem in Chapter 6.

2.7 DECAY OF METASTABLE STATE

A potential corresponding to this problem is Figure 1.1(b). Metastable states supported
by the potential well decay through tunneling. The corresponding diagram is shown
in Figure 2.10.

Mxa

x = xb x = xc

FIGURE 2.10 Diagram corresponding to Figure 1.1(b).
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This problem can be treated as a resonant scattering, and the scattering matrix S
or the elastic scattering phase shift η are given by

S ≡ exp[2iη] = C1

C2
(2.170)

with (
C1

C2

)
=
(

eiη0 0
0 e−iη0

)
M L(xa, xb)

(
1
1

)
, (2.171)

where η0 is the elastic scattering phase shift by the potential at x ≥ xc and given by

η0 =
∫ ∞

xc

(K (x) − K (∞)) dx − K (∞)xc. (2.172)

Then we have

η = η0 + π

4
+ φ

2
+ γ, (2.173)

where

tan γ =
√

1 + κ2 − κ√
1 + κ2 + κ

tanα, (2.174)

with

α = σ (xa, xb) + φ. (2.175)

If the complex resonance energy is denoted as Er − i	/2, then η near the resonance
position Er is given by

η � ηbg + tan−1

[
	/2

E − Er

]
, (2.176)

where ηbg represents the background scattering phase shift. If we expand α around
the resonance energy Er as

α(E) � α(Er ) +
[

dα

d E

]
Er

(E − Er ) + · · ·, (2.177)

then the resonance position Er and its width 	 can be obtained as

α(Er ) =
∫ xb

xa

K (x)dx + φ

2
=
(

n + 1

2

)
π (n = 0, 1, 2, . . .) (2.178)

	 = 2

√
1 + κ2 − κ√
1 + κ2 + κ

[
dα

d E

]−1/2

|Er = 4

√
1 + κ2

r − κr√
1 + κ2

r + κr

/

∫ xb

xa

dx

K (x)
, (2.179)

where κr ≡ κ(Er ). The decay rate k of the metastable (resonance) state is equal to
	/h̄. The scattering probability is proportional to sin2 η, which is given by

sin2 η(E) = sin2 η0(E) + (	/2)2 cos(2η0) + (	/2)(Er − E) sin(2η0)

(E − Er )2 + (	/2)2
. (2.180)
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FIGURE 2.11 Shape of resonance peak, sin2 η, against energy E . (a) η0 = 0, (b) η0 = π/4,
(c) η0 = π/2.

Depending on the value of η0, the curve of sin2 η(E) vs. E changes from Lorentzian
peak to dip. The cases of η0 = 0, π/4, and π/2 are schematically shown in
Figures 2.11(a)–(c), respectively.

The WKB treatment and comparison with the instanton theory made by many
authors are discussed in the book by Benderskii et al. [17] (see also [52]). We don’t
go into the details here.





3 Two-Dimensional Theory

3.1 WKB THEORY

It is rather obvious that one-dimensional theory is not good enough to comprehend
quantum mechanical tunneling phenomena. For instance, the tunneling splitting es-
timated using the one-dimensional potential along the intrinsic reaction coordinate
gives a few orders of magnitude smaller value [56]. There is a more crucial exam-
ple that demonstrates the conceptual deficiency of one-dimensional treatment and
shows interesting features peculiar to multidimensional tunneling phenomena. This
is explained in Chapter 4. In this sense, multidimensional treatment is definitely
needed. Here we describe the two-dimensional WKB theory developed by Takada and
Nakamura [30].

There are two fundamental problems to be solved in developing any multidimen-
sional theory: (1) connection of wave functions between the classically allowed and
forbidden regions, and (2) wave propagation in the classically forbidden region. The
first question is not usually paid proper attention, simply because it is not an easy
subject. However, the second problem strongly depends on the character of the wave
function in the classically allowed region, namely, on problem (1). So, we start from
problem (1), confining ourselves to the case where classical motion is not chaotic and
to the problem of tunneling splitting in a symmetric double well potential. Hereafter
the particle mass is assumed to be unity.

The first task is to construct semiclassical wave function in the classically allowed
region. As is well known, the KAM torus exists according to the Kolmogorov-Arnold-
Moser (KAM) [57,58] and this integral system can be quantized by the Einstein-
Brillouin-Keller (EBK) quantization rule [58] as

I j ≡
∮

C j

p · dx = 2π h̄(n j + β j/4), j = 1, 2, (3.1)

where p is momentum, n j is a quantum number corresponding to the action, C j is
an irreducible circle on the KAM torus, and β j is the Maslov index. In the case of
vibrational motion, β j is equal to 2 and it is 0 in the case of rotational motion. The
eigenvalue En of a quantized state is equal to the Hamiltonian H expressed in terms
of the actions I j ’s as

En ≡ En1,n2 = H (I1, I2). (3.2)

The semiclassical wave function for the EBK quantized state has been formulated by
Malsov and co-workers [59,60]. They gave a prescription to avoid the divergence of
the primitive semiclassical wave function at caustics. This is briefly explained here
for later convenience by taking an example of two-dimensional nonlinear coupled
oscillators [61]. Figure 3.1 illustrates a configuration space in which the projection of
the KAM torus becomes a distorted rectangular. In the inner region (I) (see Figure 3.1)
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FIGURE 3.1 Coordinate space (x, y) near one of the potential wells. Distorted rectangle
represents the KAM torus projected on this space. (I), (II), and (III) specify the regions to be
treated separately in Maslov’s theory. Tunneling region is divided into two kinds: C and I. A
typical trajectory that reflects back at the right caustics is depicted with the branch numbers 1
and 4. (Taken from Reference [30] with permission.)

the primitive semiclassical wave function is nonsingular and given by

�n =
4∑

ν=1

(ρν)1/2 exp

(
i

h̄
Wν

)
, (3.3)

where Wν(x, y, I) and ρν(x, y, I) are the solutions of the Hamilton-Jacobi equation

1

2
(∇Wν)2 + V (x) = En (3.4)

and the transport (or continuity) equation

∇ · (ρν∇Wν) = 0. (3.5)
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It should be noted that the energy En is retained in Equation (3.4) as usual in the
ordinary WKB theory. Although the action W and, accordingly, the density ρ are
single-valued functions on the torus in phase space, they become multivalued after
being projected onto configuration space. Subscript ν(= 1, 2, 3, 4) classifies trajec-
tories according to the sign of the momenta px = ∂W/∂x and py = ∂W/∂y. The
branches ν = 1, 2, 3, and 4 correspond to (px , py) = (+,+), (+,−), (−,−), and
(−,+), respectively. The Hamilton-Jacobi equation can be solved by the method of
characteristics [62]. The solution Wν can be solved as

Wν(x) =
∫ x

pν(x) · dx (3.6)

by using the classical trajectories on the quantized torus. In region (II) of Figure 3.1,
which contains the caustics in the classically accessible region, the wave function
Equation (3.3) cannot be utilized because of its divergence at the caustics. If we
use the representation in the mixed space (px , y), this divergence can be avoided.
The action and density are given by the solutions of the Hamilton-Jacobi and the
continuity equations in this mixed space. The corresponding wave function �n(x, y)
in the coordinate space can be obtained by Fourier transformation. In this way the
wave functions in all the regions (I)–(III) containing the caustics (see Figure 3.1) are
obtained. These are called Lagrange manifold [59,60]. Finally, these wave functions
are matched in each overlapping region to form a global uniform semiclassical wave
function. This matching can be simply summarized as the simple statement that the
wave function Equation (3.3) loses its phase by π h̄/2 each time when the trajectory
touches the caustics. For instance, in the case of the trajectory shown in Figure 3.1
we have W4 = W1 −π h̄/2. We can also find simple relations, p1 = ∇W1 = ∇W4 =
−∇W2 = −∇W3 at the right-side caustics. Thus we finally have Table 3.1.

Let us move into the tunneling region near the hyperbolic umbilic (HU) point (see
Figure 3.1). Near the hyperbolic umbilic point the wave function is given by the Airy
function as

�n(x) ∝ Ai(αξ )Ai(βη), (3.7)

where Ai(x) is the Airy function, (ξ, η) is the local coordinate system (see Figure 3.1),
and the parameter α (β) represents the potential gradient in the ξ (η) direction

TABLE 3.1
Interrelations among Wν ’s on the Caustics

Caustics Relations

Right W1 = −W2 + π h̄/2 = −W3 = W4 + π h̄/2
Left W1 = −W2 − π h̄/2 = −W3 = W4 − π h̄/2
Top W1 = W2 + π h̄/2 = −W3 = −W4 + π h̄/2
Bottom W1 = W2 − π h̄/2 = −W3 = −W4 − π h̄/2
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(respectively). With use of the asymptotic expansions of the Airy function

Ai(x) →
{

1
2π

−1/2x−1/4 exp
[− 2

3 x3/2
]
, for x � 1,

π−1/2|x |−1/4 sin
(

2
3 |x |3/2 + π/4

)
, for x 
 −1,

(3.8)

the asymptotic behavior of the wave function Equation (3.7) in the classically forbid-
den region of ξ > 0 and η < 0 can be obtained, to exponential accuracy, as

�n ∝ exp

[
−2

3
(αξ )3/2

]
exp

[
i
2

3
|βη|3/2 + iπ/4

]
+ c.c. (3.9)

In comparison with Equation (3.3) the action W becomes complex,

W± = ±WR(η) + iWI (ξ ), (3.10)

where the subscripts ± specify the branch mentioned above. On the other hand, in
the first quadrant ξ, η > 0 the wave function Equation (3.7) becomes

�n ∝ exp

[
−2

3
(αξ )3/2 − 2

3
(βη)3/2

]
, (3.11)

which indicates that the action is pure imaginary,

W (x) = iWI (ξ, η). (3.12)

Thus there are three distinct regions around the hyperbolic umbilic (HU) point: The
classically allowed R-region, the classically forbidden C-region, and the classically
forbidden I-region in which the corresponding action is real, complex, and pure
imaginary, respectively [29]. The four branches in R-region connect to two branches
in C-region and the latter connects to one branch of I-region. The wave function
in the C-region can have nodal lines. The boundaries between the C- and I-regions
form caustics in the classically forbidden region. Wave propagation in the C-region
is given by the following Hamilton-Jacobi equation by inserting Equation (3.10) into
Equation (3.4),

(∇WR)2 − (∇WI )2 = 2[En − V (x)] (3.13)

and
∇WR · ∇WI = 0. (3.14)

The conventional classical trajectory technique cannot be used to solve these equa-
tions. Instead, the Huygens-type wave propagation should be employed [7]. Its
essential idea is to propagate the WI equisurface step by step. We don’t go into
details here [30]. On the other hand, wave propagation in the I-region can be made
by the well-known equation

1

2
(∇WI )2 − V (x) = −En. (3.15)

This equation can be solved by using classical trajectory on the inverted potential.
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The final important task is to connect the wave functions between different regions.
This can be carried out by assuming local separability—namely, the semiclassical
connection formulas in one dimension given in Section 2.2. As an example, we
consider here the connection from R-region to C-region at the right-side caustics and
then from this C-region to the upper I-region (see Figure 3.1). According to Table 3.1,
the wave function near the right caustics in the R-region is given by

�n(ξ, η) = 4c√
pξ pη

cos

(
W1(0, η)

h̄
− π

4

)
cos

(
1

h̄

∫ 0

ξ

|pξ |dξ − π

4

)
. (3.16)

Applying the one-dimensional connection formula in the ξ direction, we obtain the
wave function in the C-region as

�n = 2c√
pR pI

cos(WR(η)/ h̄) exp[−WI (ξ )/h̄] (3.17)

with pR = pη and pI = ∂WI /∂ξ , where

WR(η) = W1(0, η) − π h̄/4 (3.18)

and

WI (ξ ) =
∫ ξ

0
dξ ′√2[V (ξ ′, η) − V (0, η)]. (3.19)

The connection from the C-region to the I-region can be carried out in the same
way. The wave function in the I-region near the caustics is given by

�n(ξ, η) = c′
√

pξ pη

exp

(
− 1

h̄
[WIη (η) + WIξ (ξ )]

)
, (3.20)

where

WIξ (ξ ) = WI (ξ ), (3.21)

WIη (η) =
∫ η

0
dη′√2[V (ξ, η′) − V (ξ, 0)], (3.22)

pη = ∂WIη

∂η
(3.23)

and pξ = pI . Equation (3.23) determines the initial condition of classical trajectory
in the I-region. Since pη = 0 at the boundary, the trajectory leaves tangentially to the
caustics. In these equations ξ is defined as the arc length along the caustics measured
from the hyperbolic umbilic (HU) point and η is a perpendicular deviation from the
caustics.

Now the physical picture of multidimensional tunneling obtained from the above
analysis is explained by taking a symmetric mode coupling model potential [30]. The
Hamiltonian is given by

H = −g2

2

(
∂2

∂x2
+ ∂2

∂y2

)
+ 1

8
(x +1)2(x −1)2 + ω2

y

2

(
y + γ

ω2
y

(x2 − 1)

)2

, (3.24)
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where all quantities are scaled to be dimensionless. The parameters g, ωy , and γ play
the role of the Planck constant, relative frequency in the y direction, and coupling
strength, respectively. This model potential is widely used to represent proton tunnel-
ing [4,35,56]. For instance, in the case of malonaldehyde the coordinate x represents
the motion of the hydrogen atom transferring from one oxygen atom to the other oxy-
gen atom, while y roughly represents the scissors-like motion of the O–C–C–C–O
frame. Figure 3.2 shows typical tunneling pictures.

The most typical one is Figure 3.2(a), which is the case of modest values of
coupling strength γ and frequency ωy , representing the tunneling mainly through
the I-region. Starting from the R-region, tunneling proceeds in the C1-region for a
while and the trajectory taking off from this region at a certain position x0 mainly
contributes to the tunneling splitting. Based on this picture, we can formulate an
analytical expression of tunneling splitting. Basic assumptions are as follows. (1) The
potential is assumed to be separable in between the hyperbolic umbilic point and the
taking-off point x0. Thus the caustics is extended into the classically forbidden region
as a straight line along the η axis. (2) The potential is assumed to be linear near the
hyperbolic umbilic point and x0. Then the wave function can be explicitly written
down and the tunneling splitting expression can be derived. This is called LSLA,
locally separable linear approximation [30], in which the Gamov factor is calculated
first along the caustic line from the hyperbolic umbilic point to xL

0 (left-side taking-off
point), then along the classical trajectory from xL

0 to xR
0 (right-side taking-off point),

and finally along the caustic line from xR
0 to the right-side hyperbolic umbilic point.

In the case of Figures 3.2(b) and (c), the classically forbidden C-regions play
essential roles. In the C1-region, for instance, the motion in the η direction is nonclas-
sical, while the motion in the ξ direction is still classical. That is why the tunneling
in C-region is called mixed tunneling. On the other hand, in the classically forbidden
I-region the motions in both directions are nonclassical and thus the tunneling in this
region is called pure tunneling. This is the most remarkable characteristic of multidi-
mensional tunneling. If the coupling γ becomes small, the tunneling picture changes
to one like that in Figure 3.2(b). Tunneling proceeds mainly in the C2-region and the
tunneling path cannot be defined. Figure 3.2(c) shows schematically the case of large
ωy , in which tunneling mainly goes through the C1-region. In the context of transi-
tion state theory [10,11], there have been proposed some methods to treat tunneling
in chemical reaction dynamics. Here we pick up two representative ones for com-
parison: the Marcus-Coltrin method [63] and the Ovchinikova method [64–67]. The
Marcus-Coltrin method is based on the adiabatic approximation, in which tunneling
motion along the intrinsic reaction coordinate (IRC) is assumed to be much slower
than the perpendicular vibrational motion and tunneling is assumed to occur along
the effective one-dimensional potential, that is, the bare potential along the IRC plus
the vibrational ground-state energy. This gives a reasonable description only when
the curvature of IRC is small. Noting that the adiabatic approximation is all right
for a large vibrational frequency, we can easily guess that Figure 3.2(c) corresponds
to the situation where the Marcus-Coltrin method works. On the other hand, the
Ovchinikova method may be reasonable in the opposite limit. Namely, this is based
on the sudden approximation and corresponds to a large curvature case. The sim-
ilar situation occurs in the case of Figure 3.2(b). Peculiarities of multidimensional
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FIGURE 3.2 Schematic picture of tunneling in the case of symmetric mode coupling [see
Equation (3.24)]. SP is the saddle point and � is the symmetry line. Dashed lines are solutions
of the Hamilton-Jacobi equations but not the optimal tunneling path. (a) Case of modest ωy and
γ , in which the pure tunneling I-region plays an essential role. x0 is the point for the tunneling
path (solid line) to depart from the caustics. (b) Case of small coupling γ , in which the mixed
tunneling C2-region plays a key role. Tunneling path cannot be defined. (c) Case of large ωy ,
in which the mixed tunneling C1-region plays a key role. (Taken from Reference [30] with
permission.)



40 Quantum Mechanical Tunneling in Chemical Physics

tunneling are discussed in more detail in Chapter 4, including the adiabatic and sudden
approximations mainly with use of numerical calculations.

In concluding this section, it should be mentioned that the theory presented here
is a general WKB theory and can, in principle, be extended to general N -dimensional
(N ≥ 3) systems. Practical applications to multidimensional systems are, however,
unfortunately, quite difficult. This is mainly because there appear quite complicated
features of combinations of I- and C-regions, and the propagation of the wave func-
tions in the mixed tunneling C-region, namely, solving the nonlinear Hamilton-Jacobi
equations, Equations (3.13) and (3.14), becomes a formidable task.

3.2 INSTANTON THEORY

Generalization of the one-dimensional instanton theory to two and higher dimen-
sions has been naturally tried by many authors [17,40–42]. Here the two-dimensional
extension is briefly explained according to the work by Benderskii et al. [17]. First,
let us consider the decay of a metastable state. The direct two-dimensional (Q1, Q2)
generalization of Equations (2.142) and (2.143) is given by

k = B exp[−S0/ h̄] (3.25)

and

B =
√

S0

2π

[
det′

(− d2

dτ 2 1 + V′′(τ )
)

det
(− d2

dτ 2 1 + K0
)
]−1/2

, (3.26)

where 1 is the 2 × 2 unit matrix and K0 is a matrix of the form

K0 =
(

ω2
+ 0

0 ω2
−

)
. (3.27)

This matrix is simply the diagonal form of the matrix ∂2V/∂Qi∂Q j taken at the
minimum of the potential well Q = 0 and ω± correspond to the normal coordinates
(Q+, Q−) there with ω2

+ > ω2
−. Since Q+ goes to zero faster than Q−, asymptotic

instanton direction coincides with Q−. The important process to treat Equation (3.26)
is to divide the space into transverse and longitudinal parts and deal with each of them
separately. Introducing the coordinate s along the instanton trajectory and x , which
measures the deviation from the instanton, and assuming that the transverse motion
around the instanton trajectory is harmonic, the action S is expanded to the second
order as

S � S0 + 1

2

∫ ∞

−∞
dτδs(τ )

(
− ∂2

∂τ 2
+ ∂2V

∂s2

)
δs(τ )

+ 1

2

∫ ∞

−∞
dτδx(τ )

(
− ∂2

∂τ 2
+ ω2

t [s(τ )]

)
δx(τ ), (3.28)

where ωt is an s-dependent transverse vibrational frequency. Then the rate constant
k becomes

k = Bt k1D, (3.29)
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where k1D is the one-dimensional rate constant obtained in Section 2.5 and the trans-
verse prefactor is given by

Bt =
[

det
(− ∂2

∂τ 2 + ω2
t

)
det
(− ∂2

∂τ 2 + ω2+
)
]−1/2

. (3.30)

The zero mode discussed in Section 2.5.1 is associated with the longitudinal part and
Bt does not suffer from that. The definitions of the determinants in the above equation
are the same as before [see Equation (2.91)] and their estimation can be done also in
the same way as before. It should be noted that if the range of the time τ is taken to
be finite (−β/2, β/2), then the above expressions provide the rate constant at a given
temperature T = 1/(κβ), where κ is the Boltzmann constant [17]. The tunneling
splitting in a two-dimensional symmetric double well potential can be derived in the
same way as above [17].

The extensions of the above two-dimensional theories and applications to large
molecules have been carried out by many authors [40–42]. Although these may be
good for qualitative understanding of multidimensional tunneling phenomena, any
one of them cannot be considered to be satisfactory, unfortunately. As was mentioned
in Chapter 1, the difficulties consist of (1) accurate determination of multidimen-
sional instanton trajectory, (2) proper evaluation of the pre-exponential factor B by
taking into account the effects of multidimensional transverse modes, and (3) accurate
information of multidimensional potential energy surface. In the above treatments,
the following basic assumptions are tacitly made: Namely, contributions of the trans-
verse modes are additive and multidimensional systems can be treated as a set of
two-dimensional ones. The fact that these are actually not true is demonstrated in
Chapter 6. Besides, very accurate quantum chemical calculations are required to
determine potential energy surfaces if we want to directly compare them with exper-
imental data of polyatomic molecules. These points are discussed in Chapter 6.





4 Multidimensional Effects:
Peculiar Phenomena

4.1 EFFECTS OF VIBRATIONAL EXCITATION
ON TUNNELING SPLITTING

As was pointed out in Section 3.1, there are some interesting features in multidi-
mensional tunneling compared with the one-dimensional case [30,31,46]. These are
the following: (1) There exist two types of tunneling, pure tunneling and mixed tun-
neling. (2) No tunneling path can be defined in the case of mixed tunneling. (3)
Vibrational excitation can suppress tunneling because of mixed tunneling. In this
section, these peculiar features are numerically demonstrated and analyzed [31] by
taking tunneling splitting in symmetric double well potential as an example. Three
typical two-dimensional model potentials are used.

4.1.1 ADIABATIC AND SUDDEN APPROXIMATIONS

Since adiabatic and sudden approximations are frequently used in the study of mul-
tidimensional tunneling [4,63–69], these are briefly explained before introducing the
three models.

Suppose we have a symmetric double well potential V (x, y) with V (−x, y) =
V (x, y) (see Figure 2.9). The Hamiltonian is given by

H (x, y) = − h̄2

2m

(
∂2

∂x2
+ ∂2

∂y2

)
+ V (x, y). (4.1)

Let us first consider the adiabatic approximation. The frequency ωx in the x direc-
tion near the potential minimum is assumed to be much smaller than the frequency ωy

in the y direction. Then the x motion is frozen and the adiabatic solutions χny (y; x)
that satisfy the following equation are solved first:

[
− h̄2

2m

∂2

∂y2
+ V (x, y)

]
χny (y; x) = εny (x)χny (y; x). (4.2)

The total wave function is assumed to be given by

�±,nx ,ny (x, y) = φ±,nx ny (x)χny (y; x), (4.3)

where ± specifies the parity with respect to the y axis. Inserting this into the
Schrödinger equation and neglecting the derivative of χny (y; x) with respect to x ,
we obtain [

− h̄2

2m

∂2

∂x2
+ εny (x)

]
φ±,nx ny (x) = E±,nx nyφ±,nx ny (x). (4.4)
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The tunneling splitting can be obtained as

�Enx ny = �E1D
nx

[εny (x)], (4.5)

where the right-hand side (RHS) is the energy splitting in the one-dimensional
potential εny (x).

Let us next consider the sudden approximation. The Hamiltonian is the same as
Equation (4.1), but now the frequency ωy is assumed to be much smaller than ωx .
The total wave function can be written as

�±,nx ny (x, y) = φ±,nx ny (y)χ±,nx (x ; y), (4.6)

where the adiabatic bases χ±,nx (x ; y) and the coefficient function φ±,nx ny (y) are de-
fined in the analogous way as Equations (4.2) and (4.4) by[

− h̄2

2m

∂2

∂x2
+ V (x, y)

]
χ±,nx (x ; y) = ε±,nx (y)χ±,nx (x ; y) (4.7)

and [
− h̄2

2m

∂2

∂y2
+ ε±,nx (y)

]
φ±,nx ny (y) = E±,nx nyφ±,nx ny (y). (4.8)

Since φ is not directly related to tunneling, we approximate Equation (4.8) by the
equation [

− h̄2

2m

∂2

∂y2
+ V (xmin, y)

]
φny (y) = E ′

ny
φny (y), (4.9)

where xmin is the x coordinate of the potential minimum. Taking symmetric and
antisymmetric linear combinations of �±,nx ny , we can obtain the wave functions
localized in each well as

�L
nx ny

(x, y) = φny (y)χ L
nx

(x ; y) (4.10)

and
�R

nx ny
(x, y) = φny (y)χ R

nx
(x ; y). (4.11)

Inserting these into the Herring formula, we obtain the final expression of tunneling
splitting,

�Enx ny =
∫

dyφ2
ny

(y)�E1D
nx

(y). (4.12)

This is similar to the Franck-Condon approximation. Tunneling in the x direction
occurs at each fixed value of y, which creates the tunneling splitting �E1D

nx
(y). The

total splitting is obtained by averaging �E1D
nx

(y) over y with the weight factor φ2
ny

(y).

4.1.2 CASE OF SYMMETRIC MODE COUPLING POTENTIAL

Let us next consider the symmetric mode coupling (SMC) potential. The Hamiltonian
is given by

H̃ = − h̄2

2mx

∂2

∂ x̃2
− h̄2

2my

∂2

∂ ỹ2
+ mx ω̃

2
x

8x̃2
0

(x̃ − x̃0)2(x̃ + x̃0)2 + 1

2
myω̃

2
y[ỹ + α̃(x̃2 − x̃2

0 )]2,

(4.13)
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where mx ,my, ω̃x , ω̃y, x̃0, and α̃ are mass in x direction, mass in y direction, fre-
quency in x direction, frequency in y direction, one-half of the distance between two
minima, and coupling strength, respectively. Introducing the following dimensionless
quantities, the Schrödinger equation can be scaled:

x = x̃

x̃0
, y =

√
mx

my

ỹ

x̃0
,

ωy = myω̃y

mx ω̃x
, g = h̄

myω̃x x̃2
0

,

α = α̃ x̃0

√
mx

my
, H = H̃

mx ω̃2
x x̃2

0

. (4.14)

Then the scaled Hamiltonian with the symmetric mode coupling (SMC) potential is
given by

HSMC = −g2

2

(
∂2

∂x2
+ ∂2

∂y2

)
+ 1

8
(x −1)2(x +1)2 + ω2

y

2

(
y + α(x2 − 1)

)2
, (4.15)

where g plays the role of h̄. This Hamiltonian is the same as Equation (3.24). The
potential has two minima (x, y) = (±1, 0) and one saddle point at (x = 0, y = α).
The barrier height is normalized to 1/8. The frequency in y direction is always
(∂2VSMC/∂y2)1/2 = ωy , while that in x direction at the minima is normalized to
unity. The potential contour is depicted in Figure 4.1 for (ωy, α) = (0.5, 1.0). This
model has been used as a typical example of multidimensional tunneling in many
fields [4,56]. Especially, in the case of proton tunneling in malonaldehyde, the coor-
dinate x mainly represents the motion of the hydrogen atom transferring from one
oxygen atom O to the other oxygen atom O, while y roughly represents the scissors-
like motion of the O–C–C–C–O frame [see Figure 4.2(a)]. The fact that the mutual
approach of the two oxygen atoms makes the tunneling more probable corresponds
to tunneling enhancement by excitation in y mode. More generally, the a1 symmetric
mode of a nonrigid molecule coupled to a tunneling coordinate assists the hydrogen
tunneling [70]. Table 4.1 shows the results of quantum mechanically exact numerical
calculations of tunneling splitting for two sets of parameters: (1) the intermediate
coupling case [(ωy, α) = (0.8, 1.0)] in which the tunneling mainly goes through the
I-region [see Figure 3.2(a)] and (2) the weak coupling case [(ωy, α) = (0.3, 0.22222)]
in which tunneling mainly goes through the C-region [see Figure 3.2(b)]. In the first
case, vibrational excitation promotes the tunneling very much. This can be simply
attributed to the decrease of the Gamov factor. This is a common phenomenon that is
well known in the one-dimensional case. The second case also shows the promotion
of tunneling by the vibrational excitation. However, the promotion is weak. This is
simply because the coupling is weak. Actually, no qualitative difference between the
two cases is found in this symmetric mode coupling potential.

It is of great interest to see how the tunneling path is affected by vibrational exci-
tation when the tunneling goes through the I-region. Figure 4.3 shows this for several
vibrational states in the case of the V-parabola model with parameters (ωs, θ, g) =
(0.42, 30◦, 0.04). The V-parabola model is simpler than the symmetric mode coupling
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FIGURE 4.1 Contours of the symmetric mode coupling potential [Equation (4.15)] for the
parameters (ωy, α) = (0.5, 1.0). The interval of contour is 0.02 and the contours with the
energy higher than 0.28 are omitted. (Taken from Reference [31] with permission.)
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FIGURE 4.2 Various modes coupled to the hydrogen tunneling mode in the case of malonalde-
hyde. (a) In-plane scissors-like mode corresponding to the symmetric mode coupling model.
(b) In-plane antisymmetric C–O stretching mode corresponding to the asymmetric mode cou-
pling model. (c) Out-of-plane wagging motion corresponding to the squeezed potential model.
(Taken from Reference [31] with permission.)
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TABLE 4.1
Tunnel Splitting in the Symmetric Mode Coupling Potential
Equation (4.15) Calculated Quantum Mechanically Numerically
for Several Vibrationally Excited States. Parameter g Is Taken to
be 0.04

(ωy, α) (0.8, 1.0) (0.3, 0.22222)

�E0,0
a 4.6(−9)b 2.33(−8)

�E0,1 122.8(−9) 3.07(−8)
�E0,2 167.1(−9) 3.93(−8)
�E0,3 15301.1(−9) 4.93(−8)
Tunneling regions I–I C–C

a �E0,n indicates the tunneling splitting for the state in which the
vibrational motions are in the ground (0) and the nth excited levels
for the tunneling direction and the direction transversal to it, respectively.

b Figures in parentheses are the power of 10 by which the entry is to be
multiplied.
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FIGURE 4.3 Tunneling paths for several vibrationally excited states in the case of the V-
parabola model [Equation (4.16)]. Parameters are chosen to be (ωs, θ, g) = (0.42, 30◦, 0.04).
(nl , ns) specifies the vibrational quantum numbers of l and s modes. (Taken from Reference [31]
with permission.)
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potential but has similar characteristics. The potential is parabolic in both left (x < 0)
and right (x > 0) sides, and is given by

VV P (x, y) = 1

2
ω2

s + 1

2
l2, (4.16)

where the kinetic energy part is the same as Equation (4.15) and the coordinates (s, l)
are related to (x, y) as(

s

l

)
=
( cos θ − sin θ

sin θ cos θ

)(
x ± 1

y

)
. (4.17)

Here the sign + (−) is taken in the left- (right-)hand side. The parameter θ roughly
plays the same role as the coupling strength α in the symmetric mode coupling model.
This potential has a cusp along the y axis, but the essential conclusions are not affected
by this. As is seen from Figure 4.3, the tunneling paths are strongly dependent on
vibrational state. The number in the parenthesis (ns, nl) on each path represents the
vibrational quantum numbers in the l and s modes, respectively. All the tunneling
paths take shortcuts compared with the intrinsic reaction coordinate (IRC). The two
vibrational modes have opposite effects: excitation in mode s makes tunneling path
closer to the IRC, while that in l mode shifts it inward.

Finally, let us investigate the validity of the adiabatic and sudden approximations.
If we apply the adiabatic approximation to the symmetric mode coupling potential,
the tunneling splitting becomes independent of the vibrational quantum number ny ,
whatever ωy is. The adiabatic potential has the same shape as that of ny = 0, since the
frequency in y direction is constant. This is not in agreement with the exact quantum
results except when the coupling α is zero. Table 4.2 compares the tunneling splittings
calculated by the sudden approximation with the exact results. In the sudden approxi-
mation, �E1D

ny
(y) in Equation (4.12) is calculated by the WKB formula. It is seen that

tunneling splitting by sudden approximation decreases with vibrational excitation,
while the exact one increases. Thus, neither the adiabatic nor sudden approximation

TABLE 4.2
Tunnel Splitting in the Symmetric Mode Coupling
Potential Equation (4.15). The Second (Third)
Column Is the Result by Exact Quantum
Mechanical (EQM) Calculation [by the Sudden
Approximation Equation (4.12)]. Parameters
(ωy, α, g) Are Equal to (0.2,0.25,0.04)

EQM Sudden

�E0,0 2.36(−8) 2.18(−8)
�E0,1 2.60(−8) 1.88(−8)
�E0,2 2.85(−8) 1.26(−8)
�E0,3 3.10(−8) 1.00(−8)
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is reliable for investigating the tunneling in excited states of the symmetric mode
coupling (SMC) model.

4.1.3 CASE OF ANTISYMMETRIC MODE COUPLING POTENTIAL

The scaled Hamiltonian with the antisymmetric mode coupling (ASMC) potential is
defined by

HASMC = −g2

2

(
∂2

∂x2
+ ∂2

∂y2

)
+ 1

8
(x − 1)2(x + 1)2 + ω2

y

2
(y − βx)2 , (4.18)

where g and ωy have the same meanings as those of the symmetric mode coupling
(SMC) model, Equation (4.15), and β represents the coupling strength. A potential
contour map is given in Figure 4.4. There are two minima at (x, y) = (±1,±β)
and one saddle point at (x, y) = (0, 0). These two minima are shifted in y direction
and the barrier height is again normalized to 1/8. In the case of malonaldehyde, the
coordinate x again represents the motion of transferring hydrogen, while y represents
the antisymmetric C–O stretching mode [see Figure 4.2(b)]. With use of this model,
the tunneling splittings are calculated quantum mechanically. Two distinct cases with
different characteristics of tunneling are shown in Table 4.3. The second column

1.2

0.0y

0.0

x
1.2–1.2

–1.2

FIGURE 4.4 Contours of the antisymmetric mode coupling (ASMC) potential [Equation
(4.18)] for the parameters (ωy, β) = (0.2, 0.5). The other conditions are the same as in
Figure 4.1. (Taken from Reference [30] with permission.)
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TABLE 4.3
Tunnel Splitting in the Antisymmetric Mode
Coupling Potential Equation (4.18) Calculated
Quantum Mechanically Numerically. Parameter g
Is Equal to 0.04

(ωy, β) (0.5, 1.0) (0.2, 0.3)

�E0,0 1.4(−10) 182.1(−10)
�E0,1 60.5(−10) 5.7(−10)
�E0,2 1316.5(−10) 85.0(−10)
�E0,3 18920.0(−10) 117.9(−10)
�E0,4 113.9(−10)
�E0,5 88.7(−10)
Tunneling regions I–I C–C

represents the case in which tunneling mainly goes through the I-region while the
third column corresponds to the interesting case in which tunneling mainly passes
through the C-region. In the case of pure tunneling through the I-region, tunneling is
always promoted by vibrational excitation and that is attributed to the decrease of the
Gamov factor. In the case of mixed tunneling through the C-region, on the other hand,
the tunneling splitting oscillates with respect to ny and is sensitive to the parameter β.
This is definitely different from the case of symmetric mode coupling (SMC) model.
This oscillatory feature occurs because the excited vibrational wave functions have
nodal lines in the C-region (nearly parallel to the x axis) and thus the overlap integral
in the Herring formula can oscillate due to the phase cancellation.

Finally, we touch upon the adiabatic and sudden approximations in the present
model. In the same way as in the case of symmetric mode coupling model, the
adiabatic approximation leads to the tunneling splitting independent of ny . This does
not exhibit any characteristic behavior discussed above and can never be reliable. If
we apply the sudden approximation, we also encounter a problem since the potential
curve in x direction is not symmetric except when y is zero. Thus we cannot use
Equation (4.12) directly anymore.

4.1.4 CASE OF SQUEEZED (SQZ) DOUBLE WELL POTENTIAL

As a third example, we consider the squeezed (Sqz) model potential whose scaled
Hamiltonian is given by

HSQ Z = −g2

2

(
∂2

∂x2
+ ∂2

∂y2

)
+ 1

8
(x − 1)2(x + 1)2 + 1

2
[ω2

y −γ (x2 − 1)]y2, (4.19)

where g and ωy have the same meanings as those of symmetric mode coupling
model [see Equation (4.15)] and γ represents the coupling strength. Two minima at
(x, y) = (±1, 0) and one saddle point at (x, y) = (0, 0) are located on the x axis.
The barrier height is again normalized to 1/8. The local frequency along the y axis is
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FIGURE 4.5 Contours of the squeezed (Sqz) potential [Equation (4.19)] for the parameters
(ωy, γ ) = (1.5, 1.0). The other conditions are the same as in Figure 4.1. (Taken from Reference
[30] with permission.)

defined as
�2

y(x) = ω2
y − γ (x2 − 1), (4.20)

and thus the coupling parameter γ plays a role of squeezing (positive γ ) and spreading
(negative γ ) the potential in y direction. Figure 4.5 depicts the potential contour for
the case (ωy, γ ) = (1.5, 1.0). It should be noted that when ω2

y > −γ , this poten-

tial has additional saddle points at (x, y) = (±
√

1 + ω2
y/γ ,±ωy/

√
2|γ |) and drops

beyond these points. Thus we cannot take a very large positive γ so as to keep the
double well topography. A typical example of the squeezed potential can be found
also in malonaldehyde, in which the y coordinate now corresponds to an out-of-plane
wagging motion depicted schematically in Figure 4.2(c). Since the stable structure
of malonaldehyde is planar and the out-of-plane deviation makes the O–O distance
larger, the topography of the potential energy surface should be represented by this
squeezed (Sqz) mode potential. Exact quantum mechanical calculations have been
carried out and the results for a representative parameter are shown in Table 4.4. The
following interesting features can be found: (1) vibrational excitation in the y direc-
tion suppresses tunneling when the vibrational quantum number ny is small (ny ≤ 4
in the present case), (2) the amount of suppression by excitation decreases with ny ,
and (3) the splitting starts to increase from a certain ny (ny = 5 in the present case). In
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TABLE 4.4
Tunnel Splitting in the Squeezed Potential
Equation (4.19) Calculated with Use of the Exact
Quantum Mechanical (EQM) Method and the
Sudden Approximation (Sudden). Parameters
(ωy, γ, g) Are Equal to (0.2, 0.05, 0.05)

Method EQM Sudden

�E0,0 6.12(−7) 6.01(−7)
�E0,1 3.99(−7) 4.08(−7)
�E0,2 3.31(−7) 3.07(−7)
�E0,3 3.04(−7) 2.49(−7)
�E0,4 3.03(−7) 2.14(−7)
�E0,5 3.09(−7) 1.90(−7)

the sudden regime ωy 
 1, feature (1) can be understood intuitively based on the sud-
den approximation [see Equation (4.12)]. As ny increases, the wave function φny (y)
spreads and the population near the x axis decreases. On the other hand, �E1D(y)
decreases rapidly as |y| increases, since the potential is squeezed in y direction. Thus,
the Franck-Condon integral is expected to decrease as ny increases. Actually, the tun-
neling splitting by the sudden approximation given in the third column of Table 4.4
shows the suppression of tunneling by vibrational excitation in the y direction.

When ωy is larger than unity, the adiabatic regime holds. Table 4.5 shows some
interesting cases. Tunneling splittings are given for a small γ (second and third
columns) and for a relatively large γ (fourth column). In the case of small coupling
γ , the tunneling is suppressed by the vibrational excitation. This can be interpreted
by the adiabatic approximation, Equation (4.5), namely, in terms of the renormal-
ized potential for each ny shown in Figure 4.6. From this figure we can predict
that the tunneling splitting is diminished by vibrational excitation in the y direction.
Actually, the tunneling splittings estimated by Equation (4.5) (third column of

TABLE 4.5
Tunneling Splitting in the Squeezed (Sqz) Potential
Equation (4.19) with Large ωy. The Parameter g Is Taken
to Be 0.05

(ωy, γ) (1.8, 0.1) (1.5, 0.5)

Method EQM Adiabatic EQM

�E0,0 7.16(−7) 6.92(−7) 5.57(−7)
�E0,1 6.45(−7) 6.24(−7) 3.01(−7)
�E0,2 5.84(−7) 5.63(−7) 83.7(−7)
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FIGURE 4.6 Renormalized one-dimensional potential curve [see Equation (4.21)]. Dashed
lines represent V ren

ny
(x), while the solid line is the bare potential VSqz(x, 0). (Taken from Ref-

erence [30] with permission.)

Table 4.5) agree quite well with the exact quantum mechanical (EQM) results. The
renormalized potential is defined as follows:

V ren
ny

= VSQ Z (x, 0) + g�y(x)

(
ny + 1

2

)
, (4.21)

where the local frequency �y(x) is defined by Equation (4.20).
If we use the one-dimensional WKB theory, �E0 is obtained as

�E0 � g

π
exp

(
− 1

g

∫ x+

x−
dx
√

2[V ren
0 (x) − E]

)
, (4.22)

where x± are solutions of V ren
0 (x) − E = 0. It should be noted that the effect of

potential squeezing is found in the exponent.
As the coupling γ increases (fourth column), this suppression of tunneling dis-

appears and irregular behavior comes out. Another interesting feature appears when
the Fermi resonance occurs between the two states (0, ny) and (n′

x , n′
y) with nonzero

n′
x . Tunneling splitting itself is found to disappear in this case. Since the state with

higher nx has larger amplitude in the potential barrier region, an admixture of the
state (n′

x , n′
y) in the state (0, ny) crucially affects the tunneling splitting of the latter

state, even if the admixture is very small.
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4.2 INSUFFICIENCY OF TWO-DIMENSIONAL MODEL

As was mentioned in Section 3.2, many of the multidimension theories are based on the
assumptions that the multidimensional problem can be treated by two dimensions,
one along the tunneling or instanton trajectory and the other along the transver-
sal direction perpendicular to the tunneling trajectory, and that the contributions
from other transverse modes are additive. These assumptions are, unfortunately,
not necessarily consistent and sufficient. The pre-exponential factor comes out as
a result of fluctuations of the classical instanton trajectory and it can be proved
that the harmonic fluctuations along longitudinal and transverse directions are not
coupled. Thus, in the case of two dimensions the pre-exponential factor can always
be found from a solution of one-dimensional dynamical problem along the direction
orthogonal to the instanton. In higher dimensions the situation changes, since differ-
ent transverse classical fluctuations cannot be generally uncoupled. No matter how
weak this coupling is, the classical motion along the instanton is infinitely long and
the energy is redistributed between all the modes. Ignoring this effect may lead to
erroneous results even for the ground state and it becomes totally inappropriate in
the case of mode-specific tunneling. This can be demonstrated by the behavior of the
effective frequency θ (τ ) in the direction of transversal local coordinates along the
instanton. This frequency θ (τ ) sometimes deviates from the adiabatic approximation
θad (τ ), which is the local adiabatic transversal frequency along the instanton and often
used in the simplified version of the instanton approach. For low-energy excitation,
θ (τ ) is generally close to θad (τ ), but for high-energy excitation the adiabatic approx-
imation θad (τ ) significantly deviates from θ (τ ). Such a dramatic effect of vibrational
excitation cannot be reproduced by the two-dimensional models. Practical examples
are shown in Chapter 7 [45].

4.3 PROTON TUNNELING IN TROPOLONE

Following the discussions by Takada and Nakamura [31], we present here the theoret-
ical analysis of tunneling dynamics in the first excited state Ã(1 B2) of the tropolone
molecule (see Figure 4.7). A three-dimensional potential model is employed and
quantum mechanical numerical calculations are carried out. This kind of analysis
would be useful also for other systems, unless high accuracy is required.

4.3.1 AVAILABLE EXPERIMENTAL DATA

There are quite a few experimental data on tropolone. The electronically ground state
X̃ (1 A1) has been studied by infrared (IR) spectroscopy [71,72], Fourier transform
microwave spectroscopy [73], and single vibronic level fluorescence (SVLF) spec-
troscopy [74–76]. IR spectra give us information about normal modes. The SVLF
spectra provide us with the relation between the vibronic level in the excited state
and that in the ground state. For the first electronically excited state Ã(1 B2), the UV
absorption spectra [77] and the laser fluorescence excitation spectra [70,74,76,78]
have been measured. The latter have also been measured for the isotope substituted
tropolone [79,80]. The data obtained from the laser fluorescence excitation spectra
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FIGURE 4.7 Tropolone molecule and the concept to determine the tunneling splitting in the
excited state (see the text). (Taken from Reference [31] with permission.)

include the main information we are interested in here, namely, the accurate energy
levels of various vibrationally excited states of Ã(1 B2).

The direct information of tunneling splitting in the excited state is obtained by
combining the laser fluorescence excitation spectroscopy and the Fourier transform
microwave spectroscopy. As is shown in Figure 4.7, the laser fluorescence excitation
spectra for jet-cooled tropolone give us the values of |�E ′

n − �E ′′
0 |, where ′ and ′′

represent the Ã and X̃ states, respectively. Since �E ′′
0 is determined to be 0.974 cm−1

from the Fourier transform microwave spectra [73], we can estimate �E ′
n. The

vibrational modes of the Ã state can be assigned indirectly. For the ground state X̃ ,
using the results of infrared spectra and molecular orbital (MO) calculations, we can
assign each vibrational mode. The correspondence between the modes of X̃ and Ã
states is established by using the single vibronic level fluorescence (SVLF) spectra.
Combining these data, we can guess the characteristics of the vibrational modes in the
Ã state. The tunneling splittings �E ′

n observed and assigned in this way are listed in
Table 4.6, where TRNOH (TRNOD) represents tropolone (that with −OH deuterated
to −OD). Many interesting features can be found such as (1) excitation of the ν ′

12
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TABLE 4.6
Observed Tunneling Splittings ΔE ′

n of Tropolone Ã State

Band TRNOHa TRNODb Assignment Symmetryd

00 20 2 Origin
111 14 c C–C stretch a1

121 18 2 CCC bend a1

131 33 3 CC–O/CCC deform a1

141 31 11 in-plane ring deform a1

142 29 13
192 10 c out-of-plane bend a2

252 5 out-of-plane bend b1

262 8 c out-of-plane bend b1

264 6
266 5
268 2
2610 c

2612 c

141262 5 2
251261 c c

aReferences [70,73,76].
bReference [76]. Here, �E ′′

0 is assumed to be zero.
cUnresolved.
dIrreducible representation of C2V point group. Tropolone is considered to be nonrigid. These
assignments are due to Reference [72].

mode does not affect the tunneling significantly, (2) excitation of the modes ν ′
13 and ν ′

14
promote the tunneling, (3) excitation of the modes ν ′

25 and ν ′
26 suppress the tunneling,

and so on. It should be noted that the zero-point tunneling splittings in the X̃ and Ã
states are also measured by Bracamonte and Vaccaro to be 0.98 cm−1 and 19.85 cm−1,
respectively [81].

4.3.2 TUNNELING DYNAMICS IN THE GROUND X̃ STATE

The quantum chemical MO calculations of the X̃ state was carried out [31] by using
the GAUSSIAN 92 program package [82]. The MP2 method with 6-31G** basis
set is employed to calculate the energy, the fully optimized geometries, 39 normal
modes, and their frequencies at the stable structure and the saddle point. The energy is
also calculated by MP4 method with 6-31G** basis set at the stable and saddle-point
structures to get a more accurate estimate of the energy barrier. The details are not
given here, but on the basis of these calculations, a three-dimensional model potential
is constructed. It is natural to assume that the vibrational modes, which largely affect
the tunneling dynamics, are basically the same for the X̃ and Ã states. Thus, the direct
tunneling mode, the mode ν ′′

13, and the mode ν ′′
26 are selected as relevant coordinates
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ν’’26 105 cm–1ν’’25 174 cm–1

ν’’14 370 cm–1ν’’13 446 cm–1
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FIGURE 4.8 Normal modes of tropolone in the X̃ state. (Taken from Reference [31] with
permission.)

for a three-dimensional model. The other modes are regarded as irrelevant ones,
although their zero-point energies are added to the model potential. Normal modes
in the X̃ state are shown in Figure 4.8. Since ν ′′

13 is assigned to a1 symmetry, the
coupling should be that of the symmetric mode coupling potential. On the other hand,
ν ′′

26 is the out-of-plane wagging motion and thus the potential in this direction should
be squeezed. On the basis of these considerations, the following model potential is
constructed:

H = −g2

2

(
∂2

∂x2
+ ∂2

∂y2
+ ∂2

∂z2

)
+ 1

8
(x − 1)2(x + 1)2 + ω2

y

2
[y + α(x2 − 1)]2

+1

2
[ω2

z − γ (x2 − 1)]z2, (4.23)
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TABLE 4.7
Dimensionless Parameters of the
Three-Dimensional Model
Equation (4.23) for the
Tropolone X̃ State

Parameter Value

g 0.0732
ωy 0.469
α 1.19
ωz 0.0446
γ 0.00190

where modes x and z represent the direct tunneling mode and ν ′′
26 mode, respectively.

The mode y collectively represents the coupling of a1 mode and largely includes ν ′′
13

mode.
The dimensionless parameters of the above Hamiltonian are determined from the

quantum chemical data obtained by removing the translational and rotational degrees
of freedom [31]. These parameters are listed in Table 4.7. No parameter was fitted to
reproduce any tunneling splitting data. Tunneling splittings are calculated quantum
mechanically numerically with this three-dimensional Hamiltonian using the discrete
variable representation (DVR) method [83]. Numbers of grids used here are 60, 40,

TABLE 4.8
Tunneling Splitting (cm−1) Calculated with Use
of the Exact Quantum Mechanical (EQM)
Numerical Method for the Model Potential
Equation (4.23) of Tropolone

Splitting EQM

�E0,0,0
a 1.05

�E0,0,1 0.965
�E0,0,2 0.887
�E0,0,3 0.819
�E0,0,4 0.758
�E0,0,5 0.705
�E0,0,6 0.656
�E0,1,0 7.61
�E0,1,1 7.02
a Subscripts represent vibrational quantum numbers of the
direct tunneling mode, ν′′

13 mode (approximately), and ν′′
26

mode.
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and 40 for x, y, and z coordinates, respectively. Table 4.8 gives the tunneling splittings
for several vibrational states. First, the tunneling splitting of the ground state �E0 is
1.05 cm−1, which is in good agreement with observed values (= 0.974 cm−1 [73],
0.98 cm−1 [81]). It may be fair to say that this good agreement is somewhat accidental,
because the present model is simple and tunneling splitting is known to be very
sensitive to the accuracy of potential energy surface. The more important thing is the
dependence of �En on n. It can be seen that the vibrational excitation in z direction
suppresses the tunneling weakly, while that in y direction promotes it quite strongly.
The modes y and z play the same roles as those in the two-dimensional symmetric
mode coupling (SMC) model and the squeezed (Sqz) potential model discussed in
the previous subsection.

4.3.3 ANALYSIS OF TUNNELING DYNAMICS OF THE EXCITED Ã STATE

Here the analysis of the experimental data shown in Table 4.6 done by Takada and
Nakamura [31] is presented. This is based on knowledge of the calculated potential
energy surface of the ground state X̃ mentioned in the previous subsection and the
calculations with use of the three-dimensional model potential of Equation (4.23) [31].

First, let us consider the effects of ν ′
13 and ν ′

14. Since the former has a1 symmetry,
the symmetry of the potential energy surface should be that of the symmetric mode
coupling model [Equation (4.15)], in which x and y correspond to the direct tunneling
coordinate and ν ′

13 mode, respectively. According to the numerical results shown in
Table 4.1 and Table 4.8, the excitation of this ν ′

13 mode is thus expected to promote
the tunneling. Experimentally, the first excitation of ν ′

13 gives the tunneling splitting
of 33 cm−1 (3 cm−1) compared to the experimentally observed splitting of 20 cm−1

(2 cm−1) of the vibrationally ground state in the case of TRNOH (TRNOD) (see
Table 4.6). Our prediction qualitatively agrees well with this experimental data. If we
assume that ν ′

14 mode is similar to the ν ′′
14, it has both a1 and b2 components. The first

excitation of ν ′
14 promotes the tunneling, which can be explained by the symmetric

mode coupling (SMC) model. The excitation by two quanta in this mode of TRNOH,
however, suppresses the tunneling slightly compared to the first excited state. This is
probably because ν ′

14 has the b2 component and the potential energy surface has the
coupling to antisymmetric mode coupling (ASMC) type.

If we assume that the ν ′
11 mode has the same b2 symmetry as the ν ′′

11 mode,
the symmetry of the potential energy should be that of antisymmetric mode coupling
(ASMC) model [see Equation (4.18)]. Thus, the suppression of the tunneling by the ν ′

11
excitation can be understood by the out-of-phase cancellation in the Herring formula.
Unfortunately, long excitation progression of this mode has not been observed. As
emphasized in the previous subsection, excitation of this mode is expected to give an
oscillatory behavior of the tunneling splitting as a function of the vibrational quantum
number. This may be considered as an experimental observation of mixed tunneling .

In Table 4.6, the long progression of the ν ′
26 mode has been observed and the

corresponding tunneling splitting decreases monotonically with its excitation. To
know the symmetry of the potential energy surface, we need information on the
normal mode. It has been repeatedly pointed out [75,76] that the strong Duschinsky
effect between the ν25 mode and the ν26 mode is found in the X̃ − Ã electronic
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spectra. Namely, the ν ′
26 normal mode of Ã state mainly consists of the mixture

of the ν ′′
25 and the ν ′′

26 modes of X̃ state. Since the reliable MO calculations of the
normal modes ν ′′

25 and ν ′′
26 are available (depicted schematically in Figure 4.8), the ν ′

26
mode can be guessed to include the antisymmetric wagging motion of two oxygen
atoms. Therefore, the deviation of the ν ′

26 mode from planar structure makes the O–O
distance larger and thus makes the barrier height of the proton tunneling between the
two oxygen atoms larger. This clearly indicates the existence of squeezing effect in
the potential energy surface. If we assume that the stable structure is planar in Ã state,
the potential energy surface must be symmetric with respect to the deviation of the
ν ′

26 mode. Thus, the ν ′
26 mode coupled to the tunneling coordinate may be described

by the squeezed model potential, in which x and y correspond to the direct tunneling
mode and the ν ′

26 mode, respectively. It should be noted that ν ′
26 is the mode with

the lowest frequency 39 cm−1, while the direct tunneling mode has a frequency of
about 3000 cm−1. Thus, this case definitely fits the sudden regime. The numerical
results for the squeezed model potential shown in Table 4.4 and the three-dimensional
model for the X̃ state [Equation (4.23)] shown in Table 4.8 should qualitatively be
in accordance with the experimental finding. In Table 4.6, the other two modes ν ′

19
and ν ′

25 with symmetries different from a1 have the same tendency as that of ν ′
26.

This again indicates that the symmetry of coupling is important to clarify the effect
of vibrational excitation on tunneling.

As was mentioned before, the present analysis is based on the assumption that the
symmetry of the potential energy surface of Ã state is similar to that of the ground state
X̃ and that the stable structure of the excited state is planar. There have been carried
out some quantum chemical calculations of the excited Ã state [81,84–87]. However,
the planarity of the equilibrium geometry of this state is not satisfactorily clarified
yet [81,86,87]. Wojcik et al. [87] have obtained slightly nonplanar structure, but their
analysis of tunneling splitting is in good accordance with the analysis mentioned
above.



5 Nonadiabatic Tunneling

5.1 DEFINITION AND QUALITATIVE EXPLANATION

If two diabatic potential curves cross with opposite signs of slopes, then the lower
and upper adiabatic potential curves have an attractive well and a potential barrier,
respectively (see Figure 1.2). At energies lower than the top of the lower adiabatic
potential, quantum mechanical tunneling can occur. This is called nonadiabatic tun-
neling and this type of potential curve crossing is called nonadiabatic tunneling type
curve crossing (see Figure 1.2) [48]. This type of curve crossing plays important
roles in chemical physics, since the so-called conical intersection of potential en-
ergy surfaces is ubiquitous in molecular systems [88]. A two-dimensional schematic
view of conical intersection is drawn in Figure 5.1. The famous Jahn-Teller effect is
related to this conical intersection [89–91]. When the potential energy surfaces are
described by N independent coordinates, they can have a real potential surface cross-
ing of (N − 2) dimensions, if the electronic symmetry of the two states is the same.
This is called the Neumann-Wigner noncrossing rule. This can be simply proved
as follows. Let V1(x), V2(x), and V12(x), be two diabatic potentials and the diabatic
coupling between the two, where x collectively represents the relative nuclear coor-
dinates. Then the corresponding adiabatic potentials W1,2(x) with W1(x) ≥ W2(x) are
given by

W1,2(x) = 1

2

[
V1(x) + V2(x) ±

√
(V1(x) − V2(x))2 + 4V12(x)2

]
. (5.1)

In order for the two adiabatic potentials W1,2(x) to cross, two terms in the square
root should be zero at the same time that gives two conditions. Thus, the potential
surface crossing is of (N − 2) dimensions or lower. In the case of a one-dimensional
system, no crossing is possible. The two adiabatic curves can come close together but
never cross on the real axis. This is called avoided crossing. In the case of N = 2,
real crossing is possible at one point, namely, at the apex of two cones, at energy EX

as shown in Figure 5.1 (conical intersection). If the electronic symmetry of the two
states is different, then there is no diabatic coupling, i.e., V12(x) = 0 and the crossing
surface can be (N − 1) dimension. If we cut the two cones in Figure 5.1 by a vertical
plane near the apex, then we can easily see that the two potential curves of the cross
section are of the nonadiabatic tunneling type. The crossing of two diabatic potential
curves with the same sign of slopes is called Landau-Zener type [48]. These two
types of curve crossings present mathematically as well as physically quite different
problems. The basic differential equations for the two cases show very different
characteristics [48]. Physically, as is clear from the scheme of potential energy curves
shown in Figure 1.2, the transmission—namely, the nonadiabatic tunneling—occurs
in the case of nonadiabatic tunneling type. For both nonadiabatic tunneling type and
the Landau-Zener type, the transition between the two adiabatic states is induced by

61
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EX

FIGURE 5.1 Schematic view of conical intersection of two adiabatic potential energy surfaces.
Real crossing occurs at the energy EX .

the nonadiabatic coupling, which is given by the following expression:

Nonadiabatic coupling ∝ [∇x V12][V1 − V2] − V [∇x (V1 − V2)]

(W1 − W2)2
∇x , (5.2)

which is a quantum mechanical operator. The transition is called nonadiabatic transi-
tion. Since the adiabatic states are defined as the eigenstates of the electronic Hamil-
tonian at fixed nuclear coordinates, this coupling comes from the nuclear motion,
namely, the nuclear Laplacian operator, as is seen from the above expression.

It should be noticed that the nonadiabatic tunneling is affected by the nonadiabatic
coupling even at energies lower than the top of the lower adiabatic potential. This is
not widely recognized, but it is very dangerous to neglect this effect. It is easy to un-
derstand that no transmission is possible if there is no diabatic coupling, V12(x) = 0,
between the two diabatic states. Figure 5.2 demonstrates this large difference between
the ordinary tunneling and the nonadiabatic tunneling. This figure shows the trans-
mission probabilities as a function of energy for the ordinary tunneling (monotonous
curve) and the nonadiabatic tunneling (oscillatory curve). The oscillation appears at
energies higher than the bottom of the upper adiabatic potential curve and the zero
transmission occurs at certain discrete energies. This zero-transmission phenomenon
is called complete reflection [48], which is a very unique phenomenon in nonadia-
batic tunneling and is explained in more detail in the next section. The monotonically
increasing curve represents the transmission probability in the case where the nonadi-
abatic coupling is neglected. The nonadiabatic tunneling probability is always smaller
than the corresponding ordinary tunneling probability with the coupling neglected.
As mentioned above, the nonadiabatic tunneling probability becomes zero when the
diabatic coupling is zero. Namely, the difference between the two transmission proba-
bilities depends on the coupling strength. Since this complete reflection phenomenon
is very unique, various applications can be thought of [48]. If we have two same
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FIGURE 5.2 Transmission probability vs. energy. The oscillatory curve (solid line) corre-
sponds to the nonadiabatic tunneling with the nonadiabatic coupling with the excited state
taken into account. The monotonous curve (dotted line) is the ordinary transmission probabil-
ity with the coupling neglected.

nonadiabatic tunneling type potential units, the wave can be trapped forever in be-
tween the two units at the energies of complete reflection. This means that we can
create bound states in the continuum [92]. When we have periodic series of these
potential units, complete transmission is possible at certain energies. If we can some-
how click one of the potential units to make the complete transmission energy coin-
cide with the complete reflection energy, then switching the transmission off and
on—namely, molecular switching—becomes possible [92–94]. Theoretical appli-
cation of this idea to realistic molecules has been considered by taking hydrogen
transmission through a carbon ring as an example [95,96]. Finally, laser control of se-
lective photodissociation also becomes possible. If an electronically excited state has
a potential barrier, we can create two nonadiabatic tunneling type curve crossings by
shining CW (continuous wave) laser and dressing up the attractive ground state (see
Figure 5.3). By adjusting the laser frequency h̄ω, we can create complete reflection
condition either at the right-side curve crossing for the dissociation to AB + C or at
the left-side curve crossing for the dissociation to A + BC and break either one of the
chemical bonds to dissociate the molecule selectively. Figure 5.3 depicts this control
scheme schematically. This idea was applied to HI,HOD, and CH3SH molecules
[97,98].
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FIGURE 5.3 One-dimensional model of the control of photodissociation with use of the com-
plete reflection phenomenon. Solid line: ground state V1(r ); dotted line: excited state V2(r ).
Two circles represent the nonadiabatic tunneling type curve crossings between the excited state
and the dressed ground state. A vibrationally excited state that dissociates either to the right or
to the left is depicted. (Taken from Reference [97] with permission.)

5.2 ONE-DIMENSIONAL THEORY

For the problem of nonadiabatic tunneling transition, only one-dimensional theory
is available. The famous Landau-Zener-Stückelberg theory was developed in 1932
[99–101]. The Landau-Zener formula for the nonadiabatic transition is well known.
Unfortunately, however, the theory has some serious defects such that it cannot be
used at energies near and lower than the crossing point, and many theoretical works
were carried out to try to improve this [48]. Finally, Zhu and Nakamura succeeded in
obtaining a whole set of semiclassical analytical formulas for transition amplitudes,
including phases for both Landau-Zener type and the nonadiabatic tunneling type
(Zhu-Nakamura theory) [102]. The formulas can be applied practically whatever the
coupling strength and the energy are. The reviews are given in [103–107] and the
whole set of formulas is summarized in the directly applicable way in the appendix
of the review [108] and the book [48]. The formulas appropriate for the nonadiabatic
tunneling type of potential crossing are given below.
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The basic dimensionless parameters a2 and b2 to characterize the potential curve
crossing are defined as (see Figure 5.4)

a2 = (1 − γ 2) h̄2

m(Rb − Rt )2(Eb − Et )
(5.3)

and

b2 = E − (Eb + Et )/2

(Eb − Et )/2
, (5.4)

where m is the mass and

γ = Eb − Et

E2([Rb + Rt ]/2) − E1([Rb + Rt ]/2)
, (5.5)

where Rt (Et ) and Rb(Eb) are the positions (energies) of the potential top and bottom,
respectively. When Rb = Rt , γ = 1 and the following definition of a2 should be
used:

a2 = h̄2

4m(Eb − Et )

[
∂2 E2(R)

∂R2
|R=Rb − ∂2 E1(R)

∂R2
|R=Rt

]
. (5.6)

The above expressions are defined in terms of adiabatic potentials E1(R) and E2(R).
The treatment in the adiabatic state representation is generally more accurate than
the diabatic state representation. Since the diabatic state representation is, however,
sometimes more convenient, the corresponding expressions in terms of the diabatic
states are also given here for convenience:

a2 = h̄2

2m

F(F1 − F2)

8V 3
X

(5.7)

and

b2 = (E − EX )
F1 − F2

2FVX
, (5.8)

where Fj ( j = 1, 2) is the slope of the j th diabatic potential with F = √|F1 F2|, and
VX and EX are the diabatic coupling and energy at the crossing point. Without loss
of generality F1 − F2 can be assumed to be positive.

The total scattering matrix S in the two-state problem shown in Figure 5.4 is given
by

Smn = SR
mn exp[i(ηm + ηn)] , (5.9)

where

η1 = lim
R→∞

[∫ R

T r
1

K1(R)d R − K1(R)R + π

4

]
, (5.10)

η2 = lim
R→−∞

[
−
∫ R

T l
1

K1(R)d R + K1(R)R + π

4

]
, (5.11)
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FIGURE 5.4 Nonadiabatic tunneling type potential curve crossing. E j (R) ( j = 1, 2) is the
j th adiabatic potential curve. Various notations are used in the text. (Taken from Reference [48]
with permission.)

SR = 1

1 + U1U2

(
ei�11 U2ei�12

U2ei�12 ei�22

)
, (5.12)

K j (R) =
√

2m

h̄2 [E − E j (R)] for ( j = 1, 2), (5.13)

and
U2 = 2i Im(U1)/(|U1|2 − 1), (5.14)

where U1 and U2 are the so-called Stokes constants [48]. Note that T l
1 and T r

1 should
be replaced by Rt at E ≥ Eb, and the indices 1 and 2 of the S-matrix correspond to
the right and left side of the barrier, respectively. Namely, the diagonal (off-diagonal)
elements of the S-matrix represent reflection (transmission). The SR-matrix is called
reduced scattering matrix and represents the transition amplitudes in the transition
zone T l

1 ≤ R ≤ T r
1 . The other quantities in Equation (5.12) are defined in the next

subsection. The transfer matrix N at E < E2(∞) is given by(
C

D

)
= N

(
A

B

)
, (5.15)

where A(B) is the coefficient of the wave running to the right (left) along E1(R) on
the right side of the barrier, and C(D) is the coefficient of the wave running to the
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right (left) along E1(R) on the left side of the barrier. The N -matrix is related to the
SR-matrix as

N11 = 1/SR
12, N12 = SR

22/SR
12, N21 = N ∗

12, N22 = N ∗
11 . (5.16)

The Zhu-Nakamura theory provides analytical expressions separately for the follow-
ing three energy regions: E ≤ Et (top of the lower adiabatic potential), Et ≤ E ≤ Eb

(bottom of the upper adiabatic potential), and Eb ≤ E . The formulas given here
contain some empirical corrections so that the formulas can cover even those small
regions of parameters in which the original formulas are not necessarily very accurate.
Thus the formulas given below can be directly applied to practical problems.

5.2.1 CASE OF E ≤ E t

The required quantities in Equation (5.12) are given by

�12 = �11 = �22 = −2σZN, (5.17)

Re U1 = sin(2σc)

{
0.5

√
a2

1 + √
a2

√
B
(σc

π

)
e−δZN + eδZN

√
B(σc/π )

}
, (5.18)

Im U1 = cos(2σc)

√
(Re U1)2

sin2(2σc)
+ 1

cos2(2σc)
− 1

2 sin(σc)

∣∣∣∣ Re U1

cos(σc)

∣∣∣∣ , (5.19)

σc = σZN(1 − 0.32 × 10−2/a2
e−δZN ), (5.20)

δZN =
∫ T r

1

T l
1

|K1(R)|d R, (5.21)

and

σZN = π

8a|b|
1

2

√
6 + 10

√
1 − 1/b4

1 +
√

1 − 1/b4
, (5.22)

where the function B(x) is given by

B(x) = 2πx2x e−2x

x	2(x)
. (5.23)

The physically meaningful overall transmission probability, namely, the nonadiabatic
tunneling probability, is given by

P12 = B(σc/π )e−2δZN

[1 + (0.5
√

a2/[
√

a2 + 1])B(σc/π )e−2δZN ]2 + B(σc/π )e−2δZN
. (5.24)

It should be noted that when a2 → 0 (large diabatic coupling limit), we have

P12 = e−2δZN

1 + e−2δZN
, (5.25)
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which agrees with the ordinary single potential barrier penetration probability. It
should be noted that the effect of nonadiabatic coupling is represented by σc in
Equation (5.24) and that this effect cannot be separated out. Nonadiabatic coupling
effect and tunneling are coupled.

5.2.2 CASE OF E t ≤ E ≤ E b

The necessary quantities to define SR in Equation (5.12) are given by

�12 = σZN, �11 = σZN − 2σ Z N
0 , and �22 = σZN + 2σ Z N

0 , (5.26)

σ Z N
0 = −1

3
(Rt − Rb)K1(Rt )(1 + b2), (5.27)

U1 = i[
√

1 + W 2eiφ − 1]/W, (5.28)

φ = σZN + arg	

(
1

2
+ i

δZN

π

)
− δZN

π
ln

(
δZN

π

)
+ δZN

π
− h2, (5.29)

h2 = 0.34
a0.7(a0.7 + 0.35)

a2.1 + 0.73
(0.42 + b2)

(
2 + 100b2

100 + a2

)0.25

, (5.30)

σZN = − 1√
a2

[
0.057(1 + b2)0.25 + 1

3

]
(1 − b2)

√
5 + 3b2, (5.31)

δZN = 1√
a2

[
0.057(1 − b2)0.25 + 1

3

]
(1 + b2)

√
5 − 3b2, (5.32)

W = h3

a2/3

∫ ∞

0
cos

[
t3

3
− b2

a2/3
t − h4

a2/3

t

h5 + a1/3t

]
dt, (5.33)

h3 = 1 + 0.38

a2
(1 + b2)1.2−0.4b2

, (5.34)

h4 =
√

a2 − 3b2

√
a2 + 3

√
1.23 + b2, (5.35)

h5 = 0.61
√

2 + b2. (5.36)

The physically meaningful overall transmission probability is given by

P12 = W 2

1 + W 2
. (5.37)

5.2.3 CASE OF E b ≤ E

The various quantities in Equation (5.12) are given as follows:

�12 = σZN, (5.38)

�11 = 2
∫ Rb

T1

K2(R)d R − 2σ Z N
0 , (5.39)
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�22 = 2
∫ T2

Rb

K2(R)d R + 2σ Z N
0 , (5.40)

σ Z N
0 =

(
Rb − Rt

2

){
K1(Rt ) + K2(Rb) + 1

3

[K1(Rt ) − K2(Rb)]2

K1(Rt ) + K2(Rb)

}
, (5.41)

U1 = i
√

1 − pZN exp[i(σZN − φ̄S)], (5.42)

σZN =
∫ T2

T1

K2(R)d R, (5.43)

and

δZN = π

8ab

1

2

√
6 + 10

√
1 − 1/b4

1 +
√

1 − 1/b4
. (5.44)

The nonadiabatic transition probability pZN for one passage of the crossing point is
given by

pZN = exp

⎡
⎣− π

4ab

(
2

1 +
√

1 − b−4(0.72 − 0.62a1.43)

)1/2
⎤
⎦ , (5.45)

and the overall transmission probability is given by

P12 = 4 cos2(σZN − φ̄S)

4 cos2(σZN − φ̄S) + (pZN)2/(1 − pZN)
, (5.46)

where

φ̄S = φS + h1, (5.47)

h1 = 0.23a1/2

a1/2 + 0.75
40−σZ N , (5.48)

φS = −δψ

π
+ δψ

π
ln
(δψ

π

)
− arg	

(
i
δψ

π

)
− π

4
, (5.49)

and

δψ = δZ N

(
1 + 5a1/2

a1/2 + 0.8
10−σZ N

)
. (5.50)

The nonadiabatic transition matrix I , which represents the nonadiabatic transition at
the avoided crossing point, is given by

I =
(√

1 − pZNeiφS
√

pZNeiσZN
0

−√
pZNe−iσZN

0
√

1 − pZNe−iφS

)
, (5.51)



70 Quantum Mechanical Tunneling in Chemical Physics

where pZ N is given by Equation (5.45) and φS is the same as Equation (5.49). At
E > E2(∞), there is no turning point T2, and σZ N in Equation (5.50) cannot be
defined. Since this is just a small correction, we can use δZN instead of δψ .

It should be noted that when ψZN = σZN − φ̄S = (n+1/2)π (n = 0, 1, 2, . . .), P12

of Equation (5.46) becomes zero. Namely, the intriguing phenomenon of complete
reflection occurs, as was mentioned in the previous section. This occurs whatever the
probability pZ N is, i.e., whatever the potential shapes are. The complete reflection con-
dition is somewhat like the Bohr-Sommerfeld quantization condition but contains the
effect of nonadiabatic coupling as represented by the quantity φ̄S. This phenomenon
is due to the destructive phase interference at the exit between the wave that transmits
through the potential system without trapping and the wave that comes out after being
trapped by the upper adiabatic potential.

The above Zhu-Nakamura formulas have been numerically tested to work well for
various cases in comparison with quantum mechanically exact numerical calculations
[48,102–107]. Figure 5.5 shows one example (see (6) of Reference [102]). The model
potentials used are given by (in atomic units)

V1(x) = 0.5e7.5x ,

V2(x) = 0.5e−3.75x ,

V12(x) = 3

2
√

2
V0e−2.5x2

. (5.52)

The reduced mass is taken to be 1000 a.u. and the coupling parameter V0 is varied so
that the parameter a2 calculated by Equation (5.7) covers the three regimes: a2 = 10.0
(weak diabatic coupling), a2 = 1.0 (intermediate coupling), and a2 = 0.1 (strong
coupling). Figures 5.5(a)–(c) correspond to strong, intermediate, and weak coupling
cases, respectively. Solid and dashed lines represent the results of the Zhu-Nakamura
formulas with use of the parameters a2 and b2 in the adiabatic state and diabatic
state representation, respectively. These agree well with the exact numerical results
depicted by dots. The fact that the adiabatic state representation works better than the
diabatic state representation can be seen clearly in the localizability of the transition
and the phases of S-matrix [48,102–107].

The Zhu-Nakamura formulas can also be applied to multichannel problems, since
the nonadiabatic transition is well localized at avoided crossing in the adiabatic state
representation [48,109]. This was also tested for various potential systems. One
numerical example is depicted in Figure 5.6 with use of the potential system shown
in Figure 5.7 (see (3) of Reference [109]). These potentials are given as follows (in
atomic units):

V1(R) = 0.037e−1.3(R−3.25) − 0.034,

V2(R) = 0.037e−1.3(R−3.25) − 0.012,

V3(R) = 0.4057
[
1 − e−0.344(R−3)

]2 − 0.03,

V4(R) = 0.4057
[
1 − e−0.344(R−3)

]2
. (5.53)
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FIGURE 5.5 Overall transmission probability versus energy in the nonadiabatic tunneling
type potential system [see Equation (5.52)]. Dots: exact; solid line: Zhu-Nakamura formula
(adiabatic); dashed line: Zhu-Nakamura formula (diabatic). (a) a2 = 0.1 (diabatic). (b) a2 =
1.0. (c) a2 = 10.0. Et (Eb) represents the top (bottom) of the lower (upper) adiabatic potential.
(Taken from Reference (6) of [102] with permission.)

Diabatic couplings are given as

V13(R) = V14(R) = V23(R) = V24(R) = 0.004

1 + eR−3
,

V12(R) = V34(R) = 0. (5.54)
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FIGURE 5.6 Overall transition probability P12 versus energy for the potential system given
in Figure 5.7. (a) Quantum mechanical exact numerical solution of coupled equations. (b)
Semiclassical results with use of the Zhu-Nakamura formulas. The starting energy and the
energy step used in the computation are exactly the same for the two cases. (Taken from
Reference (8) of [102] with permission.)
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FIGURE 5.7 Four-state potential curve diagram of Equations (5.53) and (5.54). (Taken from
Reference (8) of [102] with permission.)

The reduced mass used is that of an oxygen molecule (m = 29377.3). This model
system was taken from some states of O2 and the coupling represents the spin-orbit
interaction among vibrational states of the oxygen molecule [110]. The coupling
strength chosen is such a value that any perturbation theory does not work at all.
The parameters a2 [see Equation (5.3)] for the four avoided crossings are 1.8, 3.61,
4.5, and 7.88, which are out of the range in which the perturbation theory works
(a2 ∼ 10). Figure 5.6(a) is the result of quantum mechanical numerical solution of
coupled differential equations and Figure 5.6(b) is the corresponding semiclassical
result with use of the Zhu-Nakamura formulas. The starting energy and the energy step
of the calculations are taken to be exactly the same for both cases. There is excellent
agreement between the two results for a wide range of energy. Even the very detailed
resonance structures are well reproduced by the semiclassical Zhu-Nakamura theory.

Multidimensional theory is not yet available, unfortunately, not only for the
nonadiabatic tunneling problem but also for general nonadiabatic transition prob-
lems. For practical applications, the Zhu-Nakamura formulas for transition ampli-
tude including phases can be incorporated into classical or semiclassical propagation
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schemes. These are ZN-TSH method [108,111,112] in which the Zhu-Nakamura
formulas of transition probability are incorporated into the trajectory surface hop-
ping (TSH) method [113–117] and ZN-HKSCIVR method [108,112,118] in which
the Zhu-Nakamura transition amplitude is incorporated into the Herman-Kluk type
semiclassical initial value representation method [119–121]. We don’t go into details
here. Those who are interested may refer to the above references.



6 Multidimensional Theory
of Tunneling Splitting

6.1 GENERAL FORMULATION

In this section, generalizations of the instanton theory and the modified WKB theory
described in Chapter 2 to multidimensional space are presented [43]. Those who are
not interested in the generalization of the instanton approach and the proof of its
equivalence to the modified WKB theory can skip Section 6.1.1 and Section 6.1.2. In
Section 6.1.3 a general WKB formulation for a general Hamiltonian in curved space
is provided and its final expression of tunneling splitting can be directly applied to
any real systems.

In this section the mass scaled coordinates are used and the Planck constant h̄
is assumed to be unity, unless otherwise explicitly mentioned. The mass m and the
Planck constant h̄ can be recovered in all the equations and final results by making
the following substitutions. This applies also to other sections in this chapter.

q → √
mq,

∂

∂q
→ 1√

m

∂

∂q
(q : coordinate), (6.1)

p → 1√
m

p (p : momentum), (6.2)

Vqq → 1

m
Vqq (V : potential), (6.3)

A → 1

m
A, (6.4)

where Ai j = ∂W0/∂qi∂q j [see Equations (6.74), (6.96), (6.155), and (6.181)], and

S → 1

h̄
S (S : action) (6.5)

and
� → √

h̄� (� : tunneling splitting). (6.6)

6.1.1 MULTIDIMENSIONAL EXTENSION OF THE INSTANTON THEORY

To evaluate the N-dimensional analog of the pre-exponential factor B [see Equation
(2.135)], we consider the path integral over harmonic fluctuations along the instanton,

∫
Dq exp

⎡
⎣−

∫ ∞

−∞

⎛
⎝1

2
q̇2 +

∑
i j

1

2
V ′′

i j (q0(τ )qi q j

⎞
⎠ dτ

⎤
⎦ , (6.7)

75
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where V ′′
i j is the matrix of second derivatives ∂2V/∂qi∂q j and the integration is

carried out over trajectories subjected to the condition q(±∞) = 0. Similarly to the
one-dimensional case, the operator

∑
i j [− ∂2

∂τ 2 δi j + V ′′
i j (q0(τ ))] has a zero eigenvalue

that manifests the invariance of the classical action with respect to the time shift of
the instanton. We assume that this is the only zero eigenvalue that corresponds to the
zero mode. To proceed with the multidimensional case, we first formally consider
the above equation as it is and show that the functional integral can be factorized
into two parts. The part that contains the singularity is purely one dimensional and its
contribution to�0 is actually given by Equation (2.135). The second part is convergent
and leads to an extra pre-exponential factor that we calculate separately.

Let S parametrize the instanton trajectory q0(S) and let {ξα} be a set of N − 1
transverse coordinates defined by the relation

Qi = q0i (S) +
∑
α

τiα(S)ξα, (6.8)

where Q is used to distinguish from q(τ ) in the functional integral. We choose the
matrices τiα(S) (α = 1, 2, . . . , N − 1) and τi N (S) ≡ dq0i/d S to satisfy the relations

N∑
i=1

τiα(S)τiβ(S) = δαβ, (α, β = 1, 2, . . . , N − 1) (6.9)

and
N∑

i=1

τiα(S)
dτiβ

d S
= 0, (α, β = 1, 2, . . . , N − 1). (6.10)

Hereafter the summation is taken from 1 to N for Latin indices and from 1 to N − 1
for the Greek ones. According to Equation (6.9), {τiα} determine the orthogonal trans-
formation to the local frame of reference. One can check that the second condition,
Equation (6.10), makes the metric tensor diagonal in the coordinates S and ξα . This
condition is not essential but it simplifies the following derivations. The instanton
trajectory approaches the potential minima along one of the normal modes, which
we numerate as the N th. We can also choose {ξα} to coincide with the other N − 1
normal coordinates at the potential minimum. Due to Equation (6.10), we have

τiα(S)

d S
= Cα(S)τi N (S), (6.11)

where the quantities Cα(α = 1, 2, . . . , N − 1) define the curvature of q0(S).
Let us now consider the classical mechanics in the new coordinates. We consider

the classical motion in the upside-down potential and thus the Lagrangian reads

L = 1

2

(
1 +

∑
α

Cαξα

)2

Ṡ2 + 1

2

∑
α

ξ̇ 2
α + V (S, {ξ}). (6.12)

Since we are interested in the small deviations from the instanton trajectory, the
potential is expanded as

V (S, {ξ}) = V0(S) +
∑
α

aα(S)ξα + 1

2

∑
αβ

bαβ(S)ξαξβ + o(ξ 2). (6.13)



Multidimensional Theory of Tunneling Splitting 77

This gives the classical equations of motion for the instanton [S0(τ ), ξ0(τ ) = 0] as

S̈0(τ ) = dV0

d S
and C0α Ṡ2

0 + a0α = 0, (6.14)

where the index 0 indicates that all the quantities are taken at the instanton. For
instance, C0α ≡ Cα[S0(τ )]. Substituting S = S0 + s and expanding the Lagrangian
L up to the second order terms s2, ξ 2, and sξ , we obtain

L = L0 + δ1L + δ2L + . . . , (6.15)

where L0 = L(S0, Ṡ0, ξ = 0), δ1L is zero due to the classical equation of motion,
Equation (6.14), and we have

δ2L(s, ṡ, ξ, ξ̇ , τ ) = 1

2
ṡ2 + 1

2

∑
α

ξ̇ 2
α + Ṡ2

0 s
∑
α

C ′
0αξα + 2Ṡ0ṡ

∑
α

C0αξα

+1

2
Ṡ2

0

∑
α

C0αξ
2
α + 1

2
V ′′

0 s2 + s
∑
α

a′
0αξα + 1

2

∑
α,β

b0αβξαξβ.

(6.16)

Hereafter the prime stands for the derivative d/d S. It is easy to see that qi and ξα
(with ξN = s) are related by the orthogonal transformation

qi =
∑
α

τiα(S0(τ ))ξα, (6.17)

and the Lagrangian
∑

i q̇2
i /2 + ∑

i j (∂2V [q0(τ )] /∂qi∂q j ) qi q j/2 coincides with
δ2L(s, {ξ}). Since the Jacobian Dq/Dξ is unity, we can rewrite the functional in-
tegral, Equation (6.7), as∫

Ds D{ξ} exp

[
−
∫ ∞

−∞
δ2L(s, ṡ, {ξ}, {ξ̇}, τ )dτ

]
, (6.18)

which is taken again over trajectories with zero boundary conditions. Now we perform
the second transformation, which is just a shift in s(τ ):

s(τ ) = u(τ ) + Ṡ0(τ )v(τ ), (6.19)

where v(τ ) is related to {ξ (τ )} by

v̇(τ ) = −2
∑
α

C0α(τ )ξα(τ ). (6.20)

We note that the Jacobian D(s, ξ )/D(u, ξ ) is unity again and u(τ ) satisfies the same
zero boundary conditions as s(τ ). The integral Equation (6.18) becomes∫

Du D{ξ} exp

[
−
∫ ∞

−∞
δ2L(u, u̇, {ξ}, {ξ̇}, τ )dτ

]
, (6.21)
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where the Lagrangian in the new coordinates (u, {ξ}) is given by

δ2L(u, u̇, {ξ}, {ξ̇}, τ ) = 1

2
u̇2 + 1

2
V ′′

0 u2 + 1

2

∑
α

ξ̇ 2
α

+1

2

∑
αβ

[b0αβ − 3Ṡ2
0C0αC0β]ξαξβ

+1

2
S̈2

0v
2 − 2Ṡ0 S̈0v

∑
α

C0αξα + 1

2
V ′′

0 Ṡ2
0v

2

+S̈0u̇v − 2S̈0u
∑
α

C0αξα + V ′′
0 Ṡ0uv. (6.22)

Using Equation (6.20) and the classical equations of motion, we can rewrite the third
and fourth lines as

third line = 1

2
S̈2

0v
2 + S̈0 Ṡ0vv̇ + 1

2

(
d

dτ
S̈0

)
Ṡ0v

2 = 1

2

d

dτ
(S̈0 Ṡ0v

2) (6.23)

and

fourth line = S̈0u̇v + S̈0uv̇ +
(

d

dτ
S̈0

)
uv = d

dτ
(S̈0uv). (6.24)

Thus both terms do not contribute to the action and the functional integral breaks up
into two factors:∫

Du exp

[
−
∫ ∞

−∞
δ2Lu(u, u̇, τ )dτ

]
·
∫

D{ξ} exp

[
−
∫ ∞

−∞
δ2Lξ ({ξ}, {ξ̇}, τ )dτ

]
.

(6.25)
Here δ2Lu and δ2Lξ are given by the first and second lines of Equation (6.22),
respectively. Now we arrive at the following expression for the pre-exponential factor
in the multidimensional case:

B =
√

2S0

π

⎡
⎣det′

(
− ∂2

∂τ 2 + V ′′
0 (S0(τ ))

)
det(− ∂2

∂τ 2 + ω2
N )

⎤
⎦

−1/2 ⎡
⎣det

(
− ∂2

∂τ 2 1 + �2(τ )
)

det(− ∂2

∂τ 2 1 + �2
0)

⎤
⎦

−1/2

.

(6.26)
Here we have introduced the (N − 1)-dimensional symmetric matrix �2(τ ),

�2
αβ(τ ) = b0αβ(τ ) − 3Ṡ2

0Cα (S0(τ )) Cβ (S0(τ )) (6.27)

and
(�0)αβ = δαβωα, (6.28)

where ωα are N − 1 frequencies of the normal modes orthogonal to the instanton at
potential minimum qm . The contribution of the one-dimensional part, i.e., the first
two terms of Equation (6.26), was analyzed before in Chapter 2 and now we proceed
with evaluation of the transverse factor, the third term of Equation (6.26).

Since the zero mode that indicates the translational invariance with respect to
the time shift appears only in the one-dimensional part, all the eigenvalues of the
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transverse operator (with Dirichlet boundary conditions) [−∂2/∂τ 21 + Ω2(τ )] are
positive. Let us first consider the simplest two-dimensional case in which �(τ ) is
symmetric, �(−τ ) = �(τ ). The instanton trajectory is centered at τ = 0. Asymp-
totically �(τ ) → �0 and it differs significantly only in a finite time interval around
τ = 0. In order to evaluate the ratio of the determinants,

det
(
− ∂2

∂τ 2 + �2(τ )
)

det
(
− ∂2

∂τ 2 + �2
0

) , (6.29)

we proceed in the same way as in the one-dimensional case [see Equations (2.110)
and (2.115)]. Then we need to evaluate

J (T/2)

J0(T/2)
= 2�0 J (T/2) exp[−�0T ], (6.30)

where the Jacobi field J (T/2) satisfies the Jacobi equation,

J̈ (τ ) = �2(τ )J (τ ) (6.31)

with the initial conditions [see Equations (2.113) and (2.114)],

J (−T/2) = 0, J̇ (−T/2) = 1. (6.32)

Let us introduce another solution η(τ ) of the Jacobi equation such that

η(−T/2) = 1, η̇(−T/2) = �0. (6.33)

Since the Jacobi field J (τ ) can also be expressed as

J (τ ) = η(τ )
∫ τ

−T/2

dτ ′

η2(τ ′)
, (6.34)

we have at τ = T/2

J (T/2) = η(T/2)
∫ T/2

−T/2
η−2(τ ′)dτ ′. (6.35)

At large negative τ , we can neglect the difference between �(τ ) and �0 and thus we
have

η(τ ) � exp[�0(τ + T/2)]. (6.36)

Then we have
η(τ ) = exp[�0T/2]η0(τ ), (6.37)

where η0(τ ) is the solution with asymptotic behavior exp[�0τ ] at negative τ . We
next note that since all the eigenvalues of [−∂2/∂τ 2 +�2(τ )] are positive, η0(τ ) �= 0
everywhere. At large positive τ , its asymptotic behavior is generally given by two
exponentials exp[±�0τ ]. Again, since the operator for the transverse fluctuations
[−∂2/∂τ 2 + �2(τ )] does not have zero eigenvalues, the coefficient for the growing
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exponential exp(�0τ ) is not zero. We thus conclude that as T grows, η(τ ) becomes
exponentially large everywhere in the interval [−T/2, T/2] except for the vicinity
of τ = −T/2, and that we can substitute η(τ ) in Equation (6.35) by its asymptotic
behavior, Equation (6.36). Then we have

J (T/2) = η(T/2)

2�0
. (6.38)

To proceed further, we define two more functions. Let η̃(τ ) be a solution of the Jacobi
equation that satisfies the following initial conditions at τ = T/2 [due to the symmetry
of �(τ ) this solution is just η̃(τ ) = η(−τ )]:

η̃(T/2) = 1, ˙̃η(T/2) = −�0. (6.39)

Introducing the auxiliary function �(τ ) by

η(τ ) = η̃(τ )�(τ ) (6.40)

and using the evident relations,

η(0) = η̃(0), η̇(0) = − ˙̃η(0), (6.41)

we find

�(τ ) = 1 + 2η(0)η̇(0)
∫ τ

0
η̃−2(τ ′)dτ ′. (6.42)

At τ = T/2 we can neglect the unity compared to the second term ∼ exp(�0T )
and evaluate the integral in the same way as before. Now all the contribution to the
integral at large T comes from the upper limit and we obtain

η(T/2) = �(T/2) � η(0)η̇(0)

�0
. (6.43)

Using Equations (6.38) and (6.43), we arrive at the expression

J (T/2)

J0(T/2)
= η(0)η̇(0)

�0
exp[−�0T ]. (6.44)

We carry out one more transformation to make the final answer more convenient for
practical use. Introducing the function

�(τ ) = η̇(τ )η−1(τ ), (6.45)

which satisfies
�̇(τ ) + �2(τ ) = �2(τ ) (6.46)

with the initial condition
�(−T/2) = �0, (6.47)

and noticing the relation

η(τ ) = exp

(∫ τ

−T/2
�(τ ′)dτ ′

)
, (6.48)
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we get [see Equation (6.44)]

J (T/2)

J0(T/2)
= �(0)

�0
exp

[
2
∫ 0

−T/2
(�(τ ) − �0)dτ

]
. (6.49)

The final result for the transversal pre-exponential factor is obtained by putting T = ∞
in the above integral as well as in the initial condition for �(τ ) in Equation (6.47).

Generalization to the case N > 2 can be made rather straightforwardly. The
transverse factor in Equation (6.26) is expressed in terms of the determinants of
the Jacobi fields that satisfy the matrix equations analogous to Equation (2.112). The
denominator J0(τ ) is just a diagonal matrix and the analog of Equation (6.30) for
N >2 is

det J(T/2)

det J0(T/2)
= 2N−1 det Ω0 det J(T/2) exp[−(TrΩ0)T ], (6.50)

where J(τ ) is the solution of the initial value problem

J̈(τ ) = Ω2(τ )J(τ ) (6.51)

with
J(−T/2) = 0, J̇(−T/2) = 1. (6.52)

As before, we introduce the auxiliary matrix η̂(τ ), which is the solution of Equation
(6.51) with the initial conditions

η̂(−T/2) = 1, ˙̂η(−T/2) = �0. (6.53)

For the Jacobi field we obtain

J(T/2) = η̂(T/2)

[∫ T/2

−T/2
â(τ ′)dτ ′

]
, (6.54)

where the matrix â(τ ) is the solution of the first-order matrix equation

η̂(τ )
d

dτ
â(τ ) + 2

d

dτ
η̂(τ )â(τ ) = 0 (6.55)

with
â(−T/2) = 1. (6.56)

As before, η̂(τ ) has the form exp(Ω0T/2) multiplied by a matrix solution of Equation
(6.51) decaying at negative τ as exp(Ω0τ ). Under the assumption that all the eigenval-
ues of the operator [∂2/∂τ1 +Ω2] are positive, the determinant of this solution is not
zero and the inverse matrix η̂−1 exists. Then it can be shown that the elements of â(τ )
are exponentially small everywhere except at large negative τ where the asymptotic
form

âi j � δi j exp[−2Ωi (τ + T/2)] (6.57)

can be used. Then the integration in Equation (6.54) gives

det J(T/2) = det η̂(T/2)

2N−1 det Ω0
. (6.58)
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In turn, the analog of Equation (6.43) is

det η̂(T/2) = det η̂(0) det ˙̂η(0)

det Ω0
. (6.59)

The easiest way to prove the last relation is to divide [−T/2, T/2] into a number
of intervals [−ε(k − 1), εk] with k = 1 − T/ε, . . . , T/ε and to approximate Ω2(τ )
by a steplike matrix function Ω̃2

(τ ) that takes constant values within each interval of
the length ε. Equation (6.59) for Ω̃(τ ) can be obtained in the limit T → ∞ by direct
but quite tedious algebra. The true matrix function �(τ ) then can be considered as
a limit of infinitesimally small step size. Finally, we introduce the matrix Ξ(τ ) =
[(d/dτ )η̂(τ )]η̂−1(τ ), which satisfies the matrix analog of Equation (6.46)

Ξ̇ + Ξ2 = Ω2(τ ) (6.60)

and
Ξ(−T/2) = Ω0. (6.61)

Taking the derivative of det η̂, we find

d

dτ
det η̂ = det η̂

∑
i j

˙̂ηi j η̂
−1
i j = det η̂ · [Tr�], (6.62)

or in view of the initial conditions for η̂ and Ξ

det η̂(τ ) = exp

(∫ τ

−T/2
[TrΞ(τ ′)]dτ ′

)
. (6.63)

In the limit T → ∞, Equations (6.26), (6.50), (6.58), (6.59), and (6.63) give the
transverse pre-exponential factor for multidimensional case as√

det Ω0

det Ξ(0)
exp

[∫ 0

−∞
Tr (Ω0 − Ξ(τ )) dτ

]
. (6.64)

Equations (2.135) and (6.64) solve the problem of calculating �0. Of course, one
still has to find the instanton trajectory and to solve the system of the differential
equations for the matrix �. The latter requires the Hessian of the potential in terms
of the transverse local coordinates together with the corresponding curvatures.

6.1.2 WKB APPROACH IN CARTESIAN COORDINATES

The results obtained in the previous subsection of instanton theory can be reproduced
in a much easier way with use of the WKB approximation. This is quite helpful to
understand the physical meaning of the various quantities and the procedures used.
In the same way as we did in the one-dimensional case in Section 2.5.2, we do
not need to construct the complex valued Lagrange manifold [7,15,30,37], which
constitutes the main obstacle of the conventional WKB theory. Without the energy
term, the Hamilton-Jacobi equation can be easily solved and generalization for an
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arbitrary number of coordinates is straightforward. For the sake of completeness
and smooth introduction to the new method, we first outline the derivation of the
transverse pre-exponential factor previously given in Reference [53]. We use the
local coordinates (S, {ξ}) used before and choose the symmetric parametrization of
the instanton q0(S), S ∈ [−Sm, Sm], where q0(±Sm) represent the potential minima.
In these coordinates the multidimensional Herring formula reads

� = −2
∫

dξ1 · · · dξN−1�
∂�
∂S |S=0∫

dq�2(q)
(6.65)

and within the accuracy of the semiclassical approximation the integrations are to be
carried out in the Gaussian approximation. We first consider the main exponential
factor W0, which is the solution of the Hamilton-Jacobi equation

1

2(1 +∑α Cαξα)2

(
∂W0

∂S

)2

+ 1

2

∑
α

(
∂W0

∂ξα

)2

= V0(S) +
∑
α

aαξα + 1

2

∑
αβ

b0αβξαξβ + o(ξ 2). (6.66)

We expand 1/(1+∑α Cαξα) and sequentially equate the terms according to the orders
ξ 0, ξ 1, ξ 2. This gives W0(S, {ξ}) in the form

W0(S, {ξα}) =
∫ S

−Sm

p0(S′)d S′ + 1

2

∑
αβ

�αβ(S)ξαξβ, (6.67)

where p0(S) = √
2V0(S) is the absolute value of the momentum on the instanton

trajectory and �αβ(S) satisfies the equation [see Equation (6.27)]

3p2
0CαCβ + p0

d�αβ

d S
+ �2

αβ = bαβ. (6.68)

Since along the instanton p0(S)∂/∂S = d/dτ , this equation coincides with Equation
(6.60) of the previous subsection. In turn, according to the initial condition Equation
(6.61) in the vicinity of the potential minimum (S = −Sm, ξα = 0), we have

W0 =
∫ S

−Sm

ωN (S′ + Sm)d S′ + 1

2

∑
αβ

�αβ(−Sm)ξαξβ

= 1

2
ωN (S + Sm)2 + 1

2

N−1∑
α=1

ωαξ
2
α (6.69)

and that exp(−W0) behaves as the wave function of the ground state of an N -
dimensional harmonic oscillator with the energy E = (h̄/2)

∑N
α ωα .

The integration of the transport equation is trivial and for the present purpose we
only need the solution on the instanton trajectory

W1(S) = 1

2
ln p0(S)− 1

2

∫ S ωN

p0(S′)
d S′− 1

2

∫ S

−Sm

d S′

p0(S′)

[
N−1∑
α=1

(ωα − �αα)

]
. (6.70)
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We note that the only difference from the one-dimensional case comes from the last
term. Inserting the expression of the wave function

� = exp

(
−W0

h̄
− W1

)
(6.71)

with Equations (6.69) and (6.70) into Equation (6.65), we find the splitting as usual
in the form

�0 = B exp(−S0) (6.72)

with

B =
√

4ωN

π
p0(0) exp

(∫ 0

−∞
dτ

[
ωN − ∂p0(S)

∂S

])

×
√

det�0

det Ξ(0)
exp

(∫ 0

−∞
Tr(Ω0 − �(τ ))dτ

)
. (6.73)

We can see that the transverse pre-exponential factor is the same as in Equation (6.64)
and the present WKB approach is equivalent to the instanton approach.

The calculations of �αβ in terms of the local coordinates are not convenient, but
this can now be avoided and an invariant formulation can be performed. The matrix
�αβ = ∂2W0/∂ξα∂ξβ [see Equation (6.67)] describes the Gaussian shape of the wave
function in the plane orthogonal to the instanton. It is actually more advantageous to
use the analogous “full” N by N symmetric matrix

Ai j = ∂2W0

∂qi∂q j
. (6.74)

Along the instanton this matrix satisfies a more handy equation

d

dτ
Ai j + (A2)i j = ∂2V (q)

∂qi∂q j
|q=q0(τ ), (6.75)

which can be obtained directly by differentiating the Hamilton-Jacobi equation. An
analogous more general equation is derived in the next subsection. The initial condi-
tion of A follows from the fact that in the vicinity of the potential minimum exp(−W0)
coincides with the ground-state wave function of the harmonic oscillator and is given
by

A2
i j |τ→−∞ = ∂2V

∂qi∂q j
|q=qm . (6.76)

Using the definition of the local coordinates S and {ξα}, we further find that

�αβ =
N∑

i j=1

Ai jτiατ jβ (6.77)

and

Ai j = τi N τ j N p′
0 +

∑
αβ

τiατ jβ�αβ −
∑
α

p0C0α(τi N τ jα + τiατ j N ). (6.78)
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These relations enable us to rewrite Equation (6.73) totally in terms of Ai j . First, it
is easy to see that ωN�αωα = det A(−∞) and that due to Equation (6.78) the two
integral terms in the pre-exponential factor can be combined together as∫

dτ

(
ωN − dp0(S)

d S

)
+
∫

dτ
∑
α

(ωα−�αα) =
∫

dτTr(A(−∞)−A(τ )). (6.79)

Noting that the determinant of �αβ comes from the integration over N − 1 transverse
coordinates ξα , using the relation between �αβ and Ai j , and making the coordinate
transformation of Equation (6.17), we obtain (see Appendix B)

1√
det Ξ

= 1√
π N−1

∫
dξ1 · · · dξN−1 exp

(
−
∑
i jαβ

Ai jτiατ jβξαξβ

)

= 1√
π N−1

∫
dq1 · · · dqN δ

(∑
i

τi N qi

)
exp

(
−
∑

i j

Ai j qi q j

)

= 1√
det A

(∑
i j τi N A−1

i j τ j N

)

= |p|√
det A

(∑
i j pi A−1

i j p j

) , (6.80)

where p(τ ) = q̇0(τ ). Putting together Equations (6.73), (6.79), and (6.80), we finally
obtain the tunneling splitting in Cartesian coordinates as

�0 =
√

4 det A(−∞)

π det A(0)

p2(0)√∑
i j pi (0)A−1

i j p j (0)

× exp

(∫ 0

−∞
dτ [Tr (A(−∞) − A(τ ))]

)
exp(−S0). (6.81)

Thus, once the instanton trajectory is found, the calculations of�0 are straightforward.
In fact, within the framework of this type of WKB approach the local coordinates are
not necessary at all.

6.1.3 WKB APPROACH IN THE CASE OF GENERAL HAMILTONIAN

IN CURVED SPACE

Finally in this subsection, the most general formulation is provided for a general
form of kinetic-energy operator without relying on any local coordinates. The final
expression of tunneling splitting can be applied to any practical systems.

Let q = (q1, . . . , q N ) be coordinates on a manifold M with Riemannian metric
qi j (q) and let V (q) be a potential function that is symmetric and has two equivalent
minima located at qm and q̃m = Cqm , where C represents the symmetry operation:
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C : M → M with C−1 = C . The Hamiltonian operator is given by

Ĥ = − 1

2
√

g

∑
i j

∂

∂qi

(√
ggi j ∂

∂q j

)
+ V (q), (6.82)

where, as usual, g = det(gi j ) and gi j is the inverse of gi j . Hereafter the energy is
measured from the potential minima, namely, V (±qm) = 0. We also introduce an
(N − 1)-dimensional “dividing” surface � as a solution of

f (q) = 0. (6.83)

The dividing surface � has a simple meaning of the location of a potential barrier
that separates two potential wells. The tunneling splitting is now given by

�0 =
2
∫ √

gdqδ( f )�
∑

i j gi j ∂�
∂qi

∂ f
∂q j∫ √

gdq�2
, (6.84)

which is the analog of the Herring formula for an arbitrary metric and is derived in
Appendix C. Our purpose here is to find the wave function �(q) that is localized near
the potential minimum qm and has the form, as usual,

� = exp

(
−W0

h̄
− W1

)
. (6.85)

Then two integrals in Equation (6.84) can be carried out in the Gaussian approxima-
tion. For the present case, the Hamilton-Jacobi equation and the transport (continuity)
equation read

H

(
q,

∂W0

∂q

)
= 0 (6.86)

and

∑
i j

gi j (q)
∂W0

∂qi

∂W1

∂q j
− 1

2

∑
i j

gi j (q)
∂2W0

∂qi∂q j
+ E

h̄
− 1

2

∑
i

�i ∂W0

∂qi
= 0, (6.87)

where H (q, p) is the classical Hamiltonian

H (q, p) = 1

2

∑
i j

gi j (q)pi p j − V (q), (6.88)

and the last term in Equation (6.87) appears due to the q-dependence of the metric

�i (q) = 1√
g

∑
j

∂

∂q j
(
√

ggi j ). (6.89)

To solve Equation (6.86) we use the method of characteristics and consider a family of
classical trajectories [q(β, τ ), p(β, τ )] where β is an (N − 1)-dimensional parameter
and τ is the time running the infinite time interval. According to Equation (6.86) we put
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the energy to be zero and impose the initial conditions q(β, τ = −∞) = qm, p(β, τ =
−∞) = 0, which defines the N -dimensional Lagrange manifold. We further note that
the instanton trajectory q0(τ ) belongs to this family q0(τ ) = q(β0, τ ) and we choose
such a parametrization that Cq(β0, τ ) ≡ qC (β0, τ ) = q(β0,−τ ). Once the family
of characteristics is fixed, W0(q) is given by the integral of one-form

∑
i pi dqi . At

q close to the potential minimum qm , the momentum p(q) is linear in the deviation
(q − qm) and W0(q) is quadratic

W0 = 1

2
(q − qm)T Am(q − qm) + o

(
(q − qm)2

)
. (6.90)

Thus, the imposed initial conditions for the characteristics are equivalent to the
requirement that the semiclassical solution exp(−W0(q)/h̄) at the potential mini-
mum coincides with the wave function of the ground state of harmonic oscillator.
Inserting Equation (6.90) into the Hamilton-Jacobi Equation (6.86), we come to the
relation

AmgmAm = Vqq(qm), (6.91)

where Vqq is the matrix of the second derivatives ∂2V/∂qi∂q j and gm is the compact
notation for gi j (qm). The matrix Am is all we need to evaluate the normalization
integral

∫
dq�2(q). For the integral in the numerator of the Herring formula we have

to know the behavior of the semiclassical solution on the dividing surface �.
Let q� = q0(0) be the point where q0(τ ) crosses �. W C

0 (q) ≡ W0(Cq) is also
a solution of the Hamilton-Jacobi equation, which corresponds to the wave function
localized near Cqm . On the dividing surface � these two solutions coincide and if
uk(k = 1, 2, . . . , N − 1) are the coordinates on �, we have

∑
i

∂W0

∂qi

∂qi

∂uk
=
∑

i

∂W C
0

∂qi

∂qi

∂uk
. (6.92)

On the other hand, on the instanton trajectory we have

∂W0
(
q0(τ )

)
∂qi

=
∑

j

gi j
(
q0(τ )

)
q̇ j

0 (τ ) = −
∑

j

gi j
(
qC

0 (−τ )
)
q̇C j

0 (−τ )

= −∂W C
0

(
q0(τ )

)
∂qi

. (6.93)

Comparing Equation (6.92) and Equation (6.93), we find

∑
i

∂W0

∂qi

∂qi

∂uk
|q=q�

= 0, (6.94)

which means that q� is the stationary point for the integral over �. This is equivalent
to the following relation between the derivatives of f (q) and the momentum p at the
stationary point:

∂W0(q�)

∂qi
= pi (q�) = α

∂ f�
∂qi

, (6.95)
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where α is some constant. Next, we need to find the matrix of the second derivatives

Ãi j ≡ ∂2W0

∂qi∂q j
= ∂pi

∂q j
(6.96)

at the stationary point q� . Let us consider the matrix Ã(τ ) as a function of time along
the instanton. From the classical Hamilton equations for the characteristics, we obtain
the first-order differential equation (see Appendix D)

˙̃A = −Hqq − HqpÃ − ÃHpq − ÃHppÃ. (6.97)

Here Hqq, Hqp, . . . are the matrices of the second derivatives ∂2 H
∂qi ∂q j ,

∂2 H
∂qi ∂p j

, . . .. Equa-
tion (6.97) must be supplemented by the initial condition

Ã(−∞) = Am, (6.98)

which completely determines Ã(τ ). In particular, Ã(τ = 0) is the value of the matrix
at the stationary point q� .

Now, we go back to the evaluation of the Herring formula. The normalization
integral is trivial. Expanding the argument of the exponent and δ-function, we rewrite
�0 as

�0 = 2

√
g� det Am

gmπ N

(∑
i j

gi j ∂W0

∂qi

∂ f

∂q j

)
�

exp(−2W0� − 2W1�)

×
∫

dqδ

(∑
i

∂ f�
∂qi

qi + 1

2

∑
i j

∂2 f�
∂qi∂q j

qi q j

)
exp
[−2pT

�q − qT Ã�q
]
,

(6.99)

where the labels m and � indicate that the corresponding quantities are taken at qm

and q� , respectively. The principal exponential factor 2W0� is the action S0 along the
instanton and W1� is given below. Performing the integration and taking into account
Equation (6.95), we obtain

�0 =
√

4g� det Am

πg0 det A�

(pT gp)�√
(pT A−1p)�

exp(−2W0� − 2W1�), (6.100)

where
A� ≡ Ã� + δÃ� (6.101)

with

(δÃ�)i j = −α
∂2 f�

∂qi∂q j
. (6.102)

This is not the final result yet, since the dividing surface � is an auxiliary object in
the theory and ∂2 f�/∂qi∂q j must be excluded from the expression. The term δÃ�

appears due to the curvature of the dividing surface. It accounts for the curvature of
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the space itself and must be related with the derivative of the metric tensor. Equation
(6.102) also shows that δÃ� is proportional to the momentum p� . Then the explicit
form of δÃ� is uniquely established by the condition that A� must transform as a
tensor under arbitrary nonlinear coordinate transformation in order to have an invariant
expression for the tunneling splitting. This gives

(δÃ�)i j = −
∑

k

pk(q�)	k
i j (q�), (6.103)

where

	k
i j = 1

2

∑
s

gks

(
∂gis

∂q j
+ ∂g js

∂qi
− ∂gi j

∂qs

)
(6.104)

are the Christoffel symbols. [For the flat space, Equation (6.103) can be obtained
directly from the results derived in the Cartesian coordinates.]

The value of W1� is found from the transport (continuity) equation, Equation
(6.87). Since

∑
i j gi j [∂W0/∂qi ]∂/∂q j is nothing but the time derivative along the

instanton d/dτ , the direct integration gives

2W1� =
∫ 0

−∞
dτ
[
Tr(Ã(τ ) − Am) + pT Λ

]
, (6.105)

where Tr(Ã) ≡∑i Ãi
i =∑i j gi j Ã ji and we also took into account that the following

relation holds for the ground state:

E

h̄
= 1

2
Tr(Am) + O(h̄). (6.106)

Equations (6.99) and (6.105) are the final result. It gives the canonically invariant
expression of the tunneling splitting, and actual computations can be carried out in
any convenient system of coordinates. Once the instanton trajectory is found, the
only thing remaining is to solve the system of the first-order differential equations,
Equation (6.97), which does not constitute any numerical problem. One useful remark
can be made about the form of kinetic-energy operator. In general, it may differ from
the canonical form in Equation (6.82) by first-order derivative terms, which leads
only to evident modification of �i in the transport equation, Equation (6.87).

6.2 HOW TO FIND INSTANTON TRAJECTORY

In order to implement the theory given in the previous section, we must be able
to find the instanton trajectory q0(τ ) in a multidimensional space. There are two
problems. First of all, it would be hopeless to try to find the instanton trajectory in high-
dimensional space by simply “shooting” classical trajectories. Some approximate
forms of the instanton such as a combination of minimum energy path and straight line
path are often used in the literature. Such approximations, however, affect the accuracy
of the principal exponential factor S0, and can easily and erroneously change the orders
of magnitude of the final results. Secondly, the accuracy of the results strongly depends
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on the quality of potential energy surface employed. Thanks to recent advances in
electronic structure theory and computational technologies, the electronic energy at a
given molecular configuration can be calculated with a reasonable computational cost.
However, construction of accurate global full-dimensional potential energy surface
is not straightforward and one has to find an effective way to incorporate the ab initio
data into dynamics simulations. The first problem is discussed in this subsection and
the second one—namely, the efficient way of using highly accurate ab initio data—is
presented in the next subsection.

The practical method to find the instanton trajectory is not to solve the classical
equations of motion but to directly find the instanton path by minimizing the Euclidean
action. Let us consider the Lagrangian with the inverted potential

L(q̇, q) = 1

2

∑
i j

gi j (q)q̇i q̇ j + V (q), (6.107)

where gi j (q) is the inverse of gi j (q). Let qm, q̃m be the positions of the two potential
minima V (qm) = V (q̃m) = 0. By definition, the instanton q0(τ ) with τ ∈ [−∞,∞]
is the classical trajectory satisfying the boundary conditions

q0(τ = −∞) = qm, q0(τ = ∞) = q̃m . (6.108)

In a multidimensional case, however, it would be hopeless, as mentioned above, to
find the right instanton trajectory that satisfies the boundary conditions, Equation
(6.108), at both ends by simply shooting classical trajectories. The practical method
is to use the variational principle to minimize the action,

S0[q0(τ )] =
∫ ∞

−∞
L[q̇(τ ), q(τ )]dτ. (6.109)

Instead of using the time variable τ , it is more convenient to introduce some other
parametrization. Without loss of generality, we introduce a new parameter z that
spans the interval [−1, 1] and call q0(z) a path to distinguish from trajectory q0(τ ).
There is naturally one-to-one correspondence between path and classical trajectory
and the correspondence can be established by the energy conservation, which defines
the “velocity” of the parameter z as

ż(z) =
√√√√ 2V (q0(z))∑

i j gi j (q0(z)) dqi
0(z)

dz
dq j

0 (z)
dz

, (6.110)

where the dot indicates the derivative with respect to time τ . The proposed method is
to minimize the classical action in the space of paths in analytical form:

qi
0(z, {Cin}) = q̃ i

m + qi
m

2
+ q̃ i

m − qi
m

2
z +

Nb∑
n=1

Cinφn(z), (6.111)

where φn(z) is a certain set of smooth basis functions under the condition
φn(z = ±1) = 0. The first two terms of Equation (6.111) represent a straight line con-
necting the two potential minima, and the purpose here is to find the best coefficients
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{Cin}. In the actual calculations we use the basis

φn(z) = (1 − z2)Pn(z), (6.112)

where Pn(z) are the Legendre polynomials. It turns out that quite a small number of
Nb of the basis functions enables us to attain high accuracy. The coefficients {Cin}
can be determined by the following iterative procedure:

1. Let {Cin} be initial guess of the coefficients that gives the approximate form
of Equation (6.111) of the instanton path q0(z, {Cin}). Integrating dz/dτ =
ż(z) given by Equation (6.110), we can obtain the explicit time-dependence
z(τ ) and define the approximate instanton trajectory as q0(τ, {Cin}) ≡
q0[z(τ ), {Cin}]. If the path q0(z) is the correct one, the trajectory q0[z(τ )]
would be the true instanton. Generally speaking, however, this is not the
case and we have to improve it.

2. The main idea of improvement is to find a direction in the space of tra-
jectories along which the classical action, Equation (6.109), decreases. In
order to do so, we use z(τ ) to define the τ -dependent functions φn[z(τ )]
that form the basis of expansion in the vicinity of q0[z(τ )]. Namely, we
look for a better instanton trajectory in the form

qi
0(τ ) = qi

0(z(τ ), {Cin}) +
Nb∑

n=1

δCinφn[z(τ )]. (6.113)

Inserting Equation (6.113) into Equation (6.109), we obtain the classical
action S0({Cin}) as a function of the coefficients {Cin}. Minimization of
this function gives a new trajectory and accomplishes one step of iteration.
The shape of the obtained path is again given by Equation (6.111) with the
modified coefficients {Cin + δCin}.

3. The iteration continues until we obtain the converged results. The initial
guess of the instanton path can, of course, be taken in various ways, but
it naturally affects the number of iterations required. Note, however, that
the minimization of the action functional can be realized in a rather small
subspace of paths formed by φn(z). The dimension of this subspace is
N × Nb, where N is the number of coordinates and Nb is the number of
basis functions φn(z) that do not change in the course of iteration. The
typical number of Nb is 10–30, as is seen in the actual applications to
polyatomic molecules presented in the next chapter.

It should be noted that the explicit time-dependence z(τ ) does not have to be
determined in the course of iteration. Instead, since ż(z) is given analytically, all the
calculations can be carried out in terms of the parameter z; namely, we do not need
the time τ . For example, the action functional is given by

S0 =
∫ 1

−1
dzż(z)

(
1

2

∑
kl

gkl (q0(z)) q ′k
0 (z)q ′l

0 (z)

)
+
∫ 1

−1

dz

ż(z)
V (q0(z)) , (6.114)
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where the prime stands for the derivative with respect to the parameter z and ż(z) is
the function of z determined by Equation (6.110). In order to minimize the action S0

we assume the variation of the path in the form of Equation (6.113) and expand S0

up to the second order with respect to δCin as

S0({δCin}) = S0 + δ(Cin)T ∂S0

∂(δCin)
+ 1

2
δ(Cin)T ∂2S0

∂(δCin)∂(δCin)
δCin. (6.115)

This minimization gives a set of new coefficients and the improved instanton trajec-
tory. Equation (6.115) requires gradient and Hessian of the potential function. For
instance, the first derivative ∂S0/∂δCin reads

∂S0

∂δCin
=
∫ 1

−1
dzż(z)

(
1

2

∑
kl

∂gkl (q0(z))

∂qi
q ′k

0 (z)q ′l
0 (z)φn(z)

+
∑

k

gki (q0(z)) q ′k
0 (z)φ′

n(z)

)
+
∫ 1

−1

dz

ż(z)

∂V (q0(z))

∂qi
φn(z). (6.116)

The second derivative ∂2S0/∂δCin∂δC jm is given by an integral akin to the above
equation that includes the Hessian matrix ∂2V [q0(z)]/∂qi∂q j .

The Fortran source code to calculate instanton trajectory is provided in Appendix
E. The reader may directly apply it to his/her own problem, although some standard
subroutines should be prepared. One simple numerical example is provided with use
of a model potential.

Since the quantum chemical computations of high accuracy requires a huge
CPU time, we need some technique to save time. On a given approximate instanton
path q0(z) we choose Nr values of parameters {zn}n=1,2,...,Nr and define the corre-
sponding set of Nr reference configurations {q0(zn)}. Using the values of V [q0(zn)],
∂V [q0(zn)]/∂qi , and ∂2V [q0(zn)]/∂qi∂q j at these reference points, we find the val-
ues at any intermediate z by piecewise smooth cubic interpolation procedure. Figure
6.1 illustrates this one-dimensional interpolation for the potential as well as the second
derivatives. Figure 6.1(a) shows the potential function for the three kinds of quantum
chemical ab initio methods used in the case of malonaldehyde. The symbols represent
the ab initio calculations and the lines show the interpolation in the whole interval
z ∈ [−1, 1]. The number of reference points is varied from Nr = 25 (for the MP2/cc-
pVDZ method) to Nr = 17 [for CCSD(T)/(aug-)cc-pVDZ method]. To describe the
instanton path properly by evenly distributing the reference points q0(zn), the first
three values of zn have to be chosen close to z = −1.

6.3 HOW TO USE THE THEORY

6.3.1 EVALUATION OF THE PRE-EXPONENTIAL FACTOR

Taking the malonaldehyde molecule as an example, we explain how to efficiently
evaluate the pre-exponential factor B given by [see Equation (6.100)]

B =
√

4g� det Am

πg0 det A�

(pT gp)�√
(pT A−1p)�

exp(−2W1�). (6.117)
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FIGURE 6.1 (a) One-dimensional interpolation of the potential V [q0(z)] as a function of the
parameter z along the instanton path q0(z) for three ab initio methods in the case of malon-
aldehyde. The points represent the ab initio data. The lines are obtained by piecewise cubic
interpolation. (b) One-dimensional interpolation of the elements of Hessian ∂2V [q(z)]/∂qi∂q j

along the instanton path for MP2/cc-pVDZ ab initio method. Two examples are shown. (Taken
from Reference [122] with permission.)

The first step is to define 21 internal coordinates of the nine-atomic malonaldehyde
molecule. We assume the numbering of atoms as shown in Figure 6.2 and introduce
the Cartesian coordinates xin in the body-fixed frame of reference (BF) as

rn = x1ne1 + x2ne2 + x3ne3, (6.118)

where n = (1, 2, . . . , 9) numerates the atoms.
This BF frame is defined by the two conditions. The first one is to put the origin

in the center of mass of the molecule,

9∑
n=1

Mn xin = 0, i = 1, 2, 3, (6.119)

where Mn is the mass of the nth atom. The second condtion fixes the orientation of the
BF axis {ei}. We require that (1) the tunneling hydrogen atom H9 lies in the (e1, e2)
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FIGURE 6.2 Malonaldehyde molecule. (Taken from Reference [123] with permission.)

plane and (2) e1 is directed along the line connecting the two oxygen atoms O1 and
O8. In terms of xin these two conditions read

x39 = 0, x21 = x28, x31 = x38. (6.120)

Equations (6.119) and (6.120) give six constraints and define the BF system uniquely.
The internal coordinates qk(k = 1, 2, . . . , 21) are generally introduced in such a way
that the functions xin(q1, q2, . . . , q21) satisfy Equations (6.119) and (6.120) at any
qk . In our calculations we took 6 Cartesian coordinates—x19, x29, x18, x11, x21, x31—
from the triangle O8–H9–O1 and 15 Cartesian coordinates of 5 atoms C2,C4,C6,

H3,H7. We denote these 21 coordinates as qk(k = 1, 2, . . . , 21). Their explicit nu-
meration is immaterial. Equations (6.119) and (6.120) enable us to express the rest
of the Cartesian coordinates (x39, x28, x38, and, r5) in terms of {qk}. With this defi-
nition, xin(q1, q2, . . . , q21) are just linear combinations of {qk}, which is convenient
for constructing the metric tensor. Note also that the symmetry of the potential is
easily established in terms of these internal coordinates. This naturally reduces the
numerical effort to one-half.

Construction of the Hamiltonian for zero total angular momentum (J = 0) is now
straightforward. We consider the kinetic metric

ds2 =
∑

n

Mndr2
n (6.121)

and perform the transformation

{drn} −→ {dqk, dΩ, dRc.m.}, (6.122)

where dΩ = (dω1, dω2, dω3) represent the projections of the infinitesimal rota-
tion onto the BF axes and Rc.m. is the center-of-mass position. The latter sepa-
rates from the equation of motion and does not need to be considered. Inserting
drn = (∂rn/∂qk)dqk + [dΩ × rn] into Equation (6.121), we obtain

ds2 =
∑

Mn[dxindxin + 2ei jk xkndxindω j + (r2
nδi j − xin x jn)dωi dω j ]

=
∑

Mn

(
∂xin

∂qk

∂xin

∂ql
dqkdql + 2ei js xsn

∂xin

∂ql
dqldω j

+ (r2
nδi j − xin x jn) dωi dω j

)
, (6.123)
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where ei jk is a fully antisymmetric tensor with respect to its three indices. Equation
(6.123) explicitly determines the covariant metric tensor Gi j (q) in terms of the 24
generalized coordinates dQ = {dq, dΩ}:

ds2 = (dqT , dΩT )

(
Gqq Gqω

Gωq Gωω

)(
dq
dΩ

)
. (6.124)

With above choice of coordinates, the internal (Gqq ), Coriolis (Gqω), and rotational
(Gωω) parts of the metric are constant, linear, and quadratic functions of q, respec-
tively. The expression of the kinetic energy operator now reads

T = − h̄2

2
√

G

24∑
i, j=1

∂

∂Qi

(√
GGi j ∂

∂Q j

)
, (6.125)

where ∂/∂Q = (∂/∂q, ∂/∂Ω), Gi j are the elements of the inverse of the covariant
metric tensor

24∑
k=1

Gik Gkj = δi j , (6.126)

and G = |Gi j | is the determinant of the metric. Setting

∂

∂Ω
≡ Ĵ = 0 (6.127)

in Equation (6.125), we obtain the kinetic-energy operator for zero angular momentum
in the general form

Ĥ = − h̄2

2
√

G

∑
i j

∂

∂qi

(√
Ggi j ∂

∂q j

)
+ V (q), (6.128)

where gkl is the 21 × 21 block of Gi j . Now Equation (6.97) can be solved.

6.3.2 INCORPORATION OF HIGH LEVEL OF ab initio QUANTUM

CHEMICAL CALCULATIONS

In order to build a nice bridge between theory and experiment, high accuracy of the
potential data is definitely needed. Although accurate estimates of electronic states of
large molecules are now possible with use of the high-level ab initio method, it is still
a formidable task, as mentioned above, to obtain a global potential energy surface of
such accuracy. Since calculations of the second derivatives of the potential at each
point are also required, the whole quantum chemical calculations would become
rather hopelessly formidable. It is desirable to reduce the total number of reference
configurations. Since the tunneling splitting dynamics is determined essentially by
the local property along the instanton path, and the global topology of the path does
not strongly depend on the quality of the ab initio method, it is recommended to
find the instanton path first by using a non-time-consuming low level of the ab initio
method. In the first step of the calculations, the simple straight-line path Cin = 0
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[see Equation (6.111)] is taken as an initial guess. This is actually unavoidable, since
no information about the topography of the potential energy surface is known a priori.
The number of iterations required for the convergence strongly depends on the initial
guess for the instanton path, but the computational effort can be reduced by steadily
improving the accuracy of the ab initio method and by using the converged instanton
at a lower level of the ab initio method as the initial guess for the more accurate and
time-consuming level of calculations (see Figure 6.1). By using this scheme, only a
few extra steps are required to get convergence at the higher level.

In the case of a malonaldehyde molecule, as is described in more detail in
Section 7.3, we use the MP2 method as the lowest level, and the quadratic configu-
ration interaction method including singles and doubles substitutions (QCISD) and
the coupled-cluster singles and doubles including a perturbational estimate of triple
excitations [CCSD(T)] with the basis set of the Dunning’s cc-pVDZ (Reference [124])
[CCSD(T)/(aug-)cc-pVDZ] as the intermediate levels. At the final step of the whole
procedure, the CCSD(T) with the hybrid basis set of aug-cc-pVDZ method is used
as the highest level. The number of iterations (Niter) required to obtain the converged
instanton at higher ab initio levels was found to be only 4. It was also confirmed that
Nr = 17 (number of reference points) is good enough to obtain smooth instanton path.
Due to the symmetry of the molecule, the required number of ab initio calculations
for Niter iterations is 1 + 8Niter = 33. The above-mentioned scheme together with the
method of evaluation of the pre-exponential factor described in the previous subsec-
tion enables us to accurately estimate the tunneling splitting to be compared with the
high-resolution spectroscopy experiment for virtually any polyatomic molecules.

6.4 CASE OF LOW VIBRATIONALLY EXCITED STATES

Tunneling splitting in the case of low vibrationally excited states is formulated in
this section. The ordinary WKB theory explained in Section 3.1 cannot be extended
easily to systems beyond two dimensions, because it is based on the complex-valued
solutions of the Hamilton-Jacobi equation in the classically forbidden region. The
instanton-type modified WKB theory can overcome this difficulty and can be for-
mulated in canonically invariant form similarly to the case of ground-state tunneling
splitting case in the multidimensional space. The formulation is made separately for
longitudinal and transversal excitation with respect to the instanton trajectory. Fur-
thermore, the multidimensional effects—i.e., nonmonotonic behavior of tunneling
splitting against vibrational excitation explained in Chapter 4 based on the numerical
solutions—can be interpreted by the behavior of effective frequencies along the in-
stanton trajectory. In order to facilitate the understanding of the formulation, we start
with the simplest one- and two-dimensional cases. The formulations in terms of the
multidimensional Cartesian coordinate case and more general curved space case is
provided after that.

6.4.1 ONE- AND TWO-DIMENSIONAL CASES

Let us summarize the main equations of Section 2.5.2, keeping the mass factor. We
consider a symmetric one-dimensional potential with two equivalent potential minima
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at x = ±xm . If the potential barrier separating the two potential wells is high enough,
the tunneling splitting can be calculated by the Herring formula,

� = −2h̄2�sc(0) d�sc
dx (0)

m N
, (6.129)

where �sc(x) is the semiclassical wave function localized in the vicinity of one of the
potential minima, m is the mass, and N = ∫

�2
scdx is the normalization factor. We

look for a real-valued semiclassical wave function in the form

�sc = exp

[
−W0

h̄
− W1

]
(6.130)

and treat the energy E ∝ h̄ as first-order term with respect to h̄. Then, W0 and
W1 satisfy the Hamilton-Jacobi equation and the transport (or continuity) equation,
respectively, as

1

2

(
∂W0

∂x

)2

− V (x) = 0 (6.131)

and
1

m

∂W0

∂x

∂W1

∂x
− 1

2m

∂2W0

∂x2
+ E

h̄
= 0. (6.132)

These equations can be easily solved as

W0(x) =
∫ x

−xm

p0(x)dx (6.133)

and

W1(x) =
∫ x (1

2

dp0

dx
− m E

h̄

)
dx

p0
, (6.134)

where p0(x) = √
2mV (x) is the classical momentum along the instanton trajectory

x0(τ ), τ ∈ [−∞,∞] that runs between the two potential minima. Note that the instan-
ton trajectory is determined up to an arbitrary time shift. Without loss of generality,
we always assume it to be symmetric in time, i.e., x0(τ ) = −x0(τ ) and x0(0) is the
position of the potential barrier top.

Since the principal exponential factor W0(x) does not depend on the energy E ,
the difference between the ground and excited states comes from the solution of the
transport (continuity) equation. In the case of ground state, En=0 = h̄ω/2, we note
that the integrand in Equation (6.134) is well defined at x = −xm , which can be taken
as the low integration limit, and we have

W (n=0)
1 = 1

2

∫ x

−xm

(
dp0

dx
− mω

)
dx

p0
= 1

2

∫ τ

−∞

(
1

m

dp0

dx
− ω

)
dτ, (6.135)

where n represents the vibrational quantum number.
For the first excited state we put En=1 = En=0 + h̄ω and look for the solution of

the transport (continuity) equation in the form

W (n=1)
1 = W (n=0)

1 + w, (6.136)
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where the additional term w satisfies the equation

p0(x)

m

dw(x)

dx
+ ω = 0. (6.137)

There is a simple singularity at x = −xm in this equation that leads to the logarithmic
divergence of w(x) and we have

w(x) = −
∫ x mω

p0(x)
dx = −

∫ τ

ωdτ =
∫ τ

−∞

(
1

m

dp0

dx
− ω

)
dτ − ln p0(x).

(6.138)
As a result, for x → −xm , exp[−w(x)] � p0(x) and the semiclassical wave function

�sc = p0(x) exp[−mω(x + xm)2/2h̄] � mω(x + xm) exp[−mω(x + xm)2/2h̄]
(6.139)

coincides with the excited state. Equations (6.133), (6.135), and (6.138) give the
semiclassical wave function for n = 1. The tunneling splitting �n=1 is obtained from
the Herring formula. Taking into account the difference between the normalization
integrals Nn=1 = (h̄mω/2)Nn=0, we obtain

�n=1 = 2�n=0
p2

0(0)

h̄mω
exp

[
2
∫ 0

−∞
dτ

(
ω − 1

m

dp0

dx

)]
. (6.140)

Note that for a double well potential, dp0/dx is a monotonically decreasing function
of time and the barrier height V (0) always exceeds the excitation energy. Thus,

�n=1 > �n=0 (6.141)

always holds. See also the discussion after Equation (6.160). As is seen later, Equation
(6.140) can be used for the case of longitudinal excitation in a multidimensional
system.

Let us next consider the simple two-dimensional case [125]. Here we use the local
coordinates (s, ξ ) where s ∈ [−sm, sm] runs along the instanton trajectory q0(s) and ξ

is the coordinate perpendicular to the instanton. The solution of the Hamilton-Jacobi
equation in the vicinity of the instanton trajectory ξ = 0 reads [see Equation (6.67)]

W0(s, ξ ) =
∫ s

−sm

p0(s ′)ds ′ + mθ (s)

2
ξ 2, (6.142)

where p0(s) = √
2mV (q0(s)) is the classical momentum along the instanton trajec-

tory and θ (s) plays a role of the effective frequency in the direction of the transversal
local coordinate ξ . As before, the difference between the ground and excited states
comes from the energy factor in the transport (continuity) equation. Keeping only the
relevant terms o(ξ ), it can be written as

p0(s)

m

∂W1

∂s
+ θ (s)ξ

∂W1

∂ξ
− 1

2m

∂p0

∂s
− 1

2
θ (s) + E0 + �E

h̄
= 0, (6.143)

where E0 = h̄(ω‖ + ω⊥)/2 is the ground-state energy with ω‖ and ω⊥ being normal
frequencies for the longitudinal and transversal modes, respectively, and �E is the
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excitation energy. The solution of Equation (6.143) is given again in the form W (n=1)
1 =

W (n=0)
1 + w [see Equation (6.136)] where

W (n=0)
1 = 1

2

∫ s

−sm

(
1

m

dp0

ds ′ + θ (s ′) − ω‖ − ω⊥

)
m

p0(s ′)
ds ′ (6.144)

and the additional term w(s, ξ ) satisfies the equation

p0(s)

m

∂w

∂s
+ θ (s)ξ

∂w

∂ξ
+ �E

h̄
= 0. (6.145)

In the case of longitudinal excitation (n‖ = 1, n⊥ = 0), we take �E = h̄ω‖, w =
w(s), and obtain the solution totally identical to the previous one-dimensional case,
Equation (6.138).

For the transversal excitation, we take �E = h̄ω⊥ and obtain

w(s, ξ ) =
∫ s

−sm

[θ(s ′) − ω⊥]
m

p0(s ′)
ds ′ − ln ξ. (6.146)

In this case the semiclassical wave function Equation (6.130) in the vicinity of the
potential minimum (−sm, 0) becomes

�sc = ξ exp

(
−mω‖(s + sm)2

2h̄
− mω⊥ξ 2

2h̄

)
, (6.147)

which coincides with the excited-state wave function for (n‖ = 0, n⊥ = 1) of the
two-dimensional harmonic oscillator. Taking into account the normalization factor
Nn⊥=1 = h̄N0/(2mω⊥), we obtain

�n⊥=1 = �n=0
ω⊥
θ (0)

exp

[
2
∫ 0

−∞
dτ (ω⊥ − θ )

]
. (6.148)

As mentioned before, the longitudinal excitation always promotes tunneling,�n‖=1 >

�n=0. The effect of transversal excitation, however, depends on the behavior of the
effective frequency θ (τ ). For instance, for monotonically growing (decreasing) θ (τ )
the excitation of the transversal mode suppresses (promotes) the tunneling splitting.
We see below that the effective frequency is generally determined as a solution of
auxiliary differential equation that describes the nodal structure of the semiclassical
wave function. This corresponds to the discussion of Takada and Nakamura [30,31]
(see Chapter 4).

6.4.2 MULTIDIMENSIONAL CASE IN TERMS OF CARTESIAN COORDINATES

Here we consider an N -dimensional problem with the Hamiltonian

H = p2

2
+ V (x), (6.149)

where V (x) is a symmetric double well potential. As usual, we introduce the (N −1)-
dimensional dividing surface �, which has a simple meaning of location of the po-
tential barrier separating two equivalent potential wells and can be defined by the
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algebraic equation f (x) = 0. Hereafter we put the Planck constant h̄ = 1. The
multidimensional Herring formula assumes the form

� = −2

∫
dxδ( f )�sc

∑
i
∂�sc
∂xi

∂ f
∂xi∫

dx�2
sc

, (6.150)

where �sc is the semiclassical wave function with the asymptotic form of Equation
(6.130). The corresponding Hamilton-Jacobi equation and the transport (continuity)
equation read

1

2

∑
i

(
∂W0

∂xi

)2

− V (x) = 0 (6.151)

and ∑
i

[
∂W0

∂xi

∂W1

∂xi
− 1

2

∂2W0

∂x2
i

]
+ E = 0. (6.152)

The solution W0(x) is given by the action integral, as usual, along the characteristics,
i.e., classical trajectories on the upside-down potential with zero energy starting from
the potential minimum xm . The instanton trajectory x0(τ ) is one of the characteristics
that connects xm to the other potential minimum. The instanton trajectory crosses the
dividing surface at τ = 0 at x� = x0(τ = 0). The problem is thus reduced to solving
Equations (6.151) and (6.152) in the vicinity of x0(τ ). The Hamilton-Jacobi equation,
Equation (6.151), does not depend on energy and it was solved already in Section
6.1.2. For the present purpose, we need an explicit expression of W0(x) in the vicinity
of the instanton trajectory.

For this purpose, let us introduce a function τ (x) according to the orthogonality
relation ∑

i

[xi − x0i (τ )]ẋoi (τ ) = 0. (6.153)

Then it can be shown that W0(x) is given by

W0(x) =
∑

i

∫ τ

−∞
p0i (τ

′)ẋ0i (τ
′)dτ ′

+1

2

∑
i j

Ai j (τ )[xi − x0i (τ )][x j − x0 j (τ )] + o[(�x)2], (6.154)

where the time τ should be understood as a function of x and the symmetric matrix
A(τ ) ≡ ∂2W0/∂x2|x0(τ ) satisfies the equation [see Equation (6.75)]

d

dτ
A = Vxx[x0(τ )] − A2(τ ). (6.155)

Indeed, by differentiating Equation (6.153) we find (see Appendix F)

∂τ

∂x
= v0

v2
0 − (a�x)

= v0

v0 · v0

(
1 + a�x

v2
0

+ (a�x)2

(v2
0)2

+ o
(
(�x)2

))
, (6.156)
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where v0 is the velocity of the instanton, a ≡ v̇0 = ∇V and �x = �x − x0(τ ). Note
also the useful relation (see Appendix F)

ai (τ ) =
∑

j

Ai jvoj (τ ). (6.157)

Using Equations (6.155)–(6.157), one can easily check that Equation (6.154) satisfies
the Hamilton-Jacobi equation up to the terms o[(�x)2]. At τ = −∞, the left side
of Equation (6.155) vanishes and A(−∞) ≡ Am becomes a matrix of the normal
frequencies at the potential minimum xm .

Now we can proceed with the transport equation. In the case of ground state,
W (n=0)

1 can be solved easily by integrating Equation (6.152) along the instanton tra-
jectory as

W (n=0)
1 = 1

2

∫ τ

−∞

[
Tr[A(τ ′) − Am]

]
dτ ′. (6.158)

We saw in the previous subsection that W (n=1)
1 for the first excited state differs from

W (n=0)
1 by the logarithmically divergent term. In the N -dimensional case, this correc-

tion term w [see Equation (6.136)] satisfies the equation

∑
i

∂W0

∂xi

∂w

∂xi
+ �E = 0. (6.159)

First, we note that the instanton trajectory can be parametrized by some longitudinal
“tunneling” coordinate s that coincides with one of the normal coordinates at the
potential minimum. This longitudinal excitation is equivalent to the one-dimensional
problem and the corresponding tunneling splitting is given by Equation (6.148) in the
previous section. We can further rewrite Equation (6.148) in the invariant form by
using the time τ along the instanton as the integration variable. This gives the following
expression, which can be directly implemented for arbitrary multidimensional system:

�n=1 = �n=0
4V (0)

ω
exp

[
2
∫ 0

−∞
dτ

(
ω − 1

2V

dV

dτ

)]
, (6.160)

where dp0/dx = (m/p0)dp0/dτ = (m/2V )dV/dτ is used. Since V (0) > h̄ω/4 and
the exponent is positive, Equation (6.141) holds, as mentioned before.

In the case of transversal excitation, we look for w(x) in the form

w =
∫

[θ (τ ′) − �E]dτ ′ − ln(UT (τ )�x), (6.161)

where, again, τ is understood as a function of x [see Equation (6.156)]. Inserting
∂W0/∂xi and ∂w/∂xi obtained with use of Equation (6.156) into Equation (6.159),
multiplying by U�x and omitting the terms of order o(�x), we have (see Appendix F)

θ (τ )(UT �x) − (UT A�x) − (U̇T �x) + 2(vT
0 A�x)

v2
0

(UT v0) = 0. (6.162)

The initial condition U(−∞) ≡ Um for Equation (6.162) must be chosen according
to the desired behavior of the wave function at the potential minimum. Let γ specify
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the excited normal mode �E = h̄ωγ . Then, at τ → −∞, U̇ = v0 = 0, the last two
terms in Equation (6.162) vanish, and we find that θ (−∞) coincides with the normal
frequency ωγ and Um is the corresponding eigenvector of Am . One of the normal
modes corresponds to the longitudinal excitation and the corresponding tunneling
splitting is given by Equation (6.160). We see below that for the N − 1 transversal
modes U(τ ) satisfies the orthogonality condition,

(UT v0) = 0. (6.163)

Hence, the last term in Equation (6.162) vanishes and we come to a simple equation

U̇i = θ(τ )Ui −
∑

j

Ai jU j . (6.164)

Equation (6.163) does not determine (U, θ) uniquely yet. Indeed, one can see that the
solution is defined only up to the transformation U → gU, θ → θ + (1/g)(dg/dτ ),
where g(τ ) is an arbitrary function. This can also be seen directly from the defini-
tion, Equation (6.161). To specify the solution of Equation (6.164), we impose the
normalization condition

(UT U) = 1. (6.165)

Then, multiplying Equation (6.164) by UT from the left, we find

θ = (UT AU) (6.166)

and finally obtain
U̇i = (UT AU)Ui −

∑
j

Ai jU j . (6.167)

Equations (6.161), (6.166), and (6.167) completely determine the term w in the semi-
classical wave function for the first excited state of the transversal mode γ . As shown
in Appendix F, one can easily verify that the orthogonality and normalization condi-
tions, Equations (6.163) and (6.165), are consistent with Equation (6.167).

Now, we can proceed with the calculation of the tunneling splitting by the Herring
formula, Equation (6.150). Noting that the normalization factor in the case of γ mode
is equal to Nnγ =1 = Nn=0/2ωγ , expanding the δ function in the numerator of the Her-
ring formula, and using the fact that ∇F ∝ v0 at the stationary point x� , we can obtain
the following expressions for the ground- and excited-state tunneling splitting as

�n=0 = 2v2
0

Nn=0
exp(−S0 − S1)

∫
dxδ
(∑

i

v0i xi

)
exp(−xT Ax) (6.168)

and

�nγ =1 = 2v2
0

Nnγ =1
exp(−S0 − S1 − �S1)

×
∑
lm

∫
dxδ

(∑
i

v0i xi

)
UlUm xl xm exp(−xT Ax), (6.169)



Multidimensional Theory of Tunneling Splitting 103

where S0 is the action along the instanton, S1 = 2W (n=0)
1 (0) and �S1 is the correction

due to the first term of Equation (6.161),

�S1 = 2
∫ 0

−∞
[θ (τ ) − ωγ ]dτ. (6.170)

In the above equations it is understood that v0,A, and U are taken at τ = 0, i.e., at
the crossing point x� . To evaluate the integrals, we introduce the generating function

F(ξ ) ≡
∫

d N xδ(vT
0 x) exp(−xT Ax + iξ T x) (6.171)

and rewrite Equations (6.168) and (6.169) in the form

�n=0 = 2v2
0

Nn=0
exp(−S0 − S1)F(0) (6.172)

and

�nγ =1 = −4ωγ v2
0

Nn=0
exp(−S0 − S1 − �S1)

∑
lm

UlUm
∂2 F(ξ )

∂ξl∂ξm
|ξ=0. (6.173)

F(ξ ) can be calculated by making the Fourier transformation of the δ function,

F(ξ ) =
√

π N−1

det A(pT
0 A−1p0)

exp

[
−1

4
ξ T A−1ξ + (ξ T A−1p0)2

4(pT
0 A−1p0)

]
, (6.174)

and we finally obtain

�nγ =1 = �n=0ωγ

(
UT

[
A−1 + (A−1p0) ⊗ (pT

0 A−1)

(pT
0 A−1p0)

]
U
)

�

exp(−�S1). (6.175)

This expression gives the tunneling splitting for a single excitation of the transversal
mode γ . This result is invariant under any linear coordinate transformation. We gener-
alize the theory to the case of arbitrary curvilinear coordinates in the next subsection.
The case of multiple excitation is also discussed briefly.

6.4.3 CASE OF GENERAL MULTIDIMENSIONAL CURVED SPACE

We now consider the general Hamiltonian, which is the same as Equation (6.82) in
Subsection 6.1.3,

H = − 1

2
√

g

∂

∂qi

(√
ggi j ∂

∂q j

)
+ V (q), (6.176)

where gi j is the metric tensor and g = ||gi j ||. There are some duplications of equations
used in the previous sections, but we repeat them for the self-sufficiency of this
subsection. The potential V (q) is assumed to have two equivalent minima located at
qm and q̃m . Since the formulation is similar to that in the previous subsection, only
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the outline is provided here. The Hamilton-Jacobi equation now reads [see Equation
(6.86)]

H

(
∂W0

∂q
, q
)

= 0, (6.177)

where

H (p, q) = 1

2

∑
i j

gi j pi p j − V (q) (6.178)

is the classical Hamiltonian with upside-down potential [see Equation (6.88)]. We
define the function τ (q) according to the relation [see Equation (6.153)]∑

i

[qi − qi
0(τ )]p0i (τ ) = 0, (6.179)

where p0(τ ) is the momentum of the instanton trajectory. Then it can be shown that in
the vicinity of the instanton trajectory the solution of the Hamilton-Jacobi equation
can be expressed in the form [see Equation (6.154)]

W0 =
∫ τ

−∞

∑
i

p0i (τ
′)q̇ i

0(τ ′)dτ ′+1

2

∑
i j

Ãi j (τ )[qi−qi
0(τ )]

[
q j − q j

0 (τ ) + o
(
(�q)2

)]
,

(6.180)
where τ is understood as a function of q and the symmetric matrix Ã(τ ) satisfies the
equation [see Equation (6.97)]

˙̃A = −ÃHppÃ − Hqq − ÃHpq − HqpÃ. (6.181)

All the quantities in this equation are taken along the instanton trajectory and Ã(τ )
has the same meaning of the Hessian matrix of the classical action on the instanton
trajectory. Note that Equation (6.155) in the previous subsection is a particular case
of this general expression for the unit metric tensor.

The transport (continuity) equation in the general case reads [see Equation (6.87)]

∑
i j

(
gi j ∂W0

∂qi

∂W1

∂q j
− 1

2
gi j ∂2W0

∂qi∂q j

)
+ E −

∑
i

1

2
�i ∂W0

∂qi
= 0, (6.182)

where � is defined by the same equation as Equation (6.89)

�i = 1√
g

∑
j

∂

∂q j
(
√

ggi j ). (6.183)

For the ground state we have

En=0 = 1

2

∑
γ

ωγ = 1

2
TrÃm (6.184)

and Equation (6.182) is solved by integrating along the instanton trajectory as [see
Equation (6.105)]

W (n=0)
1 =

∫ τ

−∞

(
1

2
Tr[Ã(τ ′) − Ãm] + 1

2
pT

0 (τ ′)Λ(τ ′)
)

dτ ′, (6.185)
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where
TrÃ ≡

∑
i

Ãi
i =

∑
i j

gi j Ãi j . (6.186)

This result can be rewritten in a more compact form as

W (n=0)
1 = 1

2

∫ τ

−∞
Tr[A(τ ′) − Am]dτ ′ (6.187)

with A defined by [see Equations (6.101) and (6.103)]

Ai j = Ãi j −
∑

k

p0k	
k
i j , (6.188)

where 	 is given by [see Equation (6.104)]

	k
i j = 1

2

∑
s

gks

(
∂gis

∂qi
+ ∂g js

∂q j
− ∂gi j

∂qs

)
, (6.189)

which are the Christoffel symbols. Note that unlike Ã the “full” matrix A transforms
as a tensor under arbitrary nonlinear coordinate transformation. We showed in Sub-
section 6.1.3 that the tunneling splitting of the ground state is expressed in terms of
A rather than Ã, which makes the final results independent of the coordinate repre-
sentation. For the low excited states, the tunneling splitting can also be expressed in
the similar invariant form.

The solution of the transport (continuity) equation differs from Equation (6.185)
by the singular correction term w(q), which is to be found from the equation

∑
i j

gi j ∂W0

∂qi

∂w

∂q j
+ �E = 0. (6.190)

Taking w(q) in the form of Equation (6.161) we arrive at the equation

U̇k = θ (τ )Uk −
∑

i j

[gi j Ãik + ∂gi j

∂qk
p0i ]U j . (6.191)

We can specify the solution by imposing the normalization condition [see Equation
(6.165)] ∑

i j

gi jUiU j = 1 (6.192)

and then we obtain [see Equation (6.166)]

θ (τ ) =
∑

i j

U i Ai jU
j . (6.193)

The covariant (lower index) and contravariant (upper index) vectors in the above
equations are related in the usual way through the metric tensor as

U i =
∑

k

gikUk . (6.194)
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The vector U characterizes the direction along which the semiclassical wave function
has a node. At the potential minimum (τ = −∞) U coincides with one of the normal
modes while θ (−∞) is the corresponding normal mode frequency (excitation energy).
Equation (6.191) has N − 1 independent solutions corresponding to N − 1 possible
types of the transversal excitation. The fact that U indeed has the vector transformation
properties can be deduced from Equation (6.191). Note also that similarly to Equation
(6.164), this equation is pertinent only to the transversal excitation for which Equation
(6.163) holds.

Equations (6.161), (6.191), and (6.193) completely determine the semiclassical
wave function and the tunneling splitting can now be calculated by the Herring formula
[see Equation (6.84)]

� =
2
∫ √

gdqδ( f )�
∑

i j gi j ∂�
∂qi

∂ f
∂q j∫ √

gdq�2
. (6.195)

The normalization factor in the denominator is the same as before. When expanding
the argument of the δ function, one generally has to take into account the curvature
of the dividing surface so that the integral in the numerator is proportional to

∫
dqδ

⎛
⎝∑

i

∂ f

∂qi
qi + 1

2

∑
i j

∂2 f

∂qi∂q j

⎞
⎠ (UT q)2 exp(−2pT q − qT Ãq). (6.196)

The properties of the function f (q) were discussed in Subsection 6.1.3. It was shown
that at the stationary point q� it satisfies the relations

∂ f

∂qi
∝ pi and

∂2 f

∂qi∂q j
=
∑

k

∂ f

∂qk
	k

i j . (6.197)

Taking this into account and evaluating the integral the same way as in the previous
subsection, we obtain the tunneling splitting in the form of Equation (6.175) with the
full matrix A given by Equation (6.188). Note that this final formula is invariant under
any coordinate transformation as it should be.

Equations (6.160) and (6.175) give the tunneling splitting for excited states [nγ =
1, nγ ′ = 0](γ �= γ ′) with a single mode excitation γ . Generalization to the case
of M-mode excitation (M < N )[nγk = 1(k = 1, 2, . . . , M), nγ ′ = 0(γ ′ �= γ )] is
straightforward. Indeed, since the correction factor w(q) satisfies the linear equation
(6.190) and in the harmonic approximation

�E =
M∑

k=1

ωγk , (6.198)

we have

exp[−w(q)] = �k exp[−wγk (q)], (6.199)



Multidimensional Theory of Tunneling Splitting 107

where for each k, wγk (q) is given by either Equation (6.138) or Equation (6.161), this
completely determines the wave function, and the tunneling splitting can be calculated
from the Herring formula, Equation (6.195). For example, for M excited transversal
modes γ1, γ2, . . . , γM , we have generally

�(γ1, γ2, . . . , γM )

�(n=0)
= �M

k=1(2ωγk )

F(0)
exp

(
−

M∑
k=1

�S(γk )
1

)

×
∑

U (γ1)
l1

U (γ1)
m1

U (γ2)
l2

U (γ2)
m2

· · · U (γM )
lM

U (γM )
mM

× ∂2M F(ξ )

∂ξl1∂ξm1∂ξl2∂ξm2 · · · ∂ξlM ∂ξmM

|ξ=0, (6.200)

where F(ξ ) is defined by Equation (6.174).
The invariant form of the obtained results is crucial for practical implementation of

the theory, since it enables us to use any convenient internal coordinates to describe
the molecular motion. One can see that the only difference from the ground-state
problem is due to the matrix equation (6.191) for the evolution of the excitation along
the instanton. Note that this equation involves only the matrix A(τ ), which describes
the Gaussian shape of the semiclassical wave function of the ground state in the
vicinity of the instanton trajectory q0(τ ). For a given potential energy surface both
q(τ ) and A(τ ) can be calculated very easily [43] and Equation (6.191) also presents no
serious numerical difficulties. In general, the global analytical potential function is not
available and time-consuming ab initio quantum chemical calculations are required.
The method described in Section 6.3 can facilitate the ab initio part of the simulation
and can be efficiently used for realistic systems of spectroscopic interest. The only
auxiliary Equation (6.191) that is needed in the case of excited states does not require
any additional ab initio data.





7 Numerical Applications to
Polyatomic Molecules

7.1 N-DIMENSIONAL SEPARABLE POTENTIAL MODEL

Before dealing with real polyatomic molecules, let us first check the theory presented
in Chapter 6 and explain the numerical procedure by taking a simple exactly solv-
able N-dimensional model. We consider a particle of mass m in the N-dimensional
separable potential

V (x) = V0(x2
1 − x2

0 )2 +
N∑

i=2

m

2
ω2

i x2
i . (7.1)

In this case the instanton trajectory is just a straight line connecting the points x1 =
±x0 with xi = 0(i = 2, . . . , N ), and the tunneling splitting �0 is given by the one-
dimensional answer for the quartic potential V0(x2

1 −x2
0 )2 (see Section 2.5). To test the

present theory we perform the following nonlinear coordinate transformation x → q:

qk = Tk1x1 +
N∑

i=2

Tki (xi + 1 + x2
1 )2, (k = 1, 2, . . . , N ), (7.2)

where Ti j is the (i, j) element of the following N × N matrix T .

T = T 1nT 1(n−1) · · · T 12, (7.3)

where T 1 j is also an N × N orthogonal matrix and represents the rotational matrix in
the (x1, x j ) plane. In other words, the diagonal elements of T 1 j are all unity except
for the 1st and the j th elements, which are cos(α), and the off-diagonal elements
are all zero except for the (T 1 j )1 j = sin(α) and (T 1 j ) j1 = − sin(α), where α is
the rotation angle. In the new coordinates q the Hamiltonian operator has the form
of Equation (6.82) and the corresponding tunneling splitting Equation (6.100) is
invariant under any coordinate transformation. The numerical computations in terms
of the new coordinates allow checking the numerical procedure by comparison with
the analytical answer. It should be noted that all the factors in Equation (6.100),

g

det A
,
(
pT A−1p

)
, W0�, W1�, (7.4)

are invariant separately so that the numerical comparison can be made separately for
each term.

The parameters used are α = 0.1, ωi = 1000 cm−1, V0 = 10 Kcal/mol, and
m is the proton mass. The calculations were carried out for N = 4 and N = 20.
The accuracy was found to be the same for both cases and the results only for N =
20 are given here [43]. Figure 7.1 shows the iterative calculations of the instanton
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FIGURE 7.1 Iteration process of calculating the instanton trajectory in the separable potential
model. Niter is the number of iterations. The inset shows the result after 25 iterations. (Taken
from Reference [43] with permission.)

trajectory. The initial guess is taken to be a straight line in q−space connecting two
potential minima, and 10 basis functions of the type of Equation (6.112) are used. For
illustrative purposes, the back transformation q → x is made and the shapes of the
trajectories in (x1, x2) plane are shown in Figure 7.1. The iteration converges to the
straight line xi = 0(i = 2, . . . , N ) and the final result was obtained after 25 iterations.
The numerical error does not exceed 1.5 × 10−10 a.u., which allows us to obtain at
least seven significant digits in the action W0. The accuracy increases up to nine
significant digits when 30 basis functions are used.

For solving the matrix differential equation, Equation (6.97), we make use of the
analytical form of the instanton, Equation (6.111), and rewrite Equation (6.97) in
terms of the parameter z as

dÃ
dz

= 1

ż(z)
R[A, q0(z), q̇0(z)], (7.5)

where R[A, q0(z), q̇0(z)] is the right-hand side of Equation (6.97). Since at z = −1
the time derivative of the parameter is zero, ż(−1) = 0, we actually have to integrate
Equation (7.5) in the interval [−1 + ε1, 0] where ε1 is some small positive number.
In so doing, we must first redefine the initial conditions at z = −1 + ε1. For this
purpose, we implement the expansions

A(z) = Am + a(1 + z), (7.6)

ż(z) = α(1 + z), (7.7)

Hqq(z) = Hqq(−1) + hqq(z + 1), etc., (7.8)
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where α and hqq are known parameters: α is calculated from Equation (6.110). Equa-
tion (7.5) is solved near z = −1 by linear approximation, which gives the unknown
matrix a and the initial condition for Equation (7.5) as A(−1 + ε1) = Am + ε1a. In
turn, the second exponential factor W1 can be rewritten as

W1 = 1

2

∫ 0

−1
I (z)dz, (7.9)

where

I (z) = 1

ż

[
Tr
(
Ã(z) − Am

)+ pT �
]
. (7.10)

The fourth-order Runge-Kutta method is used for solving Equation (7.5). In Figure 7.2
the numerical and analytical results are compared for ε1 = 0.005. Figure 7.2(a)
presents the behavior of the diagonal element A11. The accuracy is not worse than
three significant digits in the whole interval. The smallness of ż in the vicinity of
z = −1 leads to rather poor accuracy of I (z) in this region [see Figures 7.2(b) and
7.2(c)]. This error grows with the dimensionality of the system and seriously degrades
the quality of the result. As mentioned above, however, the linear behavior of A(z)
and ż(z) at z � −1 enables us to estimate I (z) there accurately and we can avoid the
numerical integration over the bad region by dividing the integral into two parts:

2W1 =
(∫ −1+ε2

−1
+
∫ 0

−1+ε2

)
I (z)dz. (7.11)

The first integral can be estimated as

∫ −1+ε2

−1
· · ·dz = ε2

2
(I (−1) + I (−1 + ε2)) . (7.12)

This significantly improves the accuracy of W1. We have used ε2 = 0.025 and 0.05,
and confirmed three stable digits in the tunneling splitting �0 = 0.624 cm−1. The
analytical one-dimensional answer gives �0 = 0.6238 cm−1.

7.2 HYDROPEROXY RADICAL HO2

The second example is the hydrogen atom tunneling in the triatomic molecule HO2 for
zero total angular momentum (J = 0). In this case an analytical DMBE (double many-
body expansion) potential function is available [126]. Since the quantum mechanically
exact calculation can be carried out, the numerical results based on the present semi-
classical theory are compared with the exact results. The exact numerical calculations
are carried out in the hyperspherical elliptic coordinates (ρ, ξ, η) [127,128], which
are convenient for describing a light atom transfer between two heavy atoms. The
coordinate ρ is called hyperradius, which represents the mass scaled radius of the
hypersphere and is defined as

ρ =
√

r̃2 + R̃2, (7.13)
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below Equation (7.8) and Equation (7.11)]. (Taken from Reference [43] with permission.)
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where r̃ and R̃ are the mass scaled Jacobi coordinates,

r̃ =
√

mO2

μ
r (7.14)

and

R̃ =
√

mH−O2

μ
R. (7.15)

Here, r (R) is the distance between two oxygen atoms (hydrogen and the center of
O2), and the masses mO2 , mH−O2 , and μ are defined as

mO2 = mO

2
, mH−O2 = 2mOm H

2mO + m H
, and μ =

√
m H m2

O

2mO + m H
, (7.16)

where m I is the mass of atom I . The two hyperangles ξ and η are defined by

ξ = χO1 + χO2 and η = χO1 − χO2 , (7.17)

where χO j is the Delves hyperangle and is given by

χO j = 2 arctan
r̃ j

R̃ j
( j = 1, 2), (7.18)

where r̃1(2) and R̃1(2) are the mass scaled Jacobi coordinates for the configuration
O1(2) + HO2(1). The J = 0 quantum mechanical Hamiltonian H takes the form

H = − 1

2μ

[
1

ρ5

∂

∂ρ
ρ5 ∂

∂ρ
+ 1

ρ2
�ξη

]
+ V (ρ, ξ, η), (7.19)

where V (ρ, ξ, η) is the potential energy function and �ξη is the angular part of the
kinetic energy operator defined by

�ξη = 16

ρ2(cos η − cos ξ )

[
∂

∂η
(cos η − cos 2γ )

∂

∂η
+ ∂

∂ξ
(cos 2γ − cos ξ )

∂

∂ξ

]
,

(7.20)
where γ � 0.346 is the angle of kinematic rotation [129] between the two Jacobi
coordinates for the two different O + HO arrangements and is given by

tan γ =
√

mH(2mO + mH)

m2
O

. (7.21)

The ranges of the hyperspherical elliptic coordinates span as follows:

0 < ρ < ∞, −2γ < η < 2γ, and 2γ < ξ < 2π − 2γ. (7.22)

The hyperangle η roughly represents the rotational motion of hydrogen around two
oxygen atoms and the potential energy function is symmetric with respect to η inver-
sion. Further details about the hyperspherical Delves and elliptic coordinate systems
can be found in References [127,128].
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The height of the potential barrier separating the two equivalent potential wells is
as high as ∼ 2.4 eV; as a result, the energy difference between the gerade and ungerade
energy levels of lower excited states appears only in the 11th to 12th significant
digit, which is far beyond the accuracy of the quantum calculations. To overcome
this difficulty, we utilize an analog of the Herring formula written in terms of exact
wave functions. Using Green’s theorem, the energy difference between two levels
can always be expressed as a surface integral of some bilinear combination of the
corresponding two wave functions. It is confirmed that the calculations of the quantum
wave functions secure at least two to three significant digits in the area of a potential
barrier so that the energy splitting can be evaluated with the same accuracy. To derive
the formula of energy splitting �12 = E1 − E2, we consider the Schrödinger equation
for the corresponding eigenstates �1 and �2. As usual, multiplying the equation for
�1(�2) by �2(�1), subtracting one from the other, and integrating with the weight
ρ2(cos η − cos ξ ) over the region ρ ∈ [0,∞], ξ ∈ [2γ, 2π − 2γ ], η ∈ [−2γ, 0], we
obtain

�12 =
8(1 − cos 2γ )

∫∞
0 dρ

∫ 2π−2γ
2γ dξ

(
�1

∂�2
∂η

− �2
∂�1
∂η

)
η=0∫∞

0 ρ2dρ
∫ 2π−2γ

2γ dξ
∫ 0

−2γ dη(cos η − cos ξ )�1�2

. (7.23)

This is valid for any two quantum states. Now we consider the wave functions �1,2 =
�+,− of the pair of states having opposite symmetries with respect to η inversion. The
second term in the numerator vanishes, because �2(η = 0) = 0 and for low energy
levels the normalization integral can be substituted by 1/2, which gives the desired
formula

� = 16(1 − cos 2γ )
∫ ∞

0
dρ
∫ 2π−2γ

2γ
dξ�+

∂�−
∂η

|η=0. (7.24)

Equation (7.24) is used to evaluate the exact value of the tunneling splitting. We
seek the solution of the Schrödinger equation in the form of SVD (smooth vari-
able discretization) expansion, [130], which is essentially the same as the sequential
truncation diagonalization technique [131],

�± =
NDV R∑
i=1

Nad∑
v=1

Civπ̃i (ρ)�±
v (ξ, η; ρi ), (7.25)

where �±
v (ξ, η; ρ) are the adiabatic channel functions, even (+) or odd (−) with re-

spect to η inversion; i.e., the eigenfunctions of the two-dimensional Hamiltonian on
the hypersphere, (1/2μρ2)�ξη +V (ρ, ξ, η), at fixed value of hyperradius ρ, π̃i (ρ) are
the discrete variable representation (DVR) basis functions, and ρi are the correspond-
ing DVR quadrature points. At each quadrature point the adiabatic channel functions
were calculated in the same way as that used before [132]. The whole interval of
hyperradius [ρ0, ρ f ] propagated in the numerical calculation is divided into a number
of sectors and in each sector the above expansion, Equation (7.25), is made. The DVR
functions are constructed from Laguerre polynomials L (2)

n [α(ρ−ρ0)], where the scal-
ing parameter α = X NDV R/(ρ f −ρ0) is estimated from the last quadrature point X NDV R

and the interval [ρ0, ρ f ] where the wave functions of the bound states are localized.
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TABLE 7.1
Bound State Energies (in eV) of HO2 Radical for Total
Angular Momentum J = 0 and Odd O-O Exchange
Parity Relative to the Ground-State Energy. The
Assignment of the Levels Is Taken from [133]. n1, n2,
and n3 Are the Quantum Numbers Corresponding to
HO Stretch, HOO Bend, and O2 Stretch, Respectively

E
n (n1, n2, n3) Reference [133] present

1 (0, 0, 0) 0 0
2 (0, 0, 1) 0.13210 0.13209
3 (0, 1, 0) 0.16073 0.16072
4 (0, 0, 2) 0.25927 0.25923
5 (0, 1, 1) 0.29254 0.29252
6 (0, 2, 0) 0.31203 0.31201
7 (0, 0, 3) 0.38200 0.38195
8 (1, 0, 0) 0.41332 0.41330
9 (0, 1, 2) 0.41993 0.41989

10 (0, 2, 1) 0.44508 0.44504
11 (0, 3, 0) 0.46194 0.46191
12 (0, 0, 4) 0.50105 0.50099
13 (0, 1, 3) 0.54163 0.54157
14 (1, 0, 1) 0.54819 0.54814
15 (0, 2, 2) 0.57226 0.57221
16 (1, 1, 0) 0.58128 0.58124
17 (0, 3, 1) 0.59724 0.59720
18 (0, 4, 0) 0.61303 0.61301
19 (0, 0, 5) 0.61693 0.61686
20 (0, 1, 4) 0.66115 0.66108
21 (1, 0, 2) 0.67545 0.67540
22 (0, 2, 3) 0.69563 0.69557
23 (1, 1, 1) 0.71204 0.71200
24 (0, 3, 2) 0.72543 0.72538
25 (0, 0, 6) 0.73009 0.73001
26 (1, 2, 0) 0.73298 0.73294
27 (0, 4, 1) 0.75036 0.75032
28 (0, 5, 0) 0.76318 0.76315
29 (0, 1, 5) 0.77742 0.77734
30 (1, 0, 3) 0.79609 0.79603
31 (2, 0, 0) 0.80494 0.80490
32 (0, 2, 4) 0.81542 0.81535

Further details about the DVR method can be found in Reference [132]. In the present
calculations ρ0 = 3.2 and ρ f = 8.5 (in atomic units) are used, which enables us to
obtain enough accuracy for the lowest 300 bound states. The spectral calculation has
been performed separately for even and odd parity states. The size of the DVR basis
and the number of the adiabatic surface functions were taken to be NDV R = 130 and
Nad = 15. To check the accuracy the calculations with NDV R = 140 and Nad = 25
were repeated. Table 7.1 shows the calculated bound state energies in comparison
with the results of Reference [133] obtained by the filter diagonalization method. The
disagreement in the last digit is probably due to the fact that the subroutines for DMBE
potential energy surface were not completely identical. For the lowest 50 levels, the
three stable digits in the wave function on the dividing surface η = 0 are confirmed,
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TABLE 7.2
Tunneling Splitting of the Low Vibrationally Excited States in HO2
Radical for Total Angular Momentum J = 0 (see Table 7.1). The Exact
Value of the Ground-State Tunneling Splitting Is Δ0(exact) = 0.77 ×
10−12 eV and its Corresponding Semiclassical Value Is Δ0(semicl.) =
0.78 × 10−12 eV (see text)

n (n1, n2, n3) Δn/Δ0(exact) Δn/Δ0(semicl.)

1 (0, 0, 0) 1.0 1.0
2 (0, 0, 1) 1.82 1.62
3 (0, 1, 0) 0.77 × 102 1.02 × 102

5 (0, 1, 1) 1.34 × 102 1.65 × 102

8 (1, 0, 0) 1.12 × 103 0.9 × 103

14 (1, 0, 1) 2.32 × 103 2.0 × 103

16 (1, 1, 0) 5.76 × 104 8.7 × 104

which makes it possible to use Equation (7.24). The calculated values of tunneling
splittings are shown in Table 7.2 in comparison with the semiclassical results. The
absolute value of the ground-state splitting is �0(exact) = 0.77 × 10−12 eV.

In the semiclassical approximation, one can express �± in terms of the wave
functions �L and �R localized in each potential well as

�± = �L ± �R√
2

. (7.26)

With this substitution, Equation (7.24) reduces to the Herring formula for the particular
case of the hyperspherical elliptic coordinates in triatomic system with f = η. This
semiclassical calculation of the ground-state tunneling splitting is performed by using
the hyperspherical elliptic coordinates and Figure 7.3 demonstrates the convergence
of the instanton trajectory for the projection of the system onto the hypersphere
ρ = 4.48 a.u. [43]. The ground-state tunneling splitting obtained is �0(semicl.) =
0.78 × 10−12 eV, which is in good agreement with the exact value mentioned above.

The semiclassical calculations for the excited states are carried out by using
the methods explained in Sections 6.1 and 6.4 with use of the internal shape space
coordinates instead of the hyperspherical elliptic coordinates. The instanton trajectory
was calculated by using 20 and 30 Legendre basis functions and the results are found
to be identical up to six significant digits in the classical action. The matrix solution
Ã(z) of Equation (6.181) is used for the excited-state calculations. There are three
vibrational modes in the system with the corresponding normal frequencies, ωγ =
0.1364, 0.1677, and 0.4320 (all in eV). The difference between ωγ and the exact
value �Eγ (see n = 2, 3, 8 of Table 7.1) indicates the strong anharmonicity effect
that is most pronounced in the highest frequency mode. The quantum calculation
shows a very strong state selectivity such that for different excited modes, γ , the ratio
�nγ =1/�0 differs in orders of magnitude (see Table 7.2).
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FIGURE 7.3 Iteration process for the calculation of instanton trajectory in the case of HO2.
The projection onto the hypersphere at ρ = 4.48 a.u. is shown. η and ξ are the two elliptic
hyperangles. Niter and 2W0� are the number of the iteration and the corresponding classical
action, respectively. (Taken from Reference [43] with permission.)

The ratio �nγ =1/�0 is given by Equation (6.175) for the transversal modes and
by Equation (6.140) for the longitudinal mode. The latter can be identified either from
the time-dependence of the parameter z(τ ), i.e., ż/(1 + z)|z=−1 = ω‖, or from the
direction of the velocity at the potential minimum. We obtained ω‖ = 0.1675 eV
and [(dq0/dz) · n2]z=−1 � 0.998|dq0/dz| · |n2||z=−1, where n2 is the corresponding
direction for the second normal mode with ωγ = 0.1677. Thus we treat the excitation
of the mode 2 (n2 = 1) as the longitudinal one and use Equation (6.140), while for the
modes 1 (n3 = 1) and 3 (n1 = 1) (see Table 7.1) we apply Equation (6.175). In the first
case, straightforward calculations give �nγ =1/�0 = 102, which coincides with the
quantum result within∼ 25% (see Table 7.2). The calculation of the tunneling splitting
for the transversal excitations is less trivial, since one has to deal with Equation (6.191).
By making the transformation of the independent variable τ → z, we bring it into
the form

ż(z)
dUk

dz
= θ (z)Uk −

∑
i j

[
gi j Ãik + ∂gi j p0i

∂qk

]
U j . (7.27)
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All the terms in this equation are analytical functions of the parameter z except for
Ã(z), which is the numerical solution of Equation (6.181). Equation (7.27) is a system
of coupled nonlinear equations with removable singularity at z = −1 that may cause
instability of the numerical solution. Note, however, that the nonlinearity of this
equation is totally due to the factor θ (z) [see Equation (6.193)], which is related to
the normalization condition for the vector U. Thus, for a given mode γ the solution
can be written in the form

U = Ũ√
ŨgŨ

, (7.28)

where Ũ satisfies a system of linear equations

ż(z)
dŨk

dz
= ωγ Ũk −

∑
i j

[
gi j Ãik + ∂gi j p0i

∂qk

]
Ũ j . (7.29)

To avoid the problem of “stiffness” [134] in the vicinity of the singular point z = −1,
we accurately fit all the terms in Equation (7.29) within a small initial interval z ∈
[−1,−1 + ε] by finite-order polynomial functions of (z + 1) and then explicitly find
a solution in the infinite order expansion

U(z) =
∞∑

n=0

Cn(1 + z)n, (7.30)

where C0 is the eigenvector of the matrix Ag with the eigenvalue ωγ and the other
coefficients Cn(n > 0) can be found from the recurrence relations that follow from
Equation (7.29). The desired solution U(−1+ε) is obtained by the normalization and
Equation (7.29) can be further propagated until z = 0 by any conventional numerical
method. Once this is done for both transversal modes, the tunneling splitting of the low
excited states can be computed. The semiclassical calculations are very fast compared
with the exact quantum calculations. The final results are presented in Table 7.2. As
expected, the accuracy of the semiclassical results for the excited states is worse
as compared with the ground-state case. From the numerical analysis, however, it
has turned out that the ∼ 20% of numerical inaccuracy of the results mainly comes
from the inaccuracy of the normalization factor, i.e., in the denominator of Equation
(6.195). In principle, the Hamilton-Jacobi equation can be solved in the region of the
potential minimum more accurately. This needs a further analysis.

As can be seen in Table 7.2, the peculiarity in the effect of each vibrational
mode is perfectly reproduced by the modified WKB theory. It is interesting to clarify
the origin of almost three orders of magnitudes difference in the tunneling splitting
between two transversal excitations. The main factor in the semiclassical formula
that dictates the tunneling splitting growth is the behavior of the effective frequency
θ (τ ). In Figure 7.4 we compare the computed θ (τ ) with the adiabatic approximation
θad (τ ) given by the corresponding eigenvalue of the matrix gÃ. θ (τ ) has the meaning
of local adiabatic transversal frequencies along the instanton, which are often used
in simplified versions of the instanton approach to describe the excitations. For the
low energy excitation, θ (τ ) is close to θad (τ ) and one obtains a moderate growth
of �nγ

similar to the adiabatic approximation. On the contrary, for the high energy
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FIGURE 7.4 The effective frequency θ (τ ) in the integrand of Equation (6.170) for the two
transversal modes γ = 1(n3 = 1), 3(n1 = 1) in HO2 radical. Solid lines show the results
of numerical solutions of Equations (6.191) and (6.193). Dotted lines represent the adiabatic
frequencies. (Taken from Reference [45] with permission.)

excitation, θ (τ ) rapidly decreases due to the interaction with the low frequency mode,
which leads to large negative values of �S1 in Equation (6.170) and exponential
growth of the tunneling splitting.

As was pointed out before, such a dramatic effect of the vibrational excitation
cannot be observed in two-dimensional models, since in that case θ (τ ) just coincides
with θad (τ ). The analysis of Equation (7.29) in the vicinity of z = −1 shows that for a
certain γ0th excited normal mode the recurrence relations between the coefficients in
the expansion Equation (7.30) contains the inverse of the matrix with the eigenvalues
(ωγ0 − ωγ − nω‖). If for some n and γ , ωγ0 � ωγ + nω‖ happens, the radius of
convergence of Equation (7.30) becomes very small, which leads to a very sharp
change of θ(z). It can be shown that since ωγ < ωγ0 , θ (z) decreases so that the
integrand (θ −ωγ0 )/ż may take negative large values. Note that in the extreme case of
the exact resonance, one would get �S1 → ∞. This, of course, indicates a breakdown
of the instanton theory, since, at the very least, one expects that the condition �S1 

S0 holds.
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7.3 VINYL RADICAL C2H3

The vinyl radical (see Figure 7.5) is an important intermediate in combustion chem-
istry, attracting much interest for many years [135,136]. Intensive works on its struc-
ture have been carried out both theoretically [137–141] and experimentally [142–149].
In particular, Fessenden and Schuler observed a pair of doublets ascribed to an α pro-
ton in the CH group and two β protons in the CH2 group [144]. They concluded
that the absence of central αβ and βα lines is due to the fast interconversion of the
C–H bond between two minima and estimated the corresponding potential barrier
height to be about 2 kcal/mol. Kanamori et al. reported the results obtained by the IR
diode laser kinetic spectroscopy [148]. They observed the splitting of an absorption
band around 900 cm−1 assigned to the out-of-plane CH2 wagging motion. Although
the tunneling splitting in the ground state �0 cannot be directly estimated from their
data, the authors derived the potential barrier height 1200 cm−1 from the analysis
of rotational constants. Quite recently, Tanaka et al. [149] investigated this radical
by millimeter-wave spectroscopy and reported a set of precise molecular constants.
Among them the ground-state tunneling splitting was found to be �0 =16272 MHZ
(= 0.54 cm−1). Using a one-dimensional double well model, they also estimated
the barrier height as 1580 cm−1 as well as the tunneling splitting of the rotational
constant. In addition to the tunneling splitting, here we estimate the splitting of ro-
tational constants by using the semiclassical wave function [150]. The vinyl radical
is a good example in the sense that the full-scale semiclassical calculations with use
of a high level of quantum chemical calculations can be accomplished. We can asses
the accuracy of the semiclassical theory.

As was explained in Section 6.2, the body-fixed frame of reference is speci-
fied by imposing six conditions on the 15 body-fixed Cartesian coordinates rn =∑3

i=1 xinei (n = 1, 2, . . . , 5). The first three conditions fix the origin to the center
of mass. The other three conditions specify the orientation of the body-fixed axes

H1

C2

C5

H5H4

FIGURE 7.5 Vinyl radical. (Taken from Reference [150] with permission.)



Numerical Applications to Polyatomic Molecules 121

TABLE 7.3
Normal Frequencies (in cm−1) of C2H3

ωγ

N type of motion CCSD(T)/aug-cc-pVTZ MP2/6-31G(d,p)

1 C2H1rocking vibration 711 771
2 wagging(out of plane) 813 996
3 wagging(out of plane) 923 1063
4 plane distortion 1062 1129
5 H4C3H5bending 1390 1465
6 C2C3stretching 1632 1863
7 H5C3stretching 3065 3203
8 H1H2H3assym.bending 3171 3305
9 C2H1stretching 3238 3360

(e1, e2, e3) in such a way that the tunneling hydrogen H5 lies in the (e1, e2) plane and
e1 is directed along the line connecting the two hydrogen atoms in the CH2 group.
With use of these conditions, the metric tensor for the rotation-free (J = 0) quantum
Hamiltonian is constructed as explained in Chapter 6. In the iterative procedure to find
instanton trajectory, we used 12 reference points at each step. The quantum chemi-
cal calculations were performed at the levels of MP2/6-31G(d,p) [151,152] and of
CCSD(T)/aug-cc-pVTZ [124,153] of electronic structure theory. The gradients and
Hessians required at each point were calculated analytically at the MP2 level and
numerically at the CCSD(T) level using the GAUSSIAN program [154].

Table 7.3 shows a comparison of the normal mode frequencies by the two methods
(third and fourth columns). The instanton trajectory was first calculated at the MP2
level, where computations are quick and analytical second derivatives are available.
Starting from the straight line connecting the two potential minima as the initial
trial path, full convergence was achieved after 10 iterations with five stable signif-
icant digits in the classical action guaranteed. With use of this instanton trajectory,
Equation (6.97) was solved by the standard Runge-Kutta method and the tunneling
splitting of the ground state was calculated. At the MP2/6-31G(d,p) level, we obtained
�0 = 0.14 cm−1, which is about four times smaller than the experimental value (see
Table 7.4). This discrepancy is likely to be ascribed to the insufficient accuracy of the
potential data. In particular, the potential barrier along the instanton path at this MP2
level turns out to be as high as 2249 cm−1. Our experience indicates that one cannot
generally expect any accurate results from the simulations on the MP2 potential en-
ergy surface. At the same time, this preliminary step is necessary in order to reduce the
numerical efforts at the CCSD(T)/aug-cc-pVTZ level. This is an important feature of
our iterative method, which enables us to use the obtained instanton path as the initial
trial guess for the higher level of computations. The choice of the ab initio methods
at the preliminary stage is not important, and any numerically cheap method can be
used. Due to the similarity of potential topology, usage of such a trial path reduces
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TABLE 7.4
Tunneling Splitting (cm−1) of the Ground-State Energy Levels of Vinyl Radical

method classical barriera effective barrierb Δ0 B′ S0 S1

MP2/6-31G(d, p) 2233 2249 0.14 2234 10.65 −0.98
CCSD(T)/aug-cc-pVTZ 1761 1770 0.53 2023 9.37 −1.11
experiment 1580c,d 0.54c

aThe difference between the saddle point and the minimum without zero-point energy correction.
bThe barrier height along the instanton path.
cReference [149].
dOne-dimensional model is used.

the number of iterations at the higher level and the calculation can be completed
within a reasonable time effort. In the present case, only two extra iterations turn
out to be enough to obtain three stable significant digits in the classical action at the
CCSD(T)/aug-cc-pVTZ level of electronic structure calculations. The convergence
of the iterative procedure is illustrated in Figure 7.6, which shows the projection of
the instanton path onto the (X, Y ) plane for the tunneling hydrogen atom. The paths
numerated from 1 to 9 correspond to the successive steps of iteration using the MP2
ab initio calculations. As can be seen from Figure 7.6, the ninth path and the path
at the CCSD(T)/aug-cc-pVTZ level are essentially the same in shape and the main
difference consists of the shift in the minimum positions. This is a common feature
observed in other systems.

At the CCSD(T)/aug-cc-pVTZ level, our theory gives the ground-state splitting as
�0(theor.) = 0.53 cm−1, which almost perfectly reproduces the experimental value
�0(exp.) = 0.54 cm−1 (see Table 7.4). In this table also shown are the three factors
B ′ = B exp[−S1], S0, and S1, when we write �0 = B ′ exp(−S0/h̄ − S1) [see, for
instance, Equation (6.100) and (6.117), where S0 = 2W0� and S1 = 2W1�]. As
one can see, the difference in �0 between the two methods comes mainly from the
principal exponent S0 and the other two factors are fairly close to each other. This
also confirms the above surmise about the similarity in the potential topology for
different ab initio methods. On the other hand, the principal exponent S0 is mainly
affected by the height of the potential barrier, which in the case of CCSD(T)/aug-cc-
pVTZ reduces to 1770 cm−1. Note that there is almost 200 cm−1 difference from the
estimate made by Tanaka et al. [149], which is probably due to the drawback of their
one-dimensional model.

Considering that the accuracy of the quantum chemical calculations is most cru-
cial, the transition state and effective barrier height energies are calculated with use
of various basis functions (see Table 7.5). Table 7.5 shows that the CCSD(T) barrier
heights are almost the same as the corresponding MP2 ones with 6-31G(d,p), aug-cc-
pVDZ, and aug-cc-pVTZ basis sets. One can further see that the MP2/aug-cc-pVQZ
barrier height, 4.98 kcal/mol, is very close to 5.00 kcal/mol of MP2/aug-cc-pVTZ.
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FIGURE 7.6 Iterative calculation of the instanton path in vinyl radical. The labeled paths
from 1 to 9 show gradual improvement of the instanton trajectory shape using the MP2/cc-
pVDZ ab initio data. After switching to the CCSD(T)/aug-cc-pVTZ ab initio method, only
two more steps are required to achieve convergence and obtain the final result. (Taken from
Reference [150] with permission.)

This tendency suggests that the CCSD(T)/aug-cc-pVQZ barrier height must be close
to the one obtained by the CCSD(T)/aug-cc-pVTZ and this basis is large enough
to provide a converged result. The same conclusion follows from the values of the
effective barrier V0 shown in the last column of Table 7.5. Assuming S0 ∝ (V0)1/2,
we can estimate the accuracy of the classical action δS0 < 0.03, which corresponds
to ∼ 3% error in the tunneling splitting. This indicates that the present semiclassical
theory is quite accurate, if the quantum chemical ab initio calculations are carried out
at a high level such as the present one.

We have applied the semiclassical theory of low excited states presented in Section
6.4 to nine normal-mode excitations. The results for N = 1–6 in Table 7.3 with use
of the CCSD(T)/aug-cc-pVTZ and MP2/6-31G(d,p) methods are shown in Table 7.6.
The longitudinal mode is the lowest one that corresponds to the rocking vibration of the
tunneling hydrogen atom. This has also been checked numerically by calculating the
projection (dq0/dτ )n � 0.99|(dq0/dτ )||n| at the potential minimum where n is the
corresponding direction for the first normal mode. For this rocking mode excitation,
the theory predicts about 40 times growth of the tunneling splitting and both of the
ab initio methods give similar results. The situation changes in the case of transversal
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TABLE 7.5
Barrier Height in the Vinyl Radical for Various ab initio Methods

ab initio Method Classical Barriera Classical Barrierb Effective Barriera,c

MP2/6-31G(d, p) 2232.8 6.38
MP2/aug-cc-pVDZ 2063.1 5.90
MP2/aug-cc-pVTZ 1749.2 5.00
MP2/aug-cc-pVQZ 1740.2 4.98
CCSD/6-31G(d, p) 2224.2 6.36
CCSD/aug-cc-pVDZ 2086.8 5.97
CCSD/aug-cc-pVTZ 1805.5 5.16
CCSD(T)/6-31G(d, p) 2209.7 6.32
CCSD(T)/aug-cc-pVDZ 2058.5 5.89
CCSD(T)/aug-cc-pVTZ 1761.3 5.04 1773.2
CCSD(T)/cc-pVQZ 1784.7
CCSD(T)/aug-cc-pVQZ 1768.1

ain cm−1.
bin kcal/mol.
cThe energy difference between the middle point of the CCSD(T)/aug-cc-pVTZ instanton path and the

minimum.

mode excitation. For low energy modes, one observes a moderate growth of the
tunneling splitting, but the result is more sensitive to the details of the potential energy
surface compared with the rocking mode. For the fifth and sixth vibrational mode, one
can expect a strong promotion effect and accurate evaluation of the potential energy
surface is required. In Figure 7.7 we depict the effective frequency θ in Equation
(6.193) as a function of the parameter z. The point z = −1 corresponds to τ =
−∞, that is, the potential minimum. For all the transversal modes, the effective

TABLE 7.6
Tunneling Splitting for Excited States of Vinyl Radical

�/�0

N type of motion CCSD(T)/aug-cc-pVTZ MP2/6-31G(d,p)

1 C2H1rocking vibration 36.0 41.1
2 wagging(out of plane) 2.20 1.76
3 wagging(out of plane) 1.28 1.12
4 plane distortion 3.0 2.3
5 H4C3H5bending 1.7 × 10 1.5
6 C2C3stretching 2 × 102 7 × 10
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FIGURE 7.7 Effective frequency θ(z) in the integrand of Equation (6.170) for eight transversal
excitations in the case of vinyl radical. The steep decrease of θ (z) in the case of high excitations
indicates a strong interaction with low energy modes. This leads to the breakdown of the
semiclassical theory for the modes N = 7–9. (Taken from Reference [150] with permission.)

frequency monotonically decreases, which leads to the negative exponential factor
�S1 in Equation (6.170). For higher frequency modes, the curve of θ is steeper,
indicating a strong interaction with the lower frequency vibrations. In this region, the
exponential factor S0 becomes dominant, but more sensitive to the ab initio method.
For the last three modes (N = 7–9) in Table 7.3, �S1 becomes comparable with
the principal exponential factor S0, which indicates a breakdown of the semiclassical
approximation. For the modes N > 6, the excitation energy exceeds the potential
barrier and the simple picture of the semiclassical approximation does not work.

Before closing this section, we discuss a more general problem of the semiclassical
estimation of physical quantity. The ab initio data obtained so far can be used to
calculate more detailed information about the system, such as the splitting of rotational
constant. For simplicity, we restrict our attention to the ground state with wave function
given explicitly by Equations (6.130), (6.180), and (6.187). The calculation of the
matrix element generally requires the global wave function, while Equation (6.180)
gives only local behavior in close vicinity of the instanton trajectory. However, since
our aim here is to estimate the difference between the expectation values of the two
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states of opposite symmetry in the tunneling doublet, the present semiclassical theory
can be used.

We consider the expectation values

B± ≡ 1

2
〈�±|G|�±〉, (7.31)

where Gkl(q)(k, l = 1, 2, 3) is the rotational metric tensor, and �+(q) and �−(q)
are the wave functions for symmetric and antisymmetric states in the ground-state
doublet, respectively. We introduce the functions �1,2 = (�+ ± �−)/

√
2 localized

in each potential well and rewrite Equation (7.31) in the form

B± = M ± m (7.32)

with

M = 1

4

(
〈�1|G|�1〉 + 〈�2|G|�2〉

)
(7.33)

and

m = 〈�1|G|�2〉
2

. (7.34)

The rotational constants are defined as the eigenvalues of B±. By treating the second
exponentially small term in Equation (7.32) as a perturbation, we obtain the tunneling
splitting of rotational constant in the form

�Bk = 2XT
k mXk, (7.35)

where Xk(k = 1, 2, 3) are the eigenvectors of M. Within the limits of semiclassical ac-
curacy, the latter must be taken in zeroth-order approximation, that is, M = G(qm)/2.
The problem therefore is reduced to calculating the exponentially small term of Equa-
tion (7.34). Let us consider a matrix element

I = 〈�1| f |�2〉, (7.36)

where f (q) is an arbitrary function of coordinates that is assumed to possess appropri-
ate symmetry. In the semiclassical approximation, the main contribution to the matrix
element comes from the characteristic that is common for the families of classical
trajectories associated with the functions �1 and �2. This is nothing but the instanton
trajectory, and the matrix elements can be estimated from Equations (6.130), (6.180),
and (6.187). The wave function �2 = exp[−W ′

0/h̄ − W ′
1] is the semiclassical wave

function localized in q̃m and can be constructed in the same way as before. The
principal exponent W ′

0, for instance, is explicitly given by

W ′
0(q) =

∫ ∞

τ

∑
i

poi (τ
′)q̇ i

0(τ ′)dτ ′

+1

2

∑
i j

Ã′
i j (τ )(qi − qi

0(τ ))
(

q j − q j
0 (τ )

)
+ o

(
(�q)2

)
, (7.37)
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where Ã′ satisfies the same equation as Equation (6.97), but with the initial condition
specified at τ = ∞. Using the semiclassical form and neglecting the exponentially
small contribution away from the instanton trajectory, we can estimate the matrix
element as

I = N exp[− S0

h̄
− S1]

∫ √
Gdq f (q) exp[−�qA�q

h̄
], (7.38)

where A = (Ã+ Ã′)/2 and N = [det Am/Gm(h̄π )N ]1/2 is the normalization factor of
the semiclassical wave function. Equation (7.38) can be rewritten as a linear integral
along the instanton path. Inserting the identity 1 = ∫∞

−∞ dτδ[τ − τ (q)] into the
integrand and changing the order of integration, we obtain

I = N exp

[
− S0

h̄
− S1

] ∫
dτ
√

G (q0(τ )) f (q0(τ ))

×
∫

dsδ
(
∂τ

∂q
s
)

exp

(
− sT A[q0(τ )]s

h̄

)
(7.39)

up to the exponentially small terms. From Equation (6.179), we find ∂τ/∂q =
p0/(pT

0 gp0), and the integration in Equation (7.39) gives

I =
√

det Am

h̄Gmπ
exp

[
− S0

h̄
− S1

] ∫
dτ

√
G

det A
(pT

0 gp0)√
pT

0 A−1p0

f (q0(τ )). (7.40)

Although the above derivations are rather straightforward, one cannot expect high
accuracy from Equation (7.40). To see this, let us take f (q) = f0 = constant. In this
case, the above estimation gives I ∝ f0 exp[−S0/h̄ − S1], while the exact result is
definitely I = 0 as follows from the definition of �1 and �2. In other words, the loss
of exact orthogonality introduces the error comparable to the matrix element itself.
The estimation can be, however, improved by rewriting Equation (7.36) as

I = 〈�1| f − f (qr )|�2〉, (7.41)

where qr is an arbitrary reference point. This modification does not affect the exact
value of the matrix element, but in the semiclassical approximation, it corresponds to
the change f [q0(τ )] → f [q0(τ )] − f (qr ) in the integrand of Equation (7.40).

The above method is applied to estimate the splitting of rotational constants in
vinyl radical by using the results obtained at the ab initio CCSD(T)/aug-cc-pVTZ
level. Diagonalization of the rotational metrics at the potential minimum gives the
average value of three rotational constants and the corresponding eigenvectors Xk [see
Equation (7.35)]. Then the splitting of rotational constant is estimated from Equa-
tions (7.31), (7.33), and (7.37). The results are presented in Table 7.7. In the present
calculations, we took qr = qb, the symmetric midpoint of the instanton trajectory,
which seems the only reasonable choice in the present problem. From Table 7.7
one can see that the semiclassical estimate reproduces the rotational constants and
their splittings qualitatively, but absolute values are not very good compared to �0,
as expected.
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TABLE 7.7
Rotational Constant (Average and Difference) in Vinyl Radical
[in MHz]

method A B C

CCSD(T)/aug-cc-pVTZ(average) 231800 33890 28500
(difference) 227 10.2 1.1

Experiment(average) Reference [149] 237065 32480 28438
(difference) 299 2.74 0.88

7.4 MALONALDEHYDE C3O2H4

The tunneling effect in malonaldehyde (see Figure 6.2) has been well investigated
both experimentally [155–160] and theoretically [41,42,161–170]. Malonaldehyde,
as depicted in Figure 6.2, has an intramolecular hydrogen bond of O–H · · · O where
the tunneling of a hydrogen atom between two oxygen atoms causes the splitting in
the vibrational energy levels. The tunneling splitting has been determined experimen-
tally by microwave spectroscopic studies. This is a heavy-light-heavy system and the
reaction path is sharply curved near the transition state. Carrington and Miller [162]
first estimated the ground-state splitting based on the reaction surface Hamiltonian
formalism that utilized two large-amplitude coordinates, and further extensions to
the three-dimensional model were made by Shida et al. [163,164]. Full-dimensional
calculations have been carried out by the semiclassical trajectory method [165] and
by the instanton theory [41,42]. A full-dimensional potential energy surface func-
tion was generated by Yagi et al. [166] by using the modified-Sheppard interpolation
(MSI) technique [36,36,171–174,176,177] at the second Møller-Plesset perturbation
theory [151] (MP2) level with 6-31G(d,p) basis set [152], which was then used within
the semiclassical trajectory method of Makri and Miller [35] to estimate the tunneling
splitting. Meyer and Ha [169] also constructed a full-dimensional potential energy
surface by using the MP2/aug-cc-pVDZ method and estimated the tunneling splitting
from the calculations of vibrational eigenenergies of the Hamiltonian along an ap-
proximate reaction path. Coutinho-Neto et al. carried out a full quantum mechanical
calculations by using MSI potential energy function developed by Yagi et al. [166]. As
was pointed out already, we have found out that the accuracy of the MP2/6-31G(d,p)
potential energy surface is not good enough and the direct dynamical ab initio method
is the only way to get a good agreement with experiment. Besides, the instanton tra-
jectory can be determined accurately in any high-dimensional system with use of a
high level of quantum chemical ab initio method.

Before presenting the most accurate treatment based on the high-level ab initio
quantum chemical calculations, we first investigate the accuracy of the analytical
full-dimensional potential energy surface given by Sewell et al. [165]. In planar
configuration this potential energy surface differs from the one reported previously
[178]. It was found that it is necessary to modify the planar part given in Reference
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[165] according to the older potential energy surface from Reference [178] in order to
reproduce the normal mode frequencies. Namely, the implemented potential energy
surface has the form

S1(R)VA + [1 − S1(R)]VB, (7.42)

where R is the reaction coordinate rOH − rO···H, and VA and VB are the zeroth-order
potentials of two symmetric isomers. The parameter of the switching function S1(R)
(Equation (2) of Reference [165]) was taken from Reference [178] with a = 6.0 Å−1.
The Morse part of the zeroth-order potential (Equation (3) of Reference [165]) was
also modified according to Reference [178]. The second switching function S2(R)
(Equation (4) of Reference [165]) was omitted from the Morse functions except for
the two bonds rOH and rO···H.

As was explained in Sections 6.2 and 6.3, the instanton trajectory was determined
by using the 21 independent Cartesian coordinates in the body-fixed frame. The
Hamiltonian is given in the same form as Equation (6.128). The initial guess of the
instanton trajectory was taken as a straight line connecting two potential minima, and
the converged result was obtained after 32 iterations in space of 20 basis functions.
The calculations were repeated with 30 basis functions, but the result was identical.
The final values obtained are �0(H) = 57.7 cm−1 for the hydrogen tunneling, and
�0(D) = 8.63 cm−1 for the deuterium substitution [43]. These values are different
from the corresponding values, �0(H) = 21.8 cm−1 and �0(D) = 5.2 cm−1, reported
in Reference [178]. We believe that the disagreement between the present results and
the experimental values [�0(H) = 21.6 cm−1 and �0(D) = 2.915 cm−1] [157,159]
indicates the insufficiency of the potential energy surface function. It is interesting to
note that the isotope effect, �0(H)/�0(D), of the present result (� 6.7) is closer to
the observed value (� 7.4).

Now, we apply several ab initio quantum chemical methods [122,123]. The em-
ployed methods are the MP2, QCISD [153], and CCSD(T) [179], with the basis sets
of Dunning’s cc-pVDZ [124] and aug-cc-pVDZ [124,180]. We also attempted the
hybrid basis set of aug-cc-pVDZ (for two oxygen atoms and transferring hydrogen
atom, H9 in Figure 6.2) and cc-pVDZ (for other atoms), denoted as (aug-)cc-pVDZ.
Ab initio calculations were carried out by using GAUSSIAN-98 [181] and MOL-
PRO [182]. Table 7.8 gives a summary of barrier height obtained by each method
as well as that by using the MSI [MP2-6-31G(d,p)] potential energy surface [166].
Comparisons of the results obtained by cc-pVDZ with those by aug-cc-pVDZ show
that calculations with augmented basis sets yield larger barriers by 0.38 and 0.61
kcal/mol at the MP2 and QCISD levels, respectively. The results with aug-cc-pVDZ
and (aug-)cc-pVDZ are almost the same at both MP2 and QCISD levels, which in-
dicates that the augmented basis sets are necessary to be added only on two oxygen
atoms and the transferring hydrogen atom. Then, the coupled-cluster singles and
doubles including a perturbational estimate of triple excitations [CCSD(T)] method
with the (aug-)cc-pVDZ basis sets and with the hybrid basis set of aug-cc-pVTZ
and cc-pVTZ, denoted as (aug-)cc-pVTZ, is applied to locate the stationary points.
Table 7.8 shows the resulting barrier height at the CCSD(T)/(aug-)cc-pVDZ level as
4.53 kcal/mol, which is in between those at MP2 and QCISD obtained as 3.31 and
5.44 kcal/mol, respectively. The best estimation of the barrier height was obtained as
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FIGURE 7.8 The integrand I (z) for the second pre-exponential factor S1 in the case of malon-
aldehyde. The curve with sharp peaks corresponds to the interpolated global potential energy
surface from Reference [166]. The smooth curve is obtained without global interpolation of
the ab initio data. (Taken from Reference [122] with permission.)

3.81 kcal/mol at the CCSD(T)/(aug-)cc-pVTZ level of theory; the effect of triple-ζ
level of basis sets decreases the barrier height. Computations at the level of CCSD(T)/
(aug-)cc-pVTZ are, however, very much time consuming and in the following calcu-
lations the best level of theory employed is CCSD(T)/(aug-)cc-pVDZ.

We first computed �0 for MSI potential energy surface function reported recently
[166]. In this case the potential is given in the analytical form and the gradient
and Hessian can be easily evaluated numerically. The whole numerical procedure
is the same as that mentioned above [43]. We used 30 basis functions to describe the
instanton trajectory and certified five stable digits in the action. The present theory
gives �0(H) = 30.7 cm−1 for H transfer and �0(D) = 4.58 cm−1 for the deuterium
substitution, which deviate quite a bit from the experimental values mentioned above.
Insufficient accuracy of the quantum chemical method, i.e., MP2/6-31G(d,p), is found
to be responsible for this disagreement. Another crucial cause of the error is incorrect
topology of the potential energy surface in the vicinity of the instanton. This can be
seen from Figure 7.8, which shows the behavior of the integrand

I (z) = 1

ż

(
Tr[A(z) − Am]

)
(7.43)

for the extra exponential terms S1 = 2W1� [see Equation (6.100)]. In Figure 7.8 we
compare I (z) for the global potential energy surface and for the direct ab initio method
at the level of QCISD. The sharp peaks in Figure 7.8 indicate erroneous behavior of
the local frequencies and the obtained semiclassical solution along the instanton path.
This is caused by the interpolation of the ab initio reference points away from the



Numerical Applications to Polyatomic Molecules 131

2.32

2.02

–4.22

–4.27

–2.16

–2.2

1.63

1.61

2.31 2.52–0.01 0.01

–0.05 0.05–1.0 1.0

b

c

a

b

a
c

c
O1C4

H5

[a.u.]

H9

b

a

c

b

a

FIGURE 7.9 Instanton trajectory in the malonaldehyde obtained by the direct ab initio cal-
culations without global interpolation: (a) MP2/cc-pVDZ, (b) QCISD/(aug-)cc-pVDZ, and (c)
CCSD(T)/(aug-)cc-pVDZ. (Taken from Reference [122] with permission.)

instanton. This inherent drawback of the global interpolation is remedied by the
method explained in Chapter 6. Namely, we reconstruct V (Q0), (∂V/∂q j )[q0(z)] and
(∂2V/∂qi∂q j )[q0(z)] as functions of the one-dimensional parameter z and calculate
the action and its derivatives [see Equation (6.115)].

We computed the tunneling splitting for the MP2/cc-pVDZ, QCISD/(aug-)cc-
pVDZ, and CCSD(T)/(aug-)cc-pVDZ methods. The computation of the energy, gra-
dient, and Hessian at one point took 14 minutes, 1 day 3 hours 43 minutes, and
10 days 16 hours 28 minutes of CPU time on a Pentium 4.18-GHz Linux PC computer
for MP2/cc-pVDZ, QCISD/(aug-)cc-pVDZ, and CCSD(T)/(aug-)cc-pVDZ, respec-
tively. We used the instanton trajectory in the case of MSI potential energy surface as
an initial guess for MP2/cc-pVDZ calculations, and the converged q0(z) is used as the
first approximation for the QCISD/(aug-)cc-pVDZ level, etc. In all these cases, four
extra iterations were good enough to achieve convergence at each higher ab initio
level. Figures 7.9 and 7.10 depict the instanton trajectory. For the purpose of illustra-
tion, the motion of four different atoms in the molecular plane is shown. The instanton
path is naturally a smooth line in the 21-dimensional q space and thus the sharp cur-
vature and self-crossings in Figures 7.9 and 7.10 are due to the projection onto the
two-dimensional plane. Figure 7.9 compares the paths for the above-mentioned three
different ab initio methods. In Figure 7.10 we show the instantons for the global MP2
level [166] and the semiempirical analytical potential energy surface [165] in compar-
ison with the accurate ab initio potential. The shape of the path in the semiempirical
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FIGURE 7.10 Comparison of the ab initio instanton trajectory [the same as (c) in Figure 7.9]
with the one obtained with the global MP2 potential (b) and semiempirical analytical potential
(c) in the case of malonaldehyde. (Taken from Reference [122] with permission.)

case drastically differs from the correct one. This is clearly seen also for the large
amplitude motion of the tunneling hydrogen atom H9. The reasonable value of the
tunneling splitting obtained [43] is due to mutual cancellation of the short tunneling
path and the overestimated barrier height. As shown in Table 7.8, the best values of
the tunneling splitting obtained, �0(H) = 21.2 − 22.2 cm−1 and �0(D) = 3.0 cm−1,
are in very good agreement with the experimental values, �0(H) = 21.6 cm−1 and
�0(D) = 2.9 cm−1. The MP2/cc-pVDZ and QCISD/(aug-)cc-pVDZ methods are not
accurate enough and both give about four times discrepancy compared with the ex-
perimental value. This deviation is mainly due to the incorrect barrier height, which
in MP2/cc-pVDZ and QCISD/(aug-)cc-pVDZ methods constitutes 2.91 and 5.41
kcal/mol, respectively. The correct value lies in between these two. The error also
correlates with the behavior of the potential along the instanton path as shown in
Figure 6.1. However, the deviation of the results for the different ab initio methods
mostly comes from the principal exponential factor S0, which strongly depends on
the barrier height. The pre-exponential factors are not that sensitive, which indicates
that the different ab initio methods produce potential functions with similar topol-
ogy. As a result, the shapes of the instanton trajectories are close to each other. The
main differences among the three trajectories in Figure 7.9 are actually due to their
starting positions (potential minima). This explains the fact that at the higher ab initio
computational level convergence is easily achieved with a few extra steps of iteration.
Thus, although the MP2/cc-pVDZ and QCISD/(aug-)cc-pVDZ calculations cannot
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TABLE 7.8
Barrier Height (BH) for the Proton Transfer Reaction in Malonaldehyde Computed at
the MP2, QCISD, and CCSD(T) Level of Quantum Chemistry with Various Types of Basis
Sets. Three of These Methods Were Used for Direct Determination of the Instanton
Trajectory. The Resulting Tunneling Splitting Δ0 as Well as the Values of the Three
Constituents B′, S0, and S1 in the Expression Δ0 = B′ exp[−S0/h̄ − S1]. The Splitting
for the Deuterium Substitution Is Shown for MSI and Mp2/cc-pVDZ. The Isotope Effect
Is Also Estimated by Using the Highest Level of the CCSD(T)/(aug-)cc-pVTZ Method for
S0 and by Taking B′ and S1 from MP2/cc-pVDZ and CCSD(T)/(aug-)cc-pVDZ

Method/basis set Δ0(cm−1) BH (kcal/mol) B′(cm−1) S0 S1

MP2/6-31G(d, p)(MSI)a 30.7 3.62 1855 5.56 −1.46
4.58(D) 1408 7.09 −1.31

MP2/cc-pVDZ 77 2.91 1642 4.53 −1.48
14.9(D) 1269 5.74 −1.30

/aug-cc-pVDZ 3.29
/(aug-)cc-pVDZb 3.31

QCISD/(aug-)cc-pVDZ 4.5 5.44 2200 7.38 −1.18
/cc-pVDZ 4.80
/aug-cc-pVDZ 5.41

CCSD(T)/(aug-)cc-pVDZ 16.4 4.53 1922 6.14 −1.37
/(aug-)cc-pVTZc 21.2d 3.81 1642 5.83 −1.48

22.2d 1922 5.83 −1.37
3.0(D) 1269 7.35 −1.30

Experiment 21.6e

2.9(D)f

Tautermann CCSD(T) 24.7g

Empirical 57.7h

8.63(D)h

aReference [166].
baug-cc-pVDZ for two oxygen atoms and for the transferring hydrogen atom, and cc-pVDZ for the
other atoms.

caug-cc-pVDZ for two oxygen atoms and for the transferring hydrogen atom, and cc-pVTZ for the
other atoms.

d�0 is estimated by taking B ′, S1 from MP2/cc-pVDZ(4,6) and CCSD(T)/(aug-)cc-pVDZ(5).
eReference [159].
fReference [156].
gReference [42].
hReference [41].

produce a reliable value of tunneling splitting, they enable us to reduce the numerical
efforts on the higher ab initio levels. In the present case, the instanton trajectory for
CCSD(T)/(aug-)cc-pVDZ was obtained by four extra steps of iteration by using only
33 ab initio points in total. We have obtained the tunneling splitting 16.4 cm−1 in a
relatively good agreement with the experiment. As shown in Table 7.8, the potential
barrier is overestimated in the CCSD(T)/(aug-)cc-pVDZ method, which is likely to
be the reason for the conservative calculated value. To investigate the accuracy of the
above result, we estimated the splitting by using the higher CCSD(T)/(aug-)cc-pVTZ
level of electronic structure theory. The full implementation with this ab initio level
is still too time consuming. As noted above, however, instanton paths for different ab
initio methods show fairly similar topology; thus we can estimate �0 by using the
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CCSD(T)/(aug-)cc-pVTZ energy along the previously obtained instanton path. This
gives an action S0 at the higher ab initio level while the other two factors B ′ and S1 can
be taken from the lower level. In this way, we have obtained �(H) = 21.2(22.2) cm−1

by taking the pre-exponential factors from the MP2 (CCSD) calculations. The isotope
effect was estimated in the same way. For the deuterium substitution of malonalde-
hyde we first found the accurate instanton trajectory and calculated the splitting by
the MP2/cc-pVDZ ab initio method. The action S0 was recalculated for this path by
using CCSD(T)/(aug-)cc-pVTZ ab initio points while the other two factors B ′ and
S1 remained unchanged. This gives �0(D) = 3.0 cm−1, as mentioned above, in very
good agreement with the experimental data. In the present work, we first resorted to
a hybrid scheme of the calculations by using the MSI potential obtained by MP2/6-
31G. Due to the absence of such a potential energy surface, this preliminary step
seems impossible in general. But actually, this step is not needed. By simply taking
the straight line connecting two potential minima as the initial guess and using any
non-time-consuming ab initio method, as was done before, it is possible to accom-
plish this preliminary step easily after 10–20 iterations with 100–120 reference points
in total. Thus the obtained path can now be taken as the initial approximation for the
highest possible ab initio level. This second stage usually requires only three to four
extra steps of iteration to obtain the final results.

Finally, we demonstrate a strong effect of out-of-plane vibrational motions on the
tunneling splitting [183]. In order to do this, first we have to define 15 internal co-
ordinates to describe in-plane motions and construct the corresponding Hamiltonian.
Following the same method as that explained in Section 6.3.1, we introduce Cartesian
coordinates xin in the body-fixed (BF) frame of reference,

rn = x1ne1 + x2ne2 (n = 1, 2, . . . , 9), (7.44)

where n numerates the atoms (see Figure 6.2). The origin of the BF frame is set to
the center of mass,

9∑
n=1

Mn xin = 0 (i = 1, 2), (7.45)

where Mn is the mass of the nth atom. The orientation of the BF axis (e1, e2) is
determined by taking e1 in the direction parallel to a vector connecting O1 and O8. In
terms of xin this gives

x21 = x28. (7.46)

The three constraints given by Equations (7.45) and (7.46) define the BF system. The
independent internal coordinates qk(k = 1, 2, . . . , 15) are chosen to be 14 Cartesian
coordinates of seven atoms, O1,C2,H3,C4,C6,H7, and H9, and x18 (x coordinate of
O8). The kinetic metric defined as

ds2 =
∑

n

Mndr2
n (7.47)

is rewritten by performing a transformation {drn} → {dqk, dω, dRcm}, where dω =
e3dω represents an infinitesimal rotation in the plane and Rcm is the center-of-mass
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position that separates from the equation of motion and can be put to zero. Inserting

drn =
∑

k

∂rn

∂qk
dqk + [dω × rn] (7.48)

into Equation (7.47), we obtain

ds2 =
∑

Mn

(
∂xin

∂qk

∂xin

∂ql
dqkdql + 2

[
xin

∂x2n

∂ql
− x2n

∂x1n

∂ql

]
dqldω

+ [r2
nδi j − xin x jn

]
dω2

)
. (7.49)

Equation (7.49) determines the covariant metric tensor Gi j (q) in terms of 16 gener-
alized coordinates {dqT , dωT } and we have

ds2 = (qT , dωT )

(
Gqq Gqω

Gωq Gωω

)(
dq
dω

)
. (7.50)

The kinetic energy operator T for the total angular momentum J = 0 is given by

T = h̄2

2
√

G

15∑
i, j=1

∂

∂qi

(√
Ggi j ∂

∂qi

)
, (7.51)

where gi j is the 15×15 block of the inverse Gi j of the covariant tensor which satisfies

16∑
k=1

Gik Gkj = δ
j
i (7.52)

and G is the determinant of the metric. The tunneling splitting �0 is evaluated
as before by the general formula [see Equations (6.100) and (6.117), where B =
B ′ exp[−S1], S0 = 2W0�, and S1 = 2W1�],

�0 = B ′ exp

[
− S0

h̄
− S1

]
. (7.53)

Here S0 is the action along the instanton trajectory and the two additional factors, B ′

and S1, are given by

B ′ =
√

4G� det Am

πGm det A�

(pT
0 gp0)�√

(pT
0 A−1p0)�

(7.54)

and

S1 =
∫ 0

−∞
dτ [Tr(A − Am)]. (7.55)

The matrix A is the same as that defined before in Chapter 6.



136 Quantum Mechanical Tunneling in Chemical Physics

TABLE 7.9
Tunneling Splitting of the Ground State (in cm−1) in the Planar Model of
Malonaldehyde with Use of Various ab initio Methods

Method Planar model (15D) Full D model (21D)

MSI-pot.func. 71.2 30.7a

MP2/cc-pVDZ 171 77a

QCISD/(aug-)cc-pVDZ 8.1 4.5a

CCSD(T)/(aug-)cc-pVDZ 160 16.4a

Experiment 21.6b

aReference [122].
bReference [160].

For the calculations of tunneling splitting, two types of potential energy surfaces
are used. One is the full-dimensional potential energy function MSI developed by
Yagi et al. [166] based on the MP2/6-31G(d,p) level of theory. The other is the
ab initio data calculated at every point required in the present treatment explained
in Section 6.3. The ab initio methods used are MP2/cc-pVDZ, QCISD/(aug-)cc-
pVDZ, and CCSD(T)/(aug-)cc-pVDZ. The augmented basis sets were used only for
the OH · · · O fragment. The detailed scheme is the same as that explained before.
Table 7.9 presents the ground-state tunneling splitting for the planar malonaldehyde
for various potential energy surfaces. One can see that the planar model gives much
larger tunneling splitting than the full-dimensional one. It should be noted that the
result of the CCSD(T) level, which is of the best quality, gives nearly 10 times larger
splitting. With use of MSI surface, the planar model gives larger splitting by a factor of
two than the full-dimensional one. These results indicate that the out-of-plane degrees
of freedom play an important role in tunneling dynamics. In order to understand the
main origin of this deviation, in Table 7.10 we show the values of the three parameters
B ′, S0, and S1 in Equation (7.53) for the planar model and full-dimensional model.
Note that the action S0 is the same for the two models, since the instanton path is the
same for the two cases. It is seen that both B ′ and S1 contribute to a larger splitting in
the planar model. The value of S1 is largely decreased with use of CCSD(T) potential
energy surface, which is actually the main reason that the planar model with CCSD(T)
gives very large splitting.

As explained before, the quantity S1 is calculated with use of the parameter z [see
Equation (7.9)] as

S1 =
∫ 0

−1
I (z)dz ≡

∫ 0

−1

dz

ż

[
Tr(A − Am)

]
. (7.56)

Figure 7.11 illustrates the behavior of the integrand I (z) in this equation obtained
by the CCSD(T) method. The lower and upper curves correspond to the planar and
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TABLE 7.10
The Values of B′,S0, and S1 in Equation (7.53) for the Planar Model of
Malonaldehyde Calculated at Various ab initio Level of Theory

Method B′ S0
a S1

MP2/cc-pVDZ
Planar model 2098 4.53 −2.03
Full-dimensional modelb 1642 4.53 −1.48

QCISD/(aug-)cc-pVDZ
Planar model 3093 7.38 −1.43
Full-dimensional modelb 2200 7.38 −1.18

CCSD(T)/(aug-)cc-pVDZ
Planar model 2843 6.14 −3.26
Full-dimensional modelb 1922 6.14 −1.37

aNote that S0 is the same for the two models, since the instanton path is the same.
bThe data of full-dimensional model are taken from Reference [122].

the full-dimensional configuration, respectively. One can see from this figure that the
integrand for these two cases is very different in the vicinity of z = −1. The value
at z � −1 is completely determined by the anharmonicity of the potential in the
vicinity of the potential minimum. Figure 7.11 suggests that the anharmonic coupling
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FIGURE 7.11 Behavior of the integrand I (z) in Equation (7.56). The lower and upper curves
correspond to those of the planar and full-dimensional models of malonaldehyde, respectively.
(Taken from Reference [183] with permission.)
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FIGURE 7.12 Contour plot of the potential energy surface with respect to 7th and 19th normal
coordinates (Q7 and Q19) of malonaldehyde calculated at the level of MP2/cc-pVDZ. Q7 and
Q19 represent the out-of-plane vibration of the tunneling hydrogen atom and the OH stretching
vibration, respectively. The contour increment is set to 800 cm−1. See also Figure 3 of Reference
[168] and discussion therein. (Taken from Reference [183] with permission.)

between the out-of-plane and in-plane modes is stronger and the energy exchange is
much faster near the equilibrium structure.

Figure 7.12 gives a contour plot of the potential energy surface with respect to 7th
and 19th normal coordinates at the equilibrium structure (Q7 and Q19, respectively)
obtained at the level of MP2/cc-pVDZ. The point (Q7,Q19) = (0.0, 0.0) is the global
minimum. The calculation has been carried out by using GAUSSIAN-98 program
package [181]. Q7 represents the out-of-plane vibration of the tunneling hydrogen
atom and Q19 represents the OH stretching vibration. The positive direction of Q19 is
taken such that the OH bond is elongated. We note that the energy profile of this section
is also discussed in [168]. In Figure 7.12 a strong anharmonic coupling between the
two modes is observed. This feature of the potential energy surface indicates that the
OH stretching vibrational energy flows to the out-of-plane vibration when the OH
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FIGURE 7.13 Geometry of the formic acid dimer (FAD) with labeling as used in the text.
(Taken from Reference [184] with permission.)

bond is contracted. In the planar model without such couplings, the large energy stays
in the OH stretching mode and thus the rate of tunneling increases. In the heavy-
light-heavy system like in the hydrogen transfer, the reaction path is sharply curved
in general because of the mass disparity, which induces a strong coupling between
the reaction coordinate and the transverse vibrational coordinates. Therefore, in such
a situation, the often-used adiabatic description would be inadequate. In the one-
dimensional model, the transversal part in the pre-exponential factor is completely
absent, which can even change the order of magnitude of �0 in polyatomic molecules.
The above results demonstrate that proper treatment of multidimensional effects is
very important even for the qualitative level of estimation.

7.5 FORMIC ACID DIMER (DCOOH)2

Carboxylic acid dimers take the role of malonaldehyde as a standard system, when
it comes to symmetric double hydrogen bonds. There has been considerable work
devoted to this system ranging from the investigation of the infrared spectra [185–
188] to NMR (nuclear magnetic nesonance) relaxation [189] and neutron scatter-
ing [190] experiments that established the importance of tunneling in these systems.
The formic acid dimer (FAD) shown in Figure 7.13, as the simplest carboxylic acid
dimer, has been particularly attractive for theoretical studies. Various quantum chem-
ical methods have been applied to predict geometries, infrared and Raman spectra,
dimerization energies, as well as double proton-transfer barriers (see, for instance,
References [191–193]).

The double hydrogen bond in principle facilitates two mechanisms of double
proton transfer: stepwise and concerted. Studying the transfer rates within the semi-
classical tunneling approximation of the variational transition state theory, Kim found
that the two protons are transferred synchronously across the transition state with D2h

symmetry [194]. The actual proton-tunneling distance is considerably reduced due
to the contraction of the hydrogen bonds, i.e., heavy atom motion promotes the pro-
ton transfer. On the other hand, the ab initio path-integral Car-Parinello calculations
predict that the motion of the two protons in the vicinity of the potential minima is
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asynchronous, whereas it becomes synchronous at the transition state. Furthermore,
these studies have confirmed that the quantum fluctuations may lead to considerable
deviation from the minimum energy path [195]. A similar conclusion is reached from
the ab initio classical molecular dynamics study by Ushiyama and Takatsuka [196].
They have observed that there is a certain time lag of about 8 fs between the two
proton transfer events. In contrast, Wolf et al. concluded from their classical molecu-
lar dynamics study that the double proton transfer is mostly synchronous [197]. The
first calculation of the ground-state tunneling splitting, which takes into account the
multidimensionality on the basis of the reaction surface Hamiltonian method, was
done by Shida et al. [198]. They obtained the value of �0 = 0.004 cm−1. More re-
cently, Tautermann et al. applied their approximate version of instanton theory, which
is based on the earlier work by Garg [199], to the tunneling splittings for various car-
boxylic acid dimers; for FAD they obtained �0 = 0.0022 cm−1 [200]. These values
and the underlying theoretical approaches can be tested against the recent experi-
ment done by Madeja and Havenith [201], in which the high-resolution vibration-
rotation spectra in the region of the C-O stretching vibration around 1245 cm−1 has
been reported. From their data, the ground-state tunneling splitting is extracted as
�0 = 0.00286 cm−1. Furthermore, it was found out that upon the C-O stretching
excitation the tunneling splitting increases by a factor of 3.49 to 0.00999 cm−1. The
acceleration of tunneling upon vibrational excitation is quite natural and has been
observed in many systems as reported before. However, the splitting can actually
decrease or oscillate against energy. In the case of FAD, Smedarchina and co-workers
argued that the C-O vibration is not of the usual promoting type [202]. Undoubtedly,
vibrationally assisted tunneling is an important issue and, in fact, the interpretation
of experimental data should rely on the correct assignment of ground- and excited-
state tunneling splitting. Using their version of instanton theory, Smedarchina et al.
concluded that the original experimental assignment has to be reversed. Their cal-
culated ground-state splitting is 0.0147 cm−1, which is only slightly higher than the
proposed new experimental assignment that gives 0.0125 cm−1 [201]. As is dis-
cussed below, however, the original assignment by Madeja and Havenith [201] seems
correct.

Hereafter, the numerical calculations and their results on the deuterated formic
acid dimer (DCOOH)2 (see Figure 7.13) are presented for both vibrational ground
and excited states with use of the theory provided in Chapter 6 [203]. To construct
the rotation-free (J = 0) quantum Hamiltonian for FAD we follow the procedure in
Section 6.3.1. All atoms are enumerated as shown in Figure 7.13 and we introduce
thirty Cartesian coordinates rn = ∑3

i=1 xinei (n = 1, 2, . . . , 10). In the body-fixed
frame of reference, six conditions should be imposed. The first three conditions put the
origin in the center of mass. In the present calculations we choose the body-fixed axes
in such a way that the atom H10 lies in X-Y plane and the body-fixed axis is oriented
along the O1 −O9 line. Using these six constraints we can take any 24 coordinates
xin as independent internal coordinates and construct the metric tensor in the same
as before. Note that in the case of double proton transfer, such choice of internal
coordinates does not guarantee the symmetry of instanton trajectory with respect to
the exchange of H5 and H10, which provides an additional accuracy check of the
calculations.
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All results of the tunneling splittings for various levels of quantum chemical
calculations are summarized in Table 7.11, where we also give the values of the
parameters S0, B ′, and S1 [see Equation (7.53)]. For the low level of quantum chem-
ical calculations we have used the density-functional theory (DFT) with the B3LYP
exchange-correlation functional. All calculations are done using the GAUSSIAN03
suite of programs [154]. Within the use of small basis set such as 6-31+G(d), this
method has been shown to provide quite accurate barrier height for FAD (2933 cm−1)
as compared with the high-level methods (see also References [200,204]). The in-
stanton trajectory was first calculated at this level of potential energy surface by
using the method of Section 6.3.1. Convergence was obtained after nine iteration
steps with each one consisting of 12 reference points. We have confirmed four stable
significant digits in the final value of the classical action S0. Figure 7.14 shows the
projection of the instanton path onto the X-Y plane for the two tunneling hydrogen
atoms and for O1−O9 distance. It should be noted that the symmetry of this picture
confirms the accuracy of the present calculation. The ground-state tunneling splitting
for this instanton trajectory is 0.0077 cm−1, that is, about three times larger than
the experimental value (see Table 7.11). Using the coupled cluster approach with
approximate triple excitations [CCSD(T)], we have introduced a correction to the po-
tential energy surface. As can be seen from Table 7.11, however, the agreement with
experiment gets worse. This merely indicates that the basis set is too small to give
any reasonable result at the CCSD(T) level. In fact, the barrier becomes as high as
4515 cm−1, which gives rather small tunneling splitting. This instanton trajectory is
further used as a trial path for the variational calculations using more flexible basis sets.
In particular, we have determined the instanton trajectory at the DFT/B3LYP level
with 6-311++G(3df,3pd) as well as an augmented correlation-consistent polarized
valence triple-zeta (aug-cc-pVTZ) basis set. In both cases the convergent trajectory
was obtained after three extra steps of iteration. The barrier heights are similar to
each other, that is, 2280 and 2251 cm−1. However, the DFT tunneling splittings are
about two orders of magnitude too large in both cases (0.17 and 0.23 cm−1). As is
seen in Figure 7.14, the two hydrogen atoms approach to each other more closely
compared to the case of small basis set. For the two different large basis sets there
appears to be no difference (only small offset) in the motion of hydrogens (oxygens).
At the CCSD(T) level, geometry optimization for the 10 atomic FAD and subsequent
iterative calculations of Hessian is still too time consuming. Therefore, we have esti-
mated �0 by using the energies from the higher level with geometry of instanton path
at the lower level. In doing so, we have neglected the difference in the equilibrium
configurations of the DFT and CCSD(T) potential energy surfaces. This CCSD(T)
correction results in barrier heights of 2837 and 2771 cm−1 for the two basis sets
and the corresponding tunneling splittings are 0.0038 and 0.0044 cm−1, which are
in relatively good agreement with the experimental value of 0.0029 cm−1 [201].
This result indicates that the original assignment by Madeja and Havenith [201]
is correct. In passing, we note that the combination of the DFT/6-31++G(3df,3pd)
instanton with the CCSD(T)/aug-cc-pVTZ energy corrections gives a splitting of
0.0042 cm−1.

Unfortunately, the reliable final accurate value of �0 cannot be obtained, since
the highest possible quantum chemical calculations are not yet satisfactory enough
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FIGURE 7.14 Instanton trajectory in FAD for three different ab initio methods [Dotted line:
DFT/6-31+G(d), Solid line: DFT/aug-cc-pVTZ, Dashed line: DFT/6-311++G(3df,3pd)]. (a)
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FIGURE 7.15 Potential energy along the instanton trajectory based on interpolation of a small
number of ab initio points in the case of formic acid dimer. Dotted line: DFT/6-31+G(d); Solid
line: DFT/aug-cc-pVTZ; Dashed line: DFT/6-311++G(3df,3pd); Dash-dotted line: CCSD(T)
correction to DFT/aug-cc-pVTZ instanton. (Taken from Reference [184] with permission.)

because of the formidable CPU time. However, all the pre-exponential factors in
Table 7.11 are close to each other, which confirms the premise about the similarity
of the shapes of instanton paths. It is interesting to note that the simple DFT cal-
culation gives a not bad agreement with the experiment, because the height of the
potential barrier turns out to be rather close to that on the CCSD(T)-corrected poten-
tial energy surface. Figure 7.15 shows the profiles of the potential energy along the
instanton trajectories for the above ab initio methods. The variable z in this figure is
the aforementioned effective coordinate along the instanton path.

It is very instructive to compare the exact expression of the pre-exponential factor
B ′ with the approximation used by Tautermann and co-workers [42,200]. In their
calculations the pre-exponential factor was taken from the one-dimensional theory
by Garg [199],

B ′ = 2ω

√
mωa2

π
exp

(∫ 0

−a

[
mω

p(x)
− 1

a + x

]
dx

)
, (7.57)

where m is the effective mass, ±a are the positions of the minima of the inverted
double well potential V (x) along the instanton trajectory, ω is the corresponding
frequency, and p(x) = √

2mV (x) is the classical momentum. Exactly the same
results were derived in scope of the path-integral formalism in Reference [43]. It
was further shown that in the N -dimensional case the exact expression differs from
Equation (7.57) by the transverse pre-exponential factor that comes from the N − 1
motions orthogonal to the instanton trajectory. To analyze the accuracy of Equation
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TABLE 7.11
Tunneling Splitting and Instanton Parameters for the Ground State in
(DCOOH)2. All DFT Calculations Have Been Performed with the B3LYP
Functional. The 1D Approximation Refers to the Approximate Treatment of the
Pre-Exponential Factor with and without Inclusion of the Zero-Point Energy
(ZPE)

method Barrier(cm−1) Δ0(cm−1) B′(cm−1) S0(a.u.) S1(a.u.)

DFT/6-31 + G(d) 2933 0.0077 3371 16.08 −3.09
with CCSD(T) correction 4515 0.00006 3371 21.0 −3.09

DFT/6-311 + +G(3df, 3pd) 2280 0.17 2697 12.7 −3.04
with CCSD(T) correction 2837 0.0038 2697 16.5 −3.04

DFT/aug-cc-pVTZ 2251 0.23 2672 12.47 −3.14
with CCSD(T) correction 2771 0.0044 2672 16.47 −3.14

DFT/6-31 + G(d) 0.00003 1312 16.08 1.56
(1D approximation)

DFT/6-31 + G(d) 0.00035 1312 13.58 1.56
(1D approximation + ZPE)

Experimenta 0.0029

a Reference [201].

(7.57) we first rewrite it in the invariant form such that the calculation can be carried
out using precisely the same ab initio data as before. One can rewrite the integral term
in Equation (7.57) as

∫ 0

−a

[
mω

p(x)
− 1

a + x

]
dx =

∫ 0

−∞

[
ω − 1

m

∂p(x)

∂x

]
dτ + ln

p(0)

amω
. (7.58)

Inserting this into Equation (7.57) we obtain

B ′ = 2

√
ω

πm
p(0)

∫ 0

−∞

[
ω − 1

m

∂p(x)

∂x

]
dτ. (7.59)

Finally, using the relation between the potential and momentum along the trajectory
we can rewrite the above expression in the final form [see Equation (6.160)]

B ′ = 2

√
2ωV (0)

π

∫ 0

−∞

[
ω − 1

2V (τ )

∂V (τ )

∂τ

]
dτ. (7.60)

This is equivalent to Equation (7.57), but much easier to use, since all we have to
know is the potential as a function of time τ along the instanton. For the purpose of
comparison we performed such “one-dimensional” calculations for the DFT/B3LYP
potential with the 6-31+G(d) basis set, and the results are also shown in Table 7.11 as
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B ′ = 1312 and�0 = 0.00003. One can see that the exponential part S1 of the prefactor
in the one-dimensional approximation is totally different, which leads to two orders
of magnitude smaller tunneling splitting. The effect of the transverse modes is often
taken into account in the spirit of the adiabatic path Hamiltonian by including the zero-
point energy correction. This energy correction contributes to the effective potential
along the tunneling path and changes S0. However, it is still unable to reproduce the
multidimensional effect completely (see �0 = 0.000035 in Table 7.11). Notice that
the present values of the approximate instanton theory differ from those reported by
Tautermann et al. [200], because those authors use an approximate tunneling path
that is a combination of minimum energy and the straight-line path. Furthermore the
MP2 correlation corrections are included along this tunneling path. It is important to
emphasize that in terms of the parameter z the point z = −1 is a singular point of the
equation for the matrix Ã(z). Mathematically, this singularity is the main reason for
the substantial contribution of the transversal degrees of freedom to S1 and this effect
is totally absent in the adiabatic approximation.

In the following we calculate tunneling splittings accompanying the fundamen-
tal vibrational excitations. In particular, we focus on the comparison between the
present and the adiabatic instanton approximation. For illustration purposes, we use
the DFT/B3LYP[6-31+G(d)] level of quantum chemistry only. In the case of excited-
state tunneling splittings the adiabatic approximation can be obtained by neglecting
the left-hand side dUk/dτ in Equation (6.191). This gives the solution θad (τ ), which
smoothly changes along the instanton trajectory, and the tunneling splitting can be
approximated as

�nγ =1

�0
= ωγ

θad (0)
exp

(
2
∫ 0

−∞
[ω − θad (τ )]dτ

)
. (7.61)

The behavior of θad (τ ) at τ = −∞ is actually the most decisive factor for the ratio
�nγ =1/�0. This quantity has a meaning of the average energy redistributed among
all the transverse degrees of freedom. In a system with strong anharmonicity θ (τ ) for
high-frequency excitations rapidly decreases due to the energy exchange with low-
frequency modes, leading to large positive values of �S1 and exponential growth of
the tunneling splitting. Such behavior has been previously found in the hydroperoxy
radical HO2 and confirmed by exact quantum calculations as reported in Section 7.2
[45]. On the other hand, in the adiabatic approximation, θad (τ ) is close to the cor-
responding transversal local frequency along the instanton, which always leads to
moderate values of �nγ =1/�0. In this approximation, the excitation increases or de-
ceases the tunneling splitting depending on the symmetry of the excitation mode. For
the present mode the numerical analysis of Equation (6.175) shows that this simple
picture completely breaks down for higher excitation energies. In Table 7.12 we com-
pare the excited-state tunneling splitting obtained by Equations (6.175) and (6.170)
with the result of the adiabatic approximation. In the present case, the longitudinal
normal mode turns out to be γ = 3 with the fundamental frequency of 169 cm−1 (see
Table 7.12).

The displacement vector of this mode is shown in Figure 7.16. The two lower
frequency modes are orthogonal to the molecular plane. One can see that in the
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γ = 3 γ = 6

FIGURE 7.16 Displacement vectors for modes γ = 4 and γ = 6 in the case of formic acid
dimer (see Table 7.12). (Taken from Reference [184] with permission.)

low-frequency region the adiabatic approximation works relatively well. In partic-
ular, we note the pronounced effect of hindering modes (γ = 2, 4, and 6) where
the excitation suppresses the tunneling effect. As an example, we show the displace-
ment vector for mode γ = 6 in Figure 7.16. For higher frequency modes, however,
the adiabatic approximation fails completely. In Figure 7.17 we compare the exact
numerical solution θex of Equation (6.191) with the adiabatic approximation θad. As
mentioned before, the starting point z = −1 is a singular point of Equation (6.191)
that corresponds to τ = −∞ (potential minimum). In Figure 7.17(a) one can see
that for the lowest excitations θad(z) (dotted line) essentially reproduces θex(z) (solid
line). For higher frequency modes, on the other hand, the picture changes drasti-
cally [see Figure 7.17(b)]. We have found that for excitation energies higher than
ωγ = 672 cm−1 the vibrational selectivity is lost, the extra exponential factor �S1

becomes large, and the tunneling splitting grows fast with the excitation energy. It
should be mentioned, however, that in this frequency range the computed splittings
become much more sensitive to the accuracy of the ground-state semiclassical solu-
tion. Thus, due to finite number of ab initio points and inherent limited accuracy of the
potential data interpolation, the matrix A can be computed only with two stable sig-
nificant digits. For the lower excitations, the numerical accuracy of �γ is similar, but
for γ > 7 the inaccuracy can reach 40−100%. Therefore, the results for γ = 7−11 in
Table 7.12 should be considered as an estimation with the correct order of magnitude.
For the modes higher than γ = 11 the value of �S1 becomes comparable with the
classical action. This indicates the breakdown of the theory and we do not show the
corresponding splitting in Table 7.12. The failure of the instanton approach for higher
modes is not surprising. The main assumption of the theory is the localization of the
wave function that remains harmonic in the close vicinity of the potential minimum.
The fast change in θ(z) for higher modes indicates a strong anharmonicity effect so
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TABLE 7.12
Tunneling Splitting of the Exited States Along Modes γ in (DCOOH)2 at the
DFT/B3LYP-6-31+G(d) Level of Theory

γ Freq. [ωγ (cm−1)] Δγ/Δ0(exact semicl.) Δγ/Δ0(adiabatic approx.)

1 78.7 1.07 1.05
2 154 0.79 0.78
3 169 11 11
4 208 0.69 0.74
5 224 1.21 1.1
6 263 0.42 0.44
7 672 3 × 102 1.35
8 697 9 × 102 0.60
9 892 3 × 103 0.97

10 895 3.4 × 103 0.96
11 964 6.4 × 103 0.33
12 1007 · · · 1.15
13 1019 · · · 0.87
14 1022 · · · 0.42
15 1264 · · · 0.67
16 1267 · · · 0.83
17 1407 · · · 0.80
18 1443 · · · 0.51
19 1697 · · · 5.18
20 1763 · · · 1.77
21 2311 · · · 0.98
22 2314 · · · 0.98
23 3151 · · · 2.8 × 103

24 3240 · · · 1.5 × 103

that this assumption breaks down, which correlates with the expected chaotic behavior
of the system at high energies. Unfortunately, the CO vibration, which has been used
in the experiment [201] [here calculated as 1267 cm−1(γ = 16)] to tag the tunneling
splitting, falls into this category so that no further conclusions concerning the splitting
of the respective fundamental transition can be made.



8 Decay of Metastable
States

8.1 GENERAL FORMULATION

In the case of decay rate problem, the potential barrier separates the potential minimum
from the continuum where the system is energetically allowed to go to infinity [see
Figure 1.1(b)]. The general formulation developed in Chapter 6 for tunneling splitting
can be applied to the present problem with some modifications [44]. The instanton
trajectory q0(τ ) starts in the infinitely remote past at τ = −∞ from potential minimum
and returns back to the minimum in the infinitely remote future at τ = ∞. This
periodic orbit always goes through a turning point on the potential contour V (q) = 0,
which can be assumed to occur at τ = 0.

8.1.1 DETERMINATION OF INSTANTON TRAJECTORY

Let us recapitulate the recipe to find the instanton in the case of double well potential
developed in Chapter 6. We consider the classical motion on the inverted potential
with the Lagrangian [see Equation (6.107)],

L(q̇, q) = 1

2

∑
i j

gi j (q)q̇ i q̇ j + V (q), (8.1)

where g(q) is the metric tensor. We introduced the parameter z ∈ [−1, 1] instead of
the time τ ∈ (−∞,∞) and the rate of change of this parameter z for the given q0(z)
is given by [see Equation (6.110)]

ż(z) =
√√√√ 2V (q0(z))∑

i j gi j (q0(z)) dqi
0(z)

dz
dq j

0 (z)
dz

. (8.2)

By solving dz/dτ = ż(z), we can know the time-dependence of z(τ ) and the trajectory
q0[z(τ )] as a function of time. In order to improve the path, we use the variational
principle to minimize the classical action in the space of z-parametrized paths. We
look for a better instanton trajectory in the form [see Equation (6.113)]

qi
0 (z(τ )) +

∑
n

Cinφn (z(τ )) with φn(z = ±1) = 0, (8.3)

and find the coefficients {Cin} by minimizing the action.
In the case of decay problem, one cannot fix both ends of the trajectory, but we

can reformulate the problem in the following way. Let us try to find one-half of the
instanton trajectory that runs for the semi-infinite time interval [−∞, 0] from the

149
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potential minimum to a turning point according to the classical equation of motion
on the inverted potential. The corresponding boundary conditions are

q(τ = −∞) = qm (potential minimum) (8.4)

and

V (q(τ = 0)) = 0. (8.5)

Hereafter the energy is measured from the potential minimum qm , i.e., V (qm) = 0.
We resort to the same strategy of iteration as before. However, since in the present case
only one end of the trajectory is fixed, some modifications are required. Considering
the boundary condition Equation (8.4), we choose the functions φn(z) = zn for
the interval z ∈ [0, 1] with the z ↔ τ correspondence as z(τ = −∞) = 0, i.e.,
q0(z = 0) = qm . Starting with the initial guess q0(z), which has only one fixed end,
we can proceed in the same way as before; namely, we use the expansion Equation
(8.3) and find some set of coefficients. Next, we forget about the time-dependence
and redefine Equation (8.3) as q0(z). This new path cannot be used as the starting
point for the next iteration, however, since second boundary condition Equation (8.5)
is generally violated. Thus we take one more step to renormalize the parameter z by
introducing a scaling factor α so that V [q0(αz)] = 0 is satisfied, and redefine the
initial guess as q0(αz). Note that the shape of the path is not affected by this scaling.
In other words, if the shape of the approximate instanton path is close to the correct
one, it will still be so, even when α �= 1. Since we use the expansion

qi
0(z) = qi

m +
∑

n

Cinzn, (8.6)

the scaling mentioned above simply corresponds to the transformation

Cin → αnCin. (8.7)

Now the procedure for the calculation of instanton can be summarized as follows.
Without loss of generality we set qm = 0.

1. At the kth step of iteration the approximate instanton path is supposed to
be given by

qi
0(z) =

Nb∑
n=1

Cin
(k)z

n (i = 1, 2, . . . , N ), (8.8)

and the time-dependence of the parameter z(k)(τ ) is given by Equation
(8.2).

2. The classical Euclidean action

SE
[{qi

0

(
z(k)(τ )

)+δqi
0(τ )}] = SE

[(
qi

0

(
z(k)(τ )

)+
Nb∑

n=1

δCin
(k)z

n
(k)(τ )

)]

≡ SE [{δCin
(k)}] (8.9)
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is minimized to obtain the N × Nb coefficients δCin
(k). The next iteration is

provided by Equation (8.8) with the new coefficients,

Cin
(k+1) = αn

(
Cin

(k) + δCin
(k)

)
, (8.10)

where α is found to satisfy the condition Equation (8.5).
3. Continue the iteration until the convergence is attained.

8.1.2 FORMULATION IN TERMS OF CARTESIAN COORDINATES

We derive the pre-exponential factor B in a convenient form in the Cartesian coordi-
nates. The derivation is quite similar to the case of tunneling splitting. We consider
the functional integral of the harmonic fluctuations around the instanton trajectory
q0(τ ) [see Equation (6.7)],

I =
∫

Dq exp

⎡
⎣−

∫ ∞

−∞

⎛
⎝1

2
q̇2 +

∑
i j

1

2
V ′′

i j (q0(τ )

⎞
⎠ qi q j )dτ

⎤
⎦. (8.11)

As before in Chapter 6, V ′′
i j is the matrix of the second derivatives of the poten-

tial ∂2V/∂qi∂q j and the integration
∫

Dq is carried out over trajectories subjected
by the condition q(±∞) = 0. The functional integral diverges, since the opera-
tor
[−∂2/∂τ 2 + V ′′

i j (q0(τ ))
]

has a zero eigenvalue. This divergence is actually one-
dimensional by its nature and originated from the invariance of the classical action
with respect to the arbitrary time shift, say τ0, of the instanton q0(τ − τ0). It is well
known that this singularity in Equation (8.11) can be transformed into the integra-
tion over τ0 [38]. To calculate the pre-exponential factor for the multidimensional
problem, we follow the same method used before and extract the one-dimensional
singular part explicitly.

Let X be the coordinate along the instanton trajectory q0[X (τ )] such that X (±∞) =
0 and let X0 be the turning point: X (0) = X0 and Ẋ (0) = 0. We introduce a set of
N − 1 transverse coordinates {ξα} by the relation

qi = q0i (X ) +
∑
α

τiα(X )ξα. (8.12)

The orthogonal transformation matrix τiα(X )(α = 1, 2, . . . , N − 1) with τi N (X ) ≡
dq0i/d X is chosen to satisfy the extra condition [see Equation (6.11)],

dτiα(X )

d X
= Cα(X )τi N (X ), (8.13)

where Cα defines the curvature of the instanton trajectory. The instanton q0(τ ) ap-
proaches the potential minimum along one of the normal modes, which we numerate
as N th. The local transverse coordinate ξα can be chosen to coincide with other (N −1)
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normal modes at the potential minimum. Making the coordinate transformation in the
functional integral, we obtain

I =
∫

Du exp

[
−
∫ ∞

−∞
Lu(u, u̇, τ )dτ

] ∫
D{ξ} exp

[
−
∫ ∞

−∞
Lξ ({ξ}, {ξ̇}, τ )dτ

]
,

(8.14)

where Lu and Lξ are quadratic Lagrangians for longitudinal and transverse fluctua-
tions given by

Lu = 1

2
u̇2 + 1

2

∂2V

∂X2
u2 (8.15)

and

Lξ = 1

2

∑
α

ξ̇ 2
α + 1

2

∑
αβ

[ ∂2V

∂ξα∂ξβ
− 3Ẋ2CαCβ

]
ξαξβ, (8.16)

where the second term in the bracket comes from the curvature of q0(τ ). All the quan-
tities in these equations are taken on the instanton trajectory; thus, Ẋ ≡ Ẋ (τ ),Cα ≡
Cα[X (τ )], and ∂2V/∂S2 ≡ ∂2V/∂S2[q = q0(τ )], where S = ξα or X . The repre-
sentation Equation (8.14) allows us to extract the zero-mode singularity exactly in
the way as in the one-dimensional case. The same derivation used before gives the
pre-exponential factor in the form [see Equation (6.26) and the discussions there]

B =
√

2S0

π

⎡
⎣det′

(
− ∂2

∂τ 2 + ∂2V
∂X2 (τ )

)
det
(
− ∂2

∂τ 2 + ω2
N

)
⎤
⎦

−1/2 ⎡
⎣det

(
− ∂2

∂τ 2 1 + Ω2(τ )
)

det
(
− ∂2

∂τ 2 1 + Ω2
0

)
⎤
⎦

−1/2

. (8.17)

Here det[· · ·] is understood as the infinite product of the eigenvalues of the corre-
sponding differential operator with the Dirichlet boundary condition at τ → ±∞.
The prime in the first numerator indicates that the zero eigenvalue of [−∂2/∂τ 2+V ′′

X X ]
is omitted. We also introduce the (N − 1)-dimensional symmetric matrices Ω(τ ) and
Ω0 defined by

�2
αβ(τ ) = ∂2V

∂α∂β
− 3Ẋ2CαCβ (8.18)

and
(�0)αβ = δαβωα, (8.19)

where ωα are the N −1 transverse normal frequencies at the potential minimum. The
transverse part of the pre-exponential factor [second ratio of determinants or the last
factor in Equation (8.17)] has been already evaluated before. The derivation was based
only on the symmetry of �(τ ) with respect to the time inversion, and in the present
case this symmetry is guaranteed by the condition q0(τ ) = q0(−τ ). The results read
[see Equation (6.64)]⎡
⎣det

(
− ∂2

∂τ 2 1 + Ω2(τ )
)

det
(
− ∂2

∂τ 2 1 + Ω2
0

)
⎤
⎦

−1/2

=
√

det Ω0

det Ξ(0)
exp

[∫ 0

−∞
Tr (Ω0 − Ξ(τ )) dτ

]
,

(8.20)
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where (N − 1) × (N − 1) symmetric matrix Ξ(τ ) is the solution of the equation [see
Equation (6.60)]

Ξ̇ + Ξ2 = Ω2(τ ) (8.21)

under the initial condition

Ξ(−∞) = Ω0 = Ω(−∞). (8.22)

The longitudinal one-dimensional factor [first ratio of determinants in Equation
(8.17)] has been evaluated by Shulman [205] for the quartic potential. The analo-
gous method can be used in the general case to lead to [see also Equations (2.108),
(2.109), and (2.129)]

⎡
⎣det′

(
− ∂2

∂τ 2 + ∂2V
∂X2 (τ )

)
det
(
− ∂2

∂τ 2 + ω2
N

)
⎤
⎦

−1/2

= PωN

√
2ωN

S0
, (8.23)

where the constant P characterizes the asymptotic behavior of the symmetric instanton
trajectory,

X (τ )
τ→±∞−→ P exp(−ωN |τ |), (8.24)

and can be easily found from the classical mechanics. The time-dependence X (τ ) of
the instanton trajectory is given by

τ =
∫ X dx

p0(x)
=
∫ X

0

(
1

p0(x)
− 1

ωN x

)
dx + 1

ωN
ln X + C, (8.25)

where p0(X ) = √
2V (q0(X )) is the absolute value of the classical momentum. The

constant of integration C is determined from the condition X (0) = X0 and we have

P = exp(−ωN C) = X0 exp

(∫ X0

0
dx

[
ωN

p0(x)
− 1

x

])
. (8.26)

Putting all the terms together, we finally obtain the decay rate as

k = ωN X0

√
ωN

π
exp

(∫ X0

0

[
ωN

p0
− 1

x

]
dx

)

×
√

det Ω0

det Ξ(0)
exp

(∫ 0

−∞
Tr(Ω0 − Ξ(τ ))dτ

)
exp(−S0). (8.27)

It should be noted that S0 is the action along the instanton from τ = −∞ to τ = ∞
and thus is two times of the action from the potential minimum to the turning point.
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8.1.3 GENERAL CANONICALLY INVARIANT FORMULATION

The result of the preceding subsection is not very convenient for practical use, because
it requires the solution of the differential equation Equation (8.21) that contains the
Hessian of the potential in terms of the transverse local coordinates together with the
corresponding curvatures. One can obtain a more useful canonically invariant form
that does not rely on any local coordinates. To do this, we first rewrite the first integral
in Equation (8.27) in terms of the time τ along the instanton trajectory. Using the
transformation∫ X

0

(
ωN

p0
− 1

x

)
dx = ln

p0(X )

ωN X
+
∫ τ

−∞

(
ωN − dp

dx

)
dτ (8.28)

and taking the limit τ → 0(X → X0), we have

k =
√

ωN

π
p(0) exp

(∫ 0

−∞

[
ωN − dp

dx

]
dτ

)

×
√

det Ω0

det Ξ(0)
exp

(∫ 0

−∞
Tr(Ω0 − Ξ(τ ))dτ

)
exp(−S0), (8.29)

where τ = 0 should be understood as the limit τ → 0−. The existence of this limit
is evident from the previous representation for k. For τ < 0 there is one-to-one
correspondence X ↔ τ and we can introduce the function

W0(q) =
∫ X

0
p0(X )d X + 1

2

∑
αβ

�αβ(X )ξαξβ, (8.30)

which, up to the terms O(ξ 3), satisfies the Hamilton-Jacobi equation

1

2

(
∂W0

∂q

)2

= V (q). (8.31)

This is readily checked by making the coordinate transformation Equation (8.12) and
using the properties of {τiα}. The quantity W0 has the simple physical meaning as the
main exponent factor of the semiclassical wave function � � exp[−W0(q)], which
coincides with the ground state of the harmonic oscillator in the potential well. In the
same way as before, we introduce the second derivative matrix

Ai j (τ ) ≡ ∂2W0

∂qi∂q j
(q0(τ )), (8.32)

which satisfies the more handy equation obtained by differentiating Equation (8.31)
twice,

d

dτ
Ai j + (A2)i j = ∂2V (q)

∂qi∂q j
|q=q0(τ ). (8.33)
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The initial condition follows from the existence of the limit Am = A(τ → −∞) and
reads

A2
m = ∂2V (q)

∂q∂q
|q=qm . (8.34)

Now we can express dp/d X = ∂2W0/∂X2 and �αβ = ∂2W0/∂ξα∂ξβ in Equation
(8.29) in terms of A and get rid of the local coordinates. The two terms in the integrals
in Equation (8.29) are combined together as

dp(X )

d X
+
∑
α

�αα = ∂2W0

∂X2
+
∑
α

∂2

∂ξ 2
α

=
∑

i

∂2W0

∂q2
i

= TrA. (8.35)

At the potential minimum we have ωN�ωα = det Am and ωN + ∑ωα = TrAm .
Equations (8.12) and (8.30) show that � is directly related to A as

�αβ =
N∑

i j=1

Ai jτiατ jβ (α, β = 1, 2, . . . , N − 1). (8.36)

To proceed further it is convenient to rotate the frame of reference in such a way that
τi N (X0) = δi N . This simply means that the coordinate qN is chosen along the tangent
to the instanton trajectory at the turning point. Then, det� is equal to the minor of
the (N , N ) element of A and we obtain [cf. Equation (6.80)]

det� = det A
∑

i j

(τi N A−1
i j τ j N ). (8.37)

Using Equations (8.35) and (8.37) and the fact that τi N are the components of the unit
tangent vector along the instanton trajectory, we finally obtain the decay rate as

k =
√

det Am

π det A(0)

p2(0)√∑
i j pi (0)A−1

i j (0)p j (0)

× exp

(∫ 0

−∞
dτ [Tr(Am − A(τ ))]

)
exp(−S0). (8.38)

This result is valid for arbitrary choice of coordinates as it is invariant under rotation
of the frame of reference.

It should be recalled that the zero value of the time argument in p(0) and
∫ 0

−∞ · · · dτ
should be understood as the limit τ → 0−. Except for this peculiarity and the fac-
tor 2, Equation (8.38) looks identical to the canonically invariant expression for the
tunneling splitting derived before [see Equation (6.81)]. Indeed, there is close anal-
ogy between the two problems. We have shown before that the instanton theory is
equivalent to the ordinary WKB approximation to the Schrödinger equation. In the
case of double well potential, the tunneling splitting can be evaluated by the Herring
formula with use of the WKB wave function. The similar type of WKB approach is
possible in the present problem and the decay rate can be evaluated from the flux at
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the outlet to the continuum where the wave function is obtained by a sort of analyt-
ical continuation. This approach does not lead to any extra difficulties and Equation
(8.38) for the decay rate can be rederived in the scope of the WKB approximation in
the same way as before. Schmid [33] used this method to solve the two-dimensional
problem. For this particular case his result coincides with Equation (8.27) above. The
equation for the transverse fluctuations differs from the present one by the coefficient
of the curvature term, which is not correct in Reference [33]. The equivalence of the
instanton and WKB approaches is not just a matter of methodological interest, but
also allows one to generalize the theory to non-Euclidean metric tensor exactly in the
same way as in the problem of tunneling splitting. Due to the complete mathematical
equivalence of the two problems, we present the general formula without derivation.

Let q = (q1, q2, . . . , q N ) be coordinates on a manifold M with Riemannian
metric gi j (q). We consider the Hamiltonian

Ĥ = K̂ + V̂ = − 1

2
√

g

∑
i j

∂

∂qi

(√
ggi j ∂

∂q j

)
+ V (q), (8.39)

where, as usual, g = det gi j and the contravariant metric tensor gi j is the inverse of
gi j . The corresponding classical Hamiltonian with the upside-down potential reads

H (p, q) = 1

2

∑
i j

gi j pi p j − V (q) (8.40)

and the decay rate is finally given by the general formula

k =
√

g0 det Am

πgm det A0

(pT gp)0√
(pT A−1p)0

exp(−S0 − S1), (8.41)

where

S1 =
∫ 0

−∞
dτ
[
Tr(A(τ ) − Am) + pT �

]
, (8.42)

�i (q) = 1√
g

∂

∂q j
(
√

ggi j ), (8.43)

Tr(A) ≡
∑

i

Ai
i =

∑
i j

gi j A ji , (8.44)

and S0 is the action integral along the instanton. The symmetric matrix A(τ ) is the
solution of the equation [see also Equations (6.97) and (6.181)]

Ȧ = −Hqq − HqpA − AHpq − AHppA, (8.45)

where Hqq, Hqp, . . . are the matrices of the second derivatives ∂2 H/∂qi∂q j ,

∂2 H/∂qi∂p j , . . . on the instanton trajectory q0(τ ). The indices m and 0 in Equation
(8.41) indicate that the corresponding quantities are taken at the potential minimum
qm = q0(τ = −∞) and the turning point q0 = q0(τ = 0), respectively.

Finally, we should pay attention to the removable singularities in Equation (8.41)
arising from both ends (z = 0 and 1) of the instanton path, and derive the expression
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suitable for actual numerical evaluation. By making use of the analytical form of the
instanton path, we rewrite Equation (8.45) in terms of the parameter z,

dA
dz

= 1

ż(z)
[RHS of Equation (8.45)]. (8.46)

The solution must be propagated from z = 0(τ = −∞) to z = 1(τ = 0). Since the
time derivative of the parameter z at the potential minimum is zero ż(z = 0) = 0,
Equation (8.46) has to be integrated from a certain small initial value z = ε. The initial
condition A(ε) is determined by the linearization of Equation (8.46). Correspondingly,
one can rewrite S1 in terms of z as

S1 =
∫ 1

0
I (z)dz with I (z) ≡ 1

ż(z)

[
Tr (A(z) − Am) + pT �

]
(8.47)

and accurately determine the integrand I (z) at z = 0. In this part the whole procedure
is exactly the same as in the case of tunneling splitting. Another problem is related
with taking the limit z → 1, since Ai j diverges as (1 − z)−1/2 and ż(z) goes to zero
as (1 − z)1/2 there. The divergence of A0 = A(z = 1) in the pre-exponential factor of
Equation (8.41) is easily understood to be removable from the expression. Actually,
one can simply stop to integrate Equation (8.46) shortly before z = 1 and use the
obtained value as ∼ A(1). The more complicated problem is related to the divergence
of S1 itself, since [1/ż(z)]TrA ∼ [1/(1 − z)] and the integral in Equation (8.47)
diverges logarithmically. Formally, this is exactly canceled by p0 = p(z = 1) = 0.
The origin of this problem is the transformation of Equation (8.28), which is needed
to combine the transverse and longitudinal prefactors and to obtain the invariant
expression of k. Noting that in scope of our computational method the parameter z
itself can be treated as an invariant dimensionless coordinate along the instanton, we
can remedy this problem by simply making the transformation reverse to Equation
(8.28) in terms of the coordinate z. Along the instanton trajectory the momentum is
given by

pi (τ ) =
∑

j

gi j (q0(τ ))q̇ j (z). (8.48)

Using the explicit z dependence, we can rewrite p as

pi (z) =
∑

j

gi j
dq j

dz
ż(z) ≡ p̃i (z)ż(z), (8.49)

where the newly introduced vector p̃ does not become zero anywhere. Correspond-
ingly, we can rewrite the decay rate in the form

k = lim
ε→0+

· · ·ż(1 − ε) exp

(
−S0 −

∫ 1−ε

0
I (z)dz

)
, (8.50)

where “· · ·” stands for the rest of the prefactor with p substituted by p̃. Now, we make
use of the transformation

ż(z) = ωz z exp

(∫ z

0
dz

[
1

ż

d ż

dz
− 1

z

])
(8.51)
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and finally obtain

k =
√

g0 det Am

πgm det A0

(p̃T gp̃)0√
(p̃T A−1p̃)0

ωz exp

(
−S0 −

∫ 1

0
dz

[
I (z) − 1

ż

d ż

dz
+ 1

z

])
,

(8.52)
where, by definition, ωz = ż/z|z→0. It should be noted that the suffix 0 corresponds to
τ = 0 or z = 1 [see Equation (8.41) and the explanation below Equation (8.45)]. Once
the trajectory is found, i.e., the coefficients {Cin} are determined, all the quantities in
Equation (8.52) are calculated easily, including ωz . The integral term is convergent
now and can be evaluated with an appropriate Gaussian quadrature. Equation (8.52)
is the final practical formula, which, together with the recipe for finding the instanton
trajectory, gives a numerically very stable procedure to calculate the decay rate.

8.2 NUMERICAL APPLICATION

To demonstrate the applicability of the theory, we consider the particle of mass m in
the N -dimensional cubic potential

V (x) = mω2
0x2

1

2

(
1 − x1

x0

)
+

N∑
i=2

(
mω2

i x2
i

2
+ di xi x1

)
. (8.53)

First we check the iterative procedure for the instanton trajectory. We set x0 = m =
ωi = 1 and calculate the instanton for different coupling constants di . The test has
confirmed the excellent convergence for the dimension N ranging from 2 to 20 and
the coupling constant di ∈ [0, 1]. In all these cases, 10 (= Nb) basis functions were
enough to get five significant digits in the classical action S0. For Nb = 30 the
accuracy increased up to six significant digits. The initial guess for the instanton path
was taken as the straight line connecting the point x = 0 and a certain point on the
equipotential V (x) = 0. The number of iterations Niter strongly depends on this guess,
as shown in Table 8.1. The stronger the deviation of the initial guess from the true

TABLE 8.1
Dependence of the Number of Iterations
Niter on the Initial Guess of the Instanton
Trajectory in the Case of the Potential of
Figure 8.1. θ Is the Angle between the
Initial Path and X1 Axis. Sinit Is the
Classical Action for the Initial Guess. The
Convergent Value Is S0 = 0.22205

θ (S0)init Niter

0.1 0.27 4
0.2 0.38 5
0.3 0.7 9
0.4 1.7 17
0.5 5.6 40
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FIGURE 8.1 Iteration process of the calculation of the instanton trajectory in the cubic po-
tential for N = 2 and d2 = 0.6. Niter is the number of iterations. (Taken from Reference [44]
with permission.)

instanton is, the larger the value of the initial action (S0)init is and the more iterations
are required. Figure 8.1 shows the iterations for N = 2 and d2 = 0.6. The “free
end” of the trajectory is seen to slide along the equipotential V = 0 in the course of
iteration. The initial guess on Figure 8.1 corresponds to θ = 0.4 and (S0)init � 1.7,
where θ is the angle between the initial path and the X1 axis. The converged value of
the classical action is S0 = 0.22205.

To test the whole numerical algorithm and accuracy of the decay rate calculation,
we employ the nonlinearly transformed model of the separable case with di = 0.
Thus, the correct instanton trajectory is just a straight line xi = 0(i = 2, . . . , N )
and the rate k is simply given by Equation (8.27) without the transverse part of the

prefactor
(
=
√

det Ω0
det Ξ(0) exp

(∫ 0
−∞ Tr(Ω0 − Ξ(τ ))dτ

))
. The integrals can be performed

analytically to give the well-known result given by Equations (2.146) and (2.147).
The nonlinear transformation x → q used is the same as Equation (7.2),

qk = Tk1x1 +
N∑

i=2

Tki (xi + 1 + x2
1 )2 (k = 1, 2, . . . , N ), (8.54)

where Tki is an orthogonal matrix in the form

T = T (1n)T [1(n−1)] · · · T (12) (8.55)
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FIGURE 8.2 Iteration process for the instanton trajectory in the separable 20-dimensional
cubic potential model. The calculation is carried out within the framework of the nonlinearly
transformed coordinates [see Equations (8.54) and (8.55)]. Niter is the number of iterations and
S0 is the classical action. Its exact value is S0 = 3.233859. The inset shows the enlarged scale
of the converged trajectory after 17 iterations. (Taken from Reference [44] with permission.)

and T (i j) is the matrix of rotation by angle γ in (xi , x j ) plane. In the new coordinates
q the Hamiltonian operator has the form of Equation (8.39) and it is readily checked
that on the instanton trajectory the Jacobian of the transformation is not zero. The
final formula is invariant under arbitrary coordinate transformation. At the same time
the computation in terms of the new coordinates q allows one to check the numerical
procedure by comparison with the analytical result as in Section 7.1. The parameters
used are γ = 0.1, ωi = 1000 cm−1, ω0 = 650 cm−1, x0 = 1.5 a.u., and m is the
proton mass. The calculations were carried out for N = 2, 4, 10, 20. We found the
accuracy to be the same in all cases and present the result only for N = 20 and
Nb = 10. Figure 8.2 shows the iterative calculations of the instanton trajectory. The
initial guess was taken as the straight line in q space, i.e., qi = 0(i �= 1), connecting
the potential minimum and the equipotential V = 0. For better illustration, the back
transformation {q} → {x} is made and the shape of the trajectory in the (x1, x2) plane
is shown. After 17 iterations with Nb = 10 the trajectory converges to the straight
line in x space, i.e., xi = 0(i �= 1), and the accuracy of the action is five significant
digits.

In Figure 8.3 numerically evaluated I (z) is compared with the exact analytical
value in the present model. Some disagreement in a small area can be seen, which is
related to the linear approximation at z = 0 mentioned above. The stable three digits of
accuracy are attained in the decay rate and the final value obtained is k = 3.611×10−5

in comparison with the analytical answer kexact = 3.608 × 10−5.
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represent the numerical results obtained by solving the matrix equation, Equation (8.46). Solid
line is the exactI (z). (Taken from Reference [44] with permission.)





9 Tunneling in Chemical
Reactions

9.1 DETERMINATION OF CAUSTICS AND PROPAGATION IN
TUNNELING REGION

In the case of tunneling in chemical reactions [see figure1.1(c)], the total energy of
reagents cannot be generally considered to be small; treating it as the first-order term
of h̄ as was successfully done in Chapters 6 and 7 does not lead to any sensible semi-
classical theory. The semiclassical mechanics requires (1) construction of Lagrange
manifolds, (2) determination of a multidimensional caustic surface, and (3) connection
of wave functions between classically allowed and forbidden regions [59]. Unfortu-
nately, these problems have not yet been solved mathematically. As was discussed
in Section 3.1, in the framework of the ordinary WKB approach we can construct
Lagrange manifolds and caustics in the case of two dimensions and the connection
problem can be treated relatively well by assuming the local separability. Extension
of this method to higher dimensions, however, cannot be practical. The complex-
valued (complex coordinate and/or momentum) WKB theory has been devised, as
briefly explained there, but cannot be simply extended to multidimensions (see, for
instance, [15]). This formidable task can hardly be accomplished mainly because of
the complexity of the Lagrange manifold and the fact that analytical properties of
any realistic potential energy surfaces extended into the complex-valued coordinate
space cannot be guaranteed. The use of a complex trajectory was nicely materialized
by the double-ended complex trajectory in the classical S-matrix theory [206], in
which the quantized boundary conditions are satisfied at both (initial and final) ends.
Unfortunately, this method turned out not to be practically useful, because finding
such trajectories is also a formidable task in a multidimensional complex coordinate
(and/or momentum) space. We can, however, make a break through the difficulty
of detecting caustics in multidimensional space. An efficient way of doing that has
been devised along classical trajectory [47]. This is not a trivial task at all, since it
is not possible to find caustics in high-dimensional space by just shooting classical
trajectories. Since the caustics can be found along each classical trajectory, chemical
dynamics with tunneling effects incorporated can now be treated by the on-the-fly
method. In this subsection, this method is explained.

It is known that in a 2N -dimensional phase space, the N -dimensional Lagrange
manifold can be generated by a bunch of classical trajectories [p(α), q(α)] paramet-
rized by an N -dimensional parameterα = t, α1, α2, . . . , αN−1, where t is time and the
rest of (N − 1) parameters determine the so-called initial Lagrange manifold, which
must be chosen according to the specified integrals of motion (the classical analog
of quantum numbers). The projection of this manifold onto the configuration space
[q(α)] is generally not diffeomorphic; namely, the singularity occurs at the caustics
where the determinant | Dq

Dα
| vanishes (=0). Assuming that there is no caustics initially,

163
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one can rewrite the above condition in the form | Dq(t)
Dq(0) | = 0. Being considered as a

function of t , the stability matrix | Dq(t)
Dq(0) | satisfies the second-order matrix differential

equation for linear deviations of a classical trajectory [207,208]. For long propagation
times, the solution of such an equation may become unstable due to exponentially
growing and decaying terms, which can be several orders of magnitude apart. An
equivalent form of the singularity condition is A ≡ |DP

Dq | = ∞. This matrix A satisfies
a more handy Riccati-type differential equation [43]:

Ȧ = −Hqq − Hqp A − AHpq − AHpp A, (9.1)

where Hqq, Hqp · · · are the matrices of second derivative of the classical Hamilto-
nian taken along the trajectory, i.e., ∂2 H/∂q∂q, ∂2 H/∂q∂p, · · ·. This is the same
equation we have already met in Chapter 6 [see Equation (6.97)]. The higher degree
of numerical stability common to this type of nonlinear differential equation makes
this approach particularly appealing, but the divergence of the solution at the caustics
persists and hinders solution of this equation beyond the singularity. This divergence
is an intrinsic property of the solution and cannot be avoided simply by improving
the sophistication of the numerical recipe. By this reckoning, we can use a sequence
of canonical transformations capable of avoiding the divergence of the solution of the
differential equation while accurately locating the caustics. During propagation of the
classical trajectory, the solution of Equation (9.1) diverges at the caustics where

det |A(tcaustics)| = ∞. (9.2)

As stated above, further solution of the differential equation is not possible beyond
this point and we have to reformulate the problem. To achieve this we use a certain
transformation. To clarify the idea, let us first consider a one-dimensional problem in
which the caustics just becomes the turning point q0. As the trajectory reaches q0, the
momentum p(q) ∼ √

q − q0 becomes zero and A = dp/dq ∼ 1/
√

q − q0 diverges,
which eventually breaks down any computational scheme near q0. At the same time the
inverse A−1 remains finite and it can be safely propagated beyond the turning point
by a similar Riccati-type differential equation that can be obtained from Equation
(9.1). We further notice that the coordinate and momentum can be exchanged by the
classical canonical transformation (p, q) → ( p̃, q̃) ≡ (q,−p) so that A−1 coincides,
up to the sign, with Ã = d p̃/dq̃ in terms of the new canonical variables. The sign
change ensures that the transformation is canonical and that Hamilton’s equations
of motion remain invariant in the new representation. It is relevant to reiterate that
the second-derivative coefficients are also changed in the new representation and it
can be shown that Equation (9.1) does not change under the transformation. In the
N -dimensional case (N > 1), the naive approach would be to invert the entire A
matrix as in the one-dimensional case; but this turns out to be ineffective. The reason
is that if the matrix A has an element that is a derivative of an integral-of-motion,
such an element vanishes and the inversion of the matrix diverges for reasons not
directly related to caustics. A more workable approach is to selectively invert only
the diverging element(s) of the old matrix. If the diverging element is assumed to
be AN N , the inversion of this element corresponds to a transformation of the type
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(pN , qN ) → ( p̃N , q̃N ) = (qN ,−pN ), which mixes the momenta and coordinates in
the new representation. The new matrix Ã becomes free of any divergent element and
its propagation proceeds smoothly through caustics.

For numerical implementation, the sequential steps to carry out these procedures
are summarized as follows:

1. For an N × N matrix, irrespective of the position of the diverging ma-
trix element, a simple rotation ensures the repositioning of the diverging
element as the (N , N ) element of the matrix. This rotation is a canonical
transformation and we note that such a rotation is best achieved using the
orthogonal matrix which diagonalizes A. Writing this diagonalizing matrix
T , the rotationally transformed version of A is obtained by

p′ = T p and q ′ = T q (9.3)

so that

A′ = T AT t . (9.4)

2. By invoking the transformation (p′
N , q ′

N ) → (−q̃N , p̃N ), we obtain A′ →
Ã, i.e.,

D(p′)
D(q ′)

→ D( p̃)

D(q̃)
, (9.5)

where
p̃1, . . . , p̃N−1 = p′

1, . . . , p′
N−1, (9.6)

q̃1, . . . , q̃N−1 = q ′
1, . . . , q ′

N−1 (9.7)

and
p′

N = −q̃N and q ′
N = p̃N . (9.8)

Equations (9.5)–(9.8) are then used to compute the matrix elements of Ã
in terms of the elements of A′ by evaluating partial derivatives of the new
Jacobi matrix D( p̃)/D(q̃). The second-derivative coefficients in the new
representation are derived by rotating the old coefficients as in Equation
(9.3) for consistency, and then substituting the new momenta and coordi-
nates into the old coefficients. For instance, replacing pN and qN with −q̃N

and p̃N , respectively, gives

(Hq̃q̃)N N = (Hpp)N N . (9.9)

Similar trivial substitutions are used to compose all the other elements of the second
derivatives in the new representation. The newly composed matrix Ã also satisfies
Equation (9.1) using the modified second derivatives as coefficients. In the new form,
the singularity has been eliminated, the propagation runs smoothly through the hith-
erto divergent region, and the solution of Equation (9.1) can be obtained with the
added advantage of locating the caustics by monitoring either its determinants or its
eigenvalue. Well beyond the point of divergence, the inverse transformation is carried
out in exact reverse order to revert to the matrix A. The original propagation is then
continued in regions far away from caustics.
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Numerical examples are provided below for the two cases: (1) two-dimensional
Henon-Heiles system and (2) three-dimensional adiabatic chemical reaction.

9.1.1 CAUSTICS IN CHAOTIC HENON-HEILES SYSTEM

The two-dimensional Henon-Heiles Hamiltonian (in atomic units) is given by

H = 1

2

(
p2

x + p2
y

)+ 1

2

(
x2 + y2

)+
(

x2 y − 1

3
y3

)
. (9.10)

For this Hamiltonian, the Poincaré surface section method is a successful method
to distinguish between the regular and chaotic regimes depending on the energy.
The destruction of the regular pattern of caustics after the full onset of chaos is a
well-known phenomenon; following the work of Stuchi and Vieira-Martins [207], we
also seek to locate caustics of these trajectories in both regular and chaotic regimes
and compare the picture of caustics in this potential with the surface section at the
same initial condition. The classical trajectory was generated from the turning point
[�p(0) = 0], which corresponds to the initial condition A−1 = 0 for Equation (9.1).
After short-time propagation of A−1, the propagation is continued with the matrix
A. In the cases considered, the initial x0 is 0.43 while y0 has been taken to be −0.37
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FIGURE 9.1 Trajectory in the Henon-Heiles potential for the initial condition: x0 = 0.43 and
y0 = −0.37. The marks (∗) indicate the location of caustics. (Taken from Reference [47] with
permission.)
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FIGURE 9.2 The same as Figure 9.1 for the initial condition: x0 = 0.43 and y0 = −0.39.
Partial destruction of regular caustics is seen. (Taken from Reference [47] with permission.)

(Figure 9.1), −0.39 (Figure 9.2), and −0.41 (Figure 9.4). The location of caustics is
marked by ∗. The Poincaré surface sections corresponding to Figure 9.2 and Figure 9.4
are shown in Figure 9.3 and Figure 9.5. These cases from Figure 9.1 to Figure 9.5
correspond to a progressive degeneration of a regular trajectory into full chaos as
the accompanying figures show. As is well known, in the case of regular regime
(Figure 9.1), the caustics clearly provide the envelope of the family of trajectories.
As the system becomes chaotic, discontinuities (see Figure 9.4) and separatrices
(see Figure 9.5) appear in the Poincaré surface section and the caustics is no longer
discernible with the tori totally destroyed. As can be seen in these figures, the present
method works well in all regimes.

9.1.2 CAUSTICS IN CHEMICAL REACTION DYNAMICS

The second example is a three-dimensional triatomic chemical reaction mimicking
the reaction C + H2 → CH + H for total angular momentum J = 0. The motivation
here is naturally to make it possible to take into account the effects of tunneling in
chemical reaction dynamics in both classical and semiclassical treatments. In order
to run tunneling trajectories in the classically forbidden region, it is inevitable to find
caustics along each trajectory in the classically allowed region. We have used the
DIM (diatomics-in-molecule) potential matrix of CH2 [209–211]. The DIM matrix
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FIGURE 9.3 Poincaré surface corresponding to Figure 9.2. (Taken from Reference [47] with
permission.)

is defined as

V =

⎛
⎜⎜⎝

g1 + 1
2 (g3 + h3 + h2 + g2) 1

2 (g3 − h3) 1
2 (g2 − h2)

1
2 (g3 − h3) g2 + 1

2 (g3 + h3 + h1 + g1) 1
2 (g1 − h1)

1
2 (g2 − h2) 1

2 (g1 − h1) g3 + 1
2 (g1 + h1 + h2 + g2)

⎞
⎟⎟⎠,

(9.11)

where (h1, h2, h3) and (g1, g2, g3) represent the ground and excited states of H2, CHa ,
and CHb, respectively. The functional forms of these terms are taken as

h1(r ) = −Dh
[
1 + α1(r − rH2 ) + α2(r − rH2 )2 + α3(r − rH2 )3

]
exp
(−α4(r − rH2 )

)
,

(9.12)

g1(r ) = Dg
[
1 + β1r + β2r2

]
exp(−β3r ), (9.13)

h2,3(r ) = Bh (exp [−γh(r − rCH)] − 2) exp [−γh(r − rCH)] , (9.14)
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FIGURE 9.4 The same as Figure 9.1 for the initial condition: x0 = 0.43 and y0 = −0.41.
Total destruction of regular caustics is seen. (Taken from Reference [47] with permission.)
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FIGURE 9.5 Poincaré surface corresponding to Figure 9.4. Appearance of separatrices de-
notes full chaos. (Taken from Reference [47] with permission.)
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FIGURE 9.6 Family of reactive trajectories in the ground adiabatic potential energy surface
determined by Equation (9.11). The crosses indicate caustics. (Taken from Reference [47] with
permission.)

TABLE 9.1
Parameters αi and βi in Equations (9.12)–(9.13)

i 1 2 3 4

αi 2.1977034 1.2932502 0.64375666 2.835071
βi −1.3874149 0.9098728 2.181301 −

and

g2,3(r ) = Bg
(
exp
[−γg (r − rCH)

]− 2
)

exp
[−γg (r − rCH)

]
. (9.15)

The parameters rCH and rH2 are 2.0 and 1.401 a.u., respectively. The total energy and
the initial rovibrational states are taken to be 1.2 eV and (v = j = 0). It should be
noted that the potential energy surface has an attractive well of depth about 2.3 eV
and thus many trajectories are trapped in the well for a long time, as seen in Figure
9.6. Other parameters used are listed in Tables 9.1 and 9.2.

Without loss of generality, a triatomic system can be described by the Jacobi
coordinates. Then using the assumption that the center of mass is stationary and
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TABLE 9.2
Parameters Dj , Bj , and γ j in Equations
(9.12)–(9.15)

j h g

D j 0.15796326 4.502447
B j 0.13 0.10
γ j 1.3 1.5

also the constraint J = 0, the system can be described by four coordinates (i.e., the
collision is confined to a plane) and thus by a 4×4 matrix. These coordinates are here
referred to as X, Y, x , and y. The initial condition for the A-matrix propagation is
specified in the asymptotic area where the diatomic molecule is well separated from
the colliding partner. Then, the initial conditions for the propagation can be found
using well-defined separate integrals of motion in terms of the Jacobi coordinates
X, Y, PX , PY and x, y, px , py for the corresponding arrangement. For instance, for
a given initial rovibrational state of the diatomic molecule we have two asymptotic
integrals of motion for the internal coordinates,

1

2mH2

(p2
x + p2

y) + V (x, y) = constant and px y − py x = constant, (9.16)

and similar relations without potential for the atom-diatom relative coordinates. Dif-
ferentiating each of these four conservation equations with respect to x, y and X, Y
and treating the momenta as functions of the coordinates yield the analytical ex-
pression for the matrix D(PX , PY , px , py)/D(X, Y, x, y) and we obtain the initial
condition as

A =
(

AA 0
0 aa

)
, (9.17)

where

AA = 1

PXX + PYY

(
P2

Y −PX PY

−PX PY P2
X

)
(9.18)

and

aa = 1

pxx + pyy

( −mx ∂V
∂x + p2

y −mx ∂V
∂y − px py

−my ∂V
∂x − px py −my ∂V

∂y + p2
x

)
. (9.19)

To solve Equation (9.1), we have employed the fourth-order Adams-Bashforth-
Moulton predictor-corrector scheme, where the corrector is iterated until the final
convergence is achieved. This scheme acts as the first check on the validity of the
transformations. Namely, the nonconvergence can flag an error in the solution of
Equation (9.1) caused by a defective implementation of the suggested canonical
transformations. In order to show the feature of propagation, an example is given
in Figure 9.6 that shows a family of reactive trajectories and their numerically deter-
mined caustics. As expected, the caustics occur periodically in the asymptotic region
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corresponding to the turning points of the vibrational motion. The value of the present
method is seen in the rearrangement region. Here, the trajectory is no longer periodic
and the caustics cannot be easily identified by observation. The method works well to
determine those points that are important to incorporate tunneling effects in reaction
dynamics.

As mentioned above, it may happen that two or more eigenvalues of matrix A
almost simultaneously diverge around the same propagation time, especially when
the multidimensional potential has a deep well. This often occurs in the condensation
region of the insertion-type chemical reactions. This requires consecutive multiple
canonical transformations to treat concomitantly occuring divergences. A bit of care
is needed in choosing the time step and divergence criterion. Figure 9.7 shows a time
profile of the maximum absolute eigenvalue of the propagated matrix in the con-
densation region with peaks signifying the occurrence of caustics. In the asymptotic
region (not shown here), the time period corresponds to that of vibrational motion
of the diatomic molecule. The value of the method of multiple transformations is
highlighted by the detection of the internal structure that breaks the periodicity of
caustics. Here, the split of the peak corresponds to the situation where three caustics
occur within a time interval of about one-tenth of the period of the caustics in the
asymptotic region.

The present formulation can be easily applied to any general N -dimensional
system. This is a salient point to note, because for any N -dimensional system, the
maximum number of divergences that could occur almost in the same time instant
is the same as the dimensionality of the system. The method can treat even this
extreme case quite capably and is expected to be a potentially powerful complement
in the area of classical and semiclassical multidimensional chemical dynamics. As
was discussed in Section 3.1, the local separability is assumed at the caustics along
each classical trajectory, and the tunneling trajectory is evolved tangentially to the
caustic surface on the upside-down potential. Exit to the classically allowed region
from this tunneling region can be detected by using the same method discussed above
for the upside-down potential. It should be noted that the caustics exists also in the
tunneling region between different kinds of C-regions and/or I-regions.

In order to treat electronically nonadiabatic dynamics, the simple TSH (trajectory
surface hopping) method has been devised and usefully applied to various processes
(see, for instance, [48,113,114,116,117,212,213]). Many classical trajectories repre-
senting a given initial quantum state are evolved and the surface hopping probability,
or the nonadiabatic transition probability, is calculated for each trajectory when it
comes close to the potential energy surface crossing region. If that probability is
larger than a random number generated there, the trajectory hops to the other surface.
The simplest way of estimating reaction probability is to count the relative number
of the trajectories ending up with the required final condition. For the calculations
of nonadiabatic transition probability, various methods have been proposed. As was
briefly explained in Chapter 5, the analytical Zhu-Nakamura formulas can now be
used, enabling us to treat even classically forbidden transitions properly. This method
is called the ZN-TSH method and is expected to be useful to attack large chemical
and biological systems [48,108,111,112]. The above-mentioned method to treat tun-
neling process can be incorporated into this ZN-TSH method. Along each tunneling
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FIGURE 9.7 Time (in a.u.) profile of the absolute maximum eigenvalue of propagated matrix
in the case of chemical reaction. Coalescence of caustics occurs in condensation region and
appears as split peaks here. (Taken from Reference [47] with permission.)

trajectory the complex action Str j is calculated and the tunneling probability is esti-
mated as exp[−2(ImStr j )]/(1+ exp[−2(ImStr j )]). If the action |ImStr j | is larger than
a given criterion, then that trajectory is not necessary to be further propagated. As a
more sophisticated method, the Herman-Kluk semiclassical propagation method can
be employed. The initial wave function ψI (r0, t = 0) is expanded in terms of frozen
Gaussian wave packets g(r0; q0, p0) and the latter are propagated along each classical
trajectory (q0, p0, t = 0) → (qt , pt , t). That is to say, the final wave function at time
t is expressed as

ψ(r, t) =
∫

tra j

dq0dp0

(2π )N
g(r; qt , pt )Cq0,p0,t exp

[
i Sq0,p0,t

]

×
∫

dr0g∗(r0; q0, p0)ψI (r0, t = 0) (9.20)
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with

g(r; q, p) =
(

2γ

π

)N/4

exp[−γ (r − q)2 + ip · (r − q)], (9.21)

where γ is a parameter, N is the dimension of the coordinate space, Sq0,p0,t is classical
action along the trajectory from (q0, p0, t = 0) to (qt , pt , t), and Cq0,p0,t represents
the pre-exponential factor obtained from the monodromy matrix [119–121,214]. This
is called the Herman-Kluk semiclassical initial value representation (HKSCIVR) and
has been usefully applied to multidimensional adiabatic dynamics. As can be eas-
ily conjectured, the Zhu-Nakamura nonadiabatic transition amplitude can be incor-
porated into this formulation so that one can deal with electronically nonadiabatic
processes. This is called the ZN-HKSCIVR method and found to be useful to deal
with nonadiabatic chemical dynamics [48,108,112,118]. Now, the tunneling processes
can also be incorporated into this formulation in the similar way as in the ZN-TSH
method mentioned above with the phase contributions taken into account. Incor-
poration of tunneling effects into HKSCIVR has actually been discussed by many
authors [23,215–218]. Kay showed that tunneling can be well incorporated, if a com-
plex time-dependent width parameter γ is used [215]. Grossmann proposed a method
to treat tunneling by spawning classical trajectories [216]. Zhang and Pollak devised a
prefactor-free initial value representation and treated tunneling by using segments of
classical trajectories by slicing the propagation into intermediate steps [217]. Saltzer
and Ankerhold suggested that tunneling is effected by quasi-stationary fluctuation and
proposed to use complex trajectories to connect two classical turning points [23,218].
All of these have discussed only the one-dimensional case, but it is now possible to
treat multidimensional systems by using the method described in this section.

9.2 DIRECT EVALUATION OF REACTION RATE CONSTANT

9.2.1 ADIABATIC CHEMICAL REACTION

Since the thermal reaction rate constant is an important physical quantity to charac-
terize chemical reactions, it is desirable to be able to evaluate the quantity directly
without starting from the most detailed quantities of state-to-state reaction probabil-
ities. After the pioneering works of the classical transition state theory (TST) based
on the thermal activation done by Eyring and Wigner [219,220], many investigations
have been performed to improve this classical TST by including the recrossing and
quantum mechanical tunneling effects. See, for instance, the following review arti-
cles [11,17,221–223]. The semiclassical instanton approach has also been developed,
as explained in Section 3.2 for the case of decay of metastable state. A certain gen-
eralization was discussed by Cao and Voth to include the effects of bath modes by
using the path integral centroid approach [224]. Recently, the semiclassical instanton
approach has been revisited by Kryvohuz and a compact analytical expression of re-
action rate constant has been derived [225]. Quantum instanton theory has also been
formulated by Miller and co-workers, and various applications to practical systems
have been performed [226,227].

Let us introduce here the semiclassical instanton approach to reaction rate constant
discussed by Kryvohuz [225]. Using the semiclassical instanton theory based on the
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ImF method [17,228–230] and the monodromy matrix [27,231] and introducing an
effective one-dimensional model, he derived compact expressions of reaction rate
constant [225]. Considering that chemical reaction is a kind of decay or escape process
from a metastable state, the rate constant can be calculated by taking a Boltzmann
average of the imaginary part of energy of the metastable state. Assuming that the
imaginary part of energy is small, the reaction rate constant k(T ) at temperature T is
explicitly given by

k(T ) � − 2

h̄
ImF = 2

h̄β
Im[ln(Q)] � 2

h̄β

ImQ

ReQ
, (9.22)

where
β = κT, (9.23)

F and Q are the Helmholtz free energy and the partition function, respectively, which
are defined by

Q =
∑

i

exp[−βEi ] ≡ exp(−βF). (9.24)

As usual, by introducing the imaginary time t by

t = −i h̄β ≡ −iτβ, (9.25)

the partition function is expressed in terms of the semiclassical propagator as

Q = Tr(exp[−βH ]) =
∫

dx〈x| exp[−i Ht/h̄]|x〉 =
∫

D[x] exp(i S̄[x]/h̄),

(9.26)
where D[x(τ )] represents the path integral and S̄ is the action integral of the ordinary
Lagrangian with respect to t . By changing the time variable from t to τ , we obtain

Q =
∮

D[x(τ )] exp(−S[x(τ )]/h̄), (9.27)

where
∮ ≡ ∫

dxi
∫ x(h̄β)=xi

x(0)=xi
and S[x(τ )] is the action integral of the Lagrangian with

upside-down potential with respect to τ and is given by

S[x(τ )] =
∫ τβ

0

[
N∑

n=1

m

2

(
dxn

dτ

)2

+ V [x(τ )]

]
dτ, (9.28)

where m is the mass and N represents the dimension of coordinate space x. As was
mentioned before in Section 3.2 [below Equation (3.30)], taking the integration over
the range (0, τβ) provides the rate at a given temperature. There are two solutions of
the stationarity condition of the action, δS = 0. One is the trajectory sitting on the
maximum of the inverted potential that gives the partition function Qr of the reactant,
which is equal to ReQ. The second solution provides the classical instanton trajectory
xinst (τ ) and the corresponding partition function becomes imaginary. Thus we have

k(T ) = 2

h̄βQr
Im[Q(xinst )], (9.29)
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where xinst represents the instanton trajectory in the N -dimensional coordinate space.
To evaluate Q(xinst ) we introduce one-dimensional coordinate X along the classical
instanton trajectory xinst (τ ) and an (N − 1)-dimensional vector Y for the transverse
displacements from the instanton trajectory. Assuming that the transverse quantum
fluctuations δY are uncoupled from the longitudinal fluctuation δX , we can expand
the action in Equation (9.28) up to quadratic terms in δY [17,230,232,233] as

S �
∫ τβ

0

[
m

2

(
d X

dτ

)2

+ V [X (τ )]

]
dτ

+
∑
i, j

1

2

∫ τβ

0

[
δi j m

(
dYi

dτ

)2

+ V ′′
i j [X (τ )]Yi Y j

]
dτ, (9.30)

where X (τ ) = Xinst (τ ) + δX and Y = δY. The second derivative V ′′
i j [X (τ )] is taken

at {X = X (τ ),Y = 0} and parametrically depends on X (τ ). The integration over Y
degrees of freedom can be carried out exactly and gives [230,232]

N−1
�

n=1

1

2 sinh(λn[X (τ )]/2)
, (9.31)

where exp(±λn)(n = 1 ∼ N − 1) are eigenvalues of the 2N × 2N monodromy
matrix R2N (τβ), which satisfies the following differential equation along the instanton
trajectory:

d

dτ
R2N (τ ) + F(τ )R2N (τ ) = 0 (9.32)

with

F(τ ) =
(

0 −1/m
∂2V

∂xn∂xm
0

)
inst

(9.33)

and
R2N (τ = 0) = 1. (9.34)

In the case of harmonic potential, the stability parameters λn are explicitly given by

λn = h̄βωn, (9.35)

where ωn are the harmonic frequencies of transverse degrees of freedom along the
instanton trajectory. R2N has two more eigenvalues corresponding to the zero stability
parameter λ = 0 that correspond to the instanton degree of freedom X (τ ) and mani-
fests its invariance with respect to time shift. Now, the rate constant k(T ) is expressed
as [230]

k(T ) = 2

h̄βQr
Im
∮

D[X (τ )] exp
[−Sef f [X (τ )]/h̄

]
, (9.36)

where

Sef f = S0[X (τ )]+σ [X (τ )] ≡
∫ τβ

0

[
m

2

(
d X

dτ

)2

+ V [X (τ )]

]
dτ+σ [X (τ )] (9.37)



Tunneling in Chemical Reactions 177

with

σ [X (τ )] = h̄
N−1∑
n=1

ln[2 sinh(λn[X (τ )]/2]. (9.38)

Since the stability parameters λn depend on the quantum trajectory X (τ ), the effective
classical trajectory of instanton is the solution of δSef f /δX = 0, namely,∫ τβ

0

[
−m

∂2 X

∂τ 2
+ ∂V (τ )

∂X

]
dτ + h̄

2

∑
n

δλn

δX
coth(λn/2) = 0, (9.39)

where the last term introduces a kind of additional potential. Once the effective
instanton X (τ ) is solved, the overall effective one-dimensional potential is given by

Vef f (X ) = V (X ) + 1

2

∑
n

h̄ωn[X (τ )], (9.40)

where ωn[X (τ )] are harmonic frequencies of the transverse degrees of freedom along
the instanton trajectory. The instanton energy E(β) is obtained from

E(β) = ∂Sef f

∂τ
|τ=τβ . (9.41)

This formulation corresponds to the improved second approximation in Reference
[225]. In the simpler first approximation [225], the instanton is determined by the
first term of Equation (9.39) (Gutzwiller approximation), namely by

−m
∂2 X

∂τ 2
+ ∂V (τ )

∂X
= 0. (9.42)

In this approximation λn depends only on the instanton determined by this condition
and we simply have

λn[X (τ )] = λn[Xinst (τ )] = λn(τβ), (9.43)

σ [X (τβ)] = σ (τβ), (9.44)

and
Sef f � S0(τβ) + σ (τβ). (9.45)

Clearly, this first approximation is much simpler than the second one mentioned
above. Both first and second approximations are applied to several collinear chemical
reactions [225]. The first approximation was found to work well for the simplicity
compared with the second one. Once the instanton trajectory Xinst (τ ) and the effective
one-dimensional potential Vef f (Xinst ) are determined, the rate constant is calculated
from the one-dimensional transmission corresponding to Sef f . In the case of the first
approximation, we have

k(T ) = Qtrans

Qr
f, (9.46)

where the flux f is given by

f = 1

2π h̄

∫ V0

−∞
e−βE e−W (E)d E (9.47)
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with

W (E) = S0(τβ) − τβ
∂Sef f

∂τβ
= S0(β) − τβ E(β), (9.48)

where V0 is the barrier height of the one-dimensional effective potential. Equation
(9.47) is valid for the temperature lower than the upper limit at which the instanton
trajectory exists. Expanding W (E) around E = E0(β)[= (∂S0/∂β)/h̄] up to the
second order and performing the Gaussian-type integration in Equation (9.47) with
use of the relation

∂2W

∂E2
|E0(β) = −

[
∂E

∂β

]−1

|E0(β), (9.49)

we finally obtain the compact expression of the rate constant as

k = Qtrans

Qr

√
−E ′

0(β) − σ ′′(β)/h̄

2π h̄2 exp[−S0(β)/h̄]erf

[
V0 − E0(β) − σ ′(β)/h̄√−E ′

0(β) − σ ′′(β)/h̄

]
,

(9.50)
where

erf(x) = 1√
2π

∫ x

−∞
exp(−t2/2)dt (9.51)

and

Qtrans = N−1
�

n=1

1

2 sinh
(

1
2λn(τβ)

) . (9.52)

Further detailed discussions and applications to collinear chemical reactions are given
in Reference [225]. Miller and co-workers have formulated the quantum instanton
theory, starting from the expression of rate constant in terms of the flux operators,
and applied it to various practical processes. Those who are interested in that should
refer to References [226,227]. The semiclassical instanton theory explained above
can be conveniently generalized to the case of nonadiabatic chemical reaction. This
is discussed in the next subsection.

9.2.2 NONADIABATIC CHEMICAL REACTION

As for electronically nonadiabatic chemical reactions, one typical example of which
is the electron transfer process between molecules [234–236], not many works have
been done so far to formulate a general theory for directly evaluating the reaction
rate constant beyond the perturbative treatment of electronic coupling. Voth and co-
workers [237] have developed a computational methodology to evaluate rate constant
including the effects of bath by using the Pechukas-type treatment of nonadiabatic
transition based on the diabatic state representation [238]. Okuno and Mashiko for-
mulated an expression of rate constant by using the Landau-Zener formula at the
minimum energy crossing point [239]. A nonadiabatic version of transition state the-
ory for unimolecular reactions was developed by Marks and Thompson by using the
phase space ensemble and the Landau-Zener formula in the diabatic state representa-
tion [240]. This was applied to bond fission processes in bromoacetyl chloride [241].
Topaler and Truhlar studied nonadiabatic decay rate of excited complex in scope of
statistical model [242]. Nakamura and co-workers [243] formulated a nonadiabatic
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transition state theory by using the Miller’s general formula of the flux-side correlation
function [244] and the Zhu-Nakamura theory of nonadiabatic transition [48]. They
have applied it to electron transfer and are successful to improve the celebrated Mar-
cus formula by uniformly covering the whole range of electronic coupling strength
in the harmonic oscillator approximation [245]. There have been proposed various
simulation methods to deal with nonadiabatic processes (see, for instance, [48,108]).
The simplest ones are the trajectory surface hopping (TSH) methods such as the
fewest switches TSH [113,246] and the ZN-TSH method mentioned in Sections 5.2
and 9.1 [111,112]. A bit more sophisticated ones to include the effects of phases are
the ZN-HKSCIVR method, also mentioned in these sections [118], and the spawning
method developed by Levine and Martinez [247]. It should be noted that these meth-
ods are not for evaluating the rate constants directly. It should also be noted that only
the Zhu-Nakamura formulas can treat classically forbidden transitions properly and
analytically.

In this subsection a formulation of compact expression for the nonadiabatic re-
action rate constant is proposed [248]. Since the nonadiabatic chemical dynamics
would open up a new significant branch of chemical dynamics not only in the sense
of comprehending the dynamics occuring in nature but also in the sense of controlling
the dynamics and manifesting new molecular functions [112], a compact formulation
of the nonadiabatic chemical reaction rate constant would be quite useful. The semi-
classical instanton approach of Kryvohuz introduced in the previous subsection [225]
may be generalized to nonadiabatic processes. The instanton trajectory is defined by
including the effects of nonadiabatic transition and searched by employing the method
similar to that used in tunneling splitting. Furthermore, the analytical Zhu-Nakamura
formulas of nonadiabatic transitions can be incorporated. This theory can cover a
wide energy range from deep tunneling to high energy above the crossing point. For
clarity, we consider the nonadiabatic tunneling-type curve crossing shown in Figure
5.4, although it is possible to treat more general cases. As explained in Chapter 5, it is
important to note that the tunneling through the lower adiabatic potential E1(X ) is af-
fected by the upper adiabatic potential E2(X ). The effective action, Sef f , of Equation
(9.37) in the first approximation should now be replaced by

SN D
ef f [X (τβ)] =

∫ τβ

0

[
m

2

(
d X

dτ

)2

+ V [X (τ )]

]
dτ

+σ (τβ) − ln(1 − pZ N ) + 2h̄φS[X (τβ)] (9.53)

where σ (τβ) is the contribution from the transverse degrees of freedom as in the
adiabatic case and φS is the so-called dynamical phase due to nonadiabatic transition
that is given by Equation (5.49) in Section 5.2. The potential V (X ) represents the
upside-down of E1(X ). When the instanton trajectory runs through the upside-down
adiabatic potential −E1(X ), the phase φS and the factor ln(1− pZ N ), which represents
the transferability, should be added. Actually, the transition amplitude I11 for staying
on the potential −E1(X ) by one passage of the avoided crossing point is given by

I11 =
√

1 − pZ N exp(iφS), (9.54)

where pZ N is the Zhu-Nakamura nonadiabatic transition probability given by Equa-
tion (5.45). The instanton trajectory is determined from the stationarity condition as
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before,
δSN D

ef f

δX
= 0. (9.55)

When the instanton trajectory Xinst (τ )(τ = 0 → τ = τβ) is determined from this
condition, the one-dimensional effective potential Vef f (Xinst ) is obtained for the given
temperature β. Thus the original multidimensional problem is reduced to the one-
dimensional transmission through this effective potential along the instanton trajec-
tory and the rate constant k(T ) is given by

k(T ) = Qtrans

Qr
fN D, (9.56)

where Qtrans is the contribution from the transversal degrees of freedom and is given
by Equation (9.52). The rate fN D is the nonadiabatic transmission rate given by

fN D = 1

2π h̄

∫ Et

−∞
d E exp(−βE)P(E), (9.57)

where Et is the barrier top of the lower adiabatic potential (see Figure 5.4) and P(E)
is the nonadiabatic tunneling probability given by the Zhu-Nakamura theory. Since
we are considering the energy region E ≤ Et here, the transmission probability P(E)
is given by Equation (5.24). However, since the transmission probability expressions
are also available at higher energies E ≥ Et , the rate constant at these energies can
be given by the same expression as Equation (9.56). Since the instanton trajectory
shrinks to a point Xt , top of the potential barrier, we have

Qtrans = N−1
�

n=1

1

2 sinh
(

τβ
2 ω

†
n

) , (9.58)

where ω†
n are transverse frequencies at Xt . The flux fN D is the same as Equation

(9.57) with P(E) given by Equations (5.37) and (5.46) for energies Et ≤ E ≤ Eb

and E ≥ Eb, respectively.
The instanton trajectory can be searched for by using a method similar to that used

in Section 6.2. The instanton trajectory is a periodic orbit starting from xi at τ = 0
and coming back to the same position xi at τ = τβ . The starting point xi corresponds
to the turning point T l

1 in Figure 5.4 at energy E(β). At the half time τ = τβ/2 it
reaches the other turning point x f , which corresponds to T r

1 in Figure 5.4. Instead of
using the time τ , we introduce the following parameter z:

z = 1

τβ
(4τ − τβ), (9.59)

where τ = 0(x = xi )[τ = τβ/2(x = x f )] corresponds to z = −1[z = 1]. The
instanton trajectory becomes a parametrized path and is expressed as

xn = 1 − z

2
xin + 1 + z

2
x f n + (1 − z2)

M∑
l=1

Clnφl(z), (9.60)
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where φl(z) are taken to be Legendre polynomials. The action SN D
ef f is expressed as

a function of {Cl , xα(α = i, f )}. It should be noted that being different from the
tunneling splitting case, the initial and final positions xα(α = i, f ) are unknown and
should be determined variationally. Since there is a symmetry for τ = 0 → τβ/2 and
τ = τβ/2 → τβ , what we actually need is the half-period calculation from τ = 0 to
τ = τβ/2. The τ → z transformation in Equation (9.59) is a simple linear one, being
quite different from the nonlinear one used in Section 6.2. Because of this and the
necessity to determine the endpoints xα(α = i, f ), the convergence is much slower
with respect to M . The procedure to find the instanton path for each temperature β is
as follows:

1. Assuming certain initial values for φD , {Cl}(l = 1, . . . , M) and xα(α =
i, f ), we calculate approximate path, instanton energy, and avoided cross-
ing point xc. Then we can compute σ (τβ) and φD[X (τ )], and determine
the zeroth order approximate instanton path.

2. Using the previous results of {Cl , xα}, we apply the following variational
principle. Namely, for the variation

{Cl} → {Cl + δCl} and xα → xα + δxα(α = i, f ), (9.61)

we minimize the action

∂δSN D
ef f ({δCl}, δxα)

∂δCl
= 0 (9.62)

and
∂δSN D

ef f ({δCl}, δxα)

∂δxα

= 0. (9.63)

From this improved path, σ (τβ) is calculated and the improved φD[X (τ )]
is obtained. It should also be confirmed whether E(β) = E1(xi ) = E1(x f )
is satisfied. Then the improved instanton path is determined and we repeat
this procedure.

3. If everything is converged, we go back to the process (2).





10 Concluding Remarks and
Future Perspectives

Such a basic idea of the instanton theory that the energy E is treated as the first-
order term of h̄ is useful for the problems of tunneling splitting in symmetric double
well potential and decay of metastable state through tunneling. With use of this basic
idea, the modified WKB theory was formulated and demonstrated to be applicable
virtually to any real molecular systems with high accuracy. There are two key points
that made this possible. The first is that we can find the instanton trajectory rela-
tively easily and accurately in multidimensional space. The second is that the high
level of ab initio quantum chemical data along the instanton trajectory can be ef-
ficiently used to calculate desirable physical quantities with no need to construct a
global potential energy surface in multidimensional space. Although the high-level
quantum chemical calculations—including first- and second-order derivatives of po-
tential energies—require a bit too much CPU time, this can be alleviated by using
lower-level non-time-consuming quantum chemical calculations in an appropriate
way. This recipe was explained in detail. Numerical applications to real polyatomic
molecules have been carried out and demonstrated to reproduce the highly accurate
spectroscopic experimental data. Furthermore, insufficiency of low (one and two)
dimensional treatments and the effects of multidimensionality were clearly pointed
out and numerically demonstrated. Vibrational excitations do not necessarily enhance
tunneling, and tunneling probabilities may decrease or oscillate with the excitation,
depending on the topology of potential energy surface. Although full-dimensional
treatment is possible, from the viewpoint of comprehending the tunneling dynamics
and avoiding unnecessary heavy computations, it is desirable to find out which degrees
of freedom are crucial to be included in order to comprehend the tunneling dynamics
properly. An example was provided in Section 7.4 in which the out-of-plane wag-
ging motion is found to play important roles in the case of malonaldehyde. Analyses
along this line should be further carried out. It is also necessary to develop theories
further so that we can deal with rovibrationally excited states in general. Recently,
the ring-polymer instanton method has been developed by Althorpe and co-workers
for calculating tunneling splitting in multidimensional systems [249]. Some detailed
studies would be necessary to compare with other methods such as the one presented
here.

Although mathematical development is still required to improve the semiclassical
mechanics to cover both classically allowed and forbidden regions, multidimensional
tunneling phenomena in chemical reactions or more generally in various chemical
dynamics can now be dealt with to a good extent by using classical trajectories. In
classically allowed regions, ordinary classical trajectories can be run and the caus-
tics that defines the boundary between classically allowed and forbidden regions can
be determined relatively easily. This detection of caustics in high-dimensional space
cannot be done by simply running classical trajectories, but can be made by solving
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an appropriate stable Riccati-type nonlinear differential equation along a classical tra-
jectory. Assuming the local separability at caustics, we can run classical trajectories
on the inverted upside-down potential in the classically forbidden region. This kind
of formulation can be incorporated into the classical and semiclassical methods that
can deal with nonadiabatic dynamics such as ZN-TSH and ZN-HKSCIVR methods
based on the Zhu-Nakamura theory of nonadiabatic transition. Then, such impor-
tant quantum mechanical effects as nonadiabatic transition, tunneling, and various
phases can be taken into account by running classical trajectories. These methods
can be employed within the on-the-fly framework and are expected to be applied
to a wide range of chemical and biological dynamic processes [22]. Tunneling phe-
nomena would be important not only at low energies on the electronically ground
potential energy surface, but also at high energies on the electronically excited poten-
tial energy surface, whenever potential barriers exist. Theories for direct evaluation
of reaction rate constants have also been well developed for electronically adiabatic
chemical reactions such as the variational transition state theory, and semiclassical and
quantum instanton theories. The semiclassical instanton approach for nonadiabatic
chemical reactions was also presented by generalizing the corresponding approach
for adiabatic chemical reactions. This kind of treatment has to be further improved,
such as in the treatment of Chapter 6. In chemical and biological dynamics, nona-
diabatic tunneling-type transitions are rather ubiquitous and care should always be
taken whether the potential barrier encountered is an ordinary adiabatic potential bar-
rier or created by the interaction with higher excited state, namely, the nonadiabatic
tunneling-type barrier. One-dimensional theory of the nonadiabatic tunneling phe-
nomenon has been established by Zhu and Nakamura, but multidimensional theory
has yet to be developed.

There are many other important topics that could not be treated in this book such as
effects of environment, chaos-assisted tunneling or chaotic tunneling, time-dependent
tunneling phenomena, and macroscopic tunneling. Those who are interested in these
topics should refer to the following books [17,21–24,233,250,251]. Tunneling time,
which cannot be defined definitely, presents another interesting subject that we did
not discuss in this book. The reader should refer to the books [21,48], for instance.



A Proofs of Equation (2.95)
and Equation (2.110)

By following Appendix A of [2] by Coleman, Equation (2.110) and Equation (2.95)
are proved. Let us consider the equation(

− ∂2

∂τ 2
+ W

)
ψλ(τ ) = λψλ(τ ), (A.1)

where W is some bounded function of τ . The solution function that satisfies the
boundary conditions,

ψλ(−T/2) = 0 and
∂ψλ

∂τ
(τ = −T/2) = 1, (A.2)

is denoted as ψλ(τ ). The operator −∂2/∂τ 2 + W has an eigenvalue λn , if and only if
the eigenfunction ψλn (τ ) satisfies the boundary condition

ψλn (τ = T/2) = 0. (A.3)

Let W (1) and W (2) be two functions of τ and the corresponding solutions of Equation
(A.1) are denoted as ψ

(1,2)
λ (τ ). We prove the following equation:

det

[
− ∂2

∂τ 2 + W (1) − λ

− ∂2

∂τ 2 + W (2) − λ

]
= ψ

(1)
λ (T/2)

ψ
(2)
λ (T/2)

. (A.4)

The left-hand side of this equation is a meromorphic function of λ with a simple zero
at each λ(1)

n and a simple pole at λ(2)
n . By the Fredholm theorem of complex function

theory, the left-hand side goes to one as λ goes to infinity in any direction except
along the positive real axis. The right-hand side is also a meromorphic function with
exactly the same zeros and poles. By elementary differential equation theory, it also
goes to one in the same limit. Thus the ratio of the two sides is an analytic function
of λ that goes to one as λ goes to infinity in any direction except along the positive
real axis. That is to say, the ratio is equal to one. This proves the above equality.

Noting that Equation (2.108) has the primed det′ that excludes the lowest eigen-
value, we can easily see that Equation (2.109) is equal to Equation (2.110).

If we define a normalization quantity N by

det
(− ∂2

∂τ 2 + W
)

ψλ=0(T/2)
= π h̄N 2, (A.5)

then by Equation (A.4) N is independent of W . Thus we have the following relation:

N

[
det

(
− ∂2

∂τ 2
+ W

)]−1/2

= [π h̄ψ0(T/2)]−1/2 . (A.6)
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As a simple example, let us consider the harmonic oscillator W = ω2. We have the
solution of Equation (A.1) under the boundary conditions Equation (A.2) as

ψ0(τ ) = ω−1 sinh[ω(τ + T/2)]. (A.7)

Since this solution goes to (1/2ω) exp[ωT ] at T → ∞, we can easily obtain Equation
(2.95).



B Derivation of Equation
(6.80)

Noting Equations (6.17) and (6.9), let us consider the integral

∫
dqδ

(∑
i

Ci qi

)
exp
(−Ai j qi q j

) ≡
∫

dqδ
(
CT q

)
exp
(−qT Aq

)
. (B.1)

Making the orthogonal transformation q = Tu, we rewrite this integral as∫
duδ

(
ϑT u

)
exp
(−uT �u

)
, (B.2)

where
ϑ = TT C (B.3)

and
� = TT AT. (B.4)

We can always choose the orthogonal matrix T in such a way that ϑ has only one
nonzero component

ϑi = δi N

√
CT C. (B.5)

In this case the integration gives

∫
duδ(ϑN uN ) exp

(−uT �u
) = 1

ϑN

√
π N−1

det �̃
, (B.6)

where �̃ is the (N −1) by (N −1) matrix obtained from � by deleting the N th column
and N th row. Taking into account the relation between the minors of the matrix and
its inverse, we get

1

ϑN

√
π N−1

det �̃
=
√

π N−1

det�(ϑT �−1ϑ)
=
√

π N−1

det A(CT A−1C)
. (B.7)

This proves the third equal of Equation (6.80). Referring to the discussion in Section
6.1.1 around Equation (6.9) and noting

τi N = dq0i

d S
= dq0i

dτ
/

d S

dτ
= pi

|p| , (B.8)

we can obtain the final expression of Equation (6.80).
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C Herring Formula in
Curved Space

The derivation [see Equation (6.84)] is quite similar to the Cartesian case. We consider
two Schrödinger equations, one for state n,[

− 1

2
√

g

∂

∂qi

√
ggi j ∂

∂q j
+ V (q)

]
�n(q) = En�n(q), (C.1)

and the one for state m. Next we multiply the first equation by �m , the second by �n ,
subtract one from the other, and integrate with the measure

√
g over the part of the

coordinate space V� with the boundary � of the dividing surface. We get

�E
∫

V�

√
g�n�mdq = 1

2

∑
i j

∫
V�

dq
[
�n

∂

∂qi

√
ggi j ∂

∂q j
�m − �m

∂

∂qi

√
ggi j ∂

∂q j
�n

]

×1

2

∑
i j

∫
dq1 · · · dqi−1dqi+1 · · · dqN

∫ qi (q1···qi−1,qi+1···qN )

dqi

×
[
�n

∂

∂qi

√
ggi j ∂

∂q j
�m − �m

∂

∂qi

√
ggi j ∂

∂q j
�n

]
, (C.2)

where qi (q1 · · · qi−1, qi+1 · · · qN ) is the solution of the equation f (q) = 0, which
determines �. For any i the integration by parts gives

∑
j

∫
qi (q1···qi−1,qi+1···qN )dqi

[
�n

∂

∂qi

√
ggi j ∂

∂q j
�m − �m

∂

∂qi

√
ggi j ∂

∂q j
�n

]

=
∑

j

√
g

[
�n

∂

∂qi

√
ggi j ∂

∂q j
�m − �m

∂

∂qi

√
ggi j ∂

∂q j
�n

]
|qi =qi (q1···qi−1,qi+1···qN )

=
∑

j

∫
dqi

√
gδ( f (q))

∂ f

∂qi

[
�ngi j ∂�m

∂q j
− �m gi j ∂�n

∂q j

]
(C.3)

and Equation (C.2) can be rewritten as

�E
∫

V�

dq
√

g�n�m = 1

2

∑
i j

∫
dq

√
gδ ( f (q))

∂ f

∂qi

[
�ngi j ∂�m

∂q j
− �m gi j ∂�n

∂q j

]
.

(C.4)
To calculate the tunneling splitting we take

�n(q) = �sym(q) ≡ �(q) + �(Cq)√
2

(C.5)

and

�m(q) = �asym(q) ≡ �(q) − �(Cq)√
2

, (C.6)
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where�(q) is a function that is localized near one of the potential minima and satisfies
the Schrödinger equation up to exponentially small terms. Inserting this into Equation
(C.4), we get

�E =
2
∫

dq
√

gδ ( f (q)) ∂ f
∂qi �

√
g ∂�

∂q j∫
dq

√
g�2

, (C.7)

which is nothing but the Herring formula in general case.



D Derivation of Equation
(6.97)

We consider the family of characteristics [q(γ ), p(γ )] for the Hamilton-Jacobi equa-
tion where γ is N -dimensional parameter. The matrix of the second derivatives Ãi j

in Equation (6.96) is readily expressed in terms of the derivatives with respect to this
parameter,

Ã = Dp
Dq

= Dp
Dγ

(
Dq
Dγ

)−1

, (D.1)

where we have used the notations (Dq/Dγ )i j = ∂qi/∂γ j and (Dp/Dγ )i j = ∂pi/∂γ j .
Along the characteristics, it satisfies the equation

d

dτ
Ã =

[
d

dτ

(
Dp
Dγ

)](
Dq
Dγ

)−1

− Ã
[

d

dτ

(
Dq
Dγ

)](
Dq
Dγ

)−1

. (D.2)

Differentiating the Hamilton equations of motion for the characteristics with respect
to γ , we get

d

dτ

(
Dp
Dγ

)
= −Hqq

(
Dq
Dγ

)
− Hqp

(
Dp
Dγ

)
(D.3)

and
d

dτ

(
Dq
Dγ

)
= Hpq

(
Dq
Dγ

)
+ Hpp

(
Dp
Dγ

)
. (D.4)

Inserting these relations into Equation (D.2), we get Equation (6.97) of the text.
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E Computer Code to
Calculate Instanton
Trajectory

This appendix presents a Fortran source code for the variational calculations of the
instanton path in the simplest case of NCOR Cartesian coordinates with the corre-
sponding masses MASS(1:NCOR). One possible application is the tunneling problem
in a large atomic cluster with frozen motion of distantly located atoms. At each step
of iteration, the minimization of the classical action is done by using the simplest
Newton’s method, which involves the Hessian matrix of the potential function. Com-
puting the Hessian can be avoided by switching to the conjugate gradient method.
Note, however, that the Hessian matrix is ultimately needed in the final calculations
of tunneling splitting and decay rate. In order to test the code, the following functions
and subroutines should be provided:

1. Potential function POT(COR) of NCOR Cartesian coordinates COR(1:
NCOR).

2. Subroutine GAULEG(XX,WW,NDVR): gives NDVR Gauss-Legendre
quadrature points XX(1:NDVR) and the corresponding weights WW(1:
NDVR).

3. Subroutine LEGPOL(Z,NFUN,FUN0,FUN1): gives NFUN lowest Legen-
dre polynomials FUN0(1:NFUN) and their derivatives FUN1(1:NFUN).
Z is the argument of the polynomials.

4. Subroutine PDER(COR,POT1,POT2,NCOR): gives NCOR first deriva-
tives POT1(*) and NCOR*(NCOR+1)/2 second derivatives POT2(*) in
symmetric storage mode.

5. Subroutine DIAG(A,N,E,Z,...): diagonalizer of real symmetric matrix A of
order N in symmetric storage mode, whose eigenvalues and eigenvectors
are E(N), Z(N,N).

PROGRAM TRAJ
PARAMETER (NCOR=30,NFUND=31, NGDIM=NFUND*NCOR,

& NGDIMS=NGDIM*(NGDIM+1)/2, NCORS=NCOR*(NCOR+1)/2)
C

DIMENSION POL(NFUND,NDIM),PR(NFUND,NDIM)
DIMENSION XX(NDIM),WW(NDIM)
DIMENSION S2(NGDIMS),S1(NGDIM),C(NGDIM)
DIMENSION VAL(NGDIM),VEC(NGDIM,NGDIM)
DIMENSION TR(NCOR,NDIM),DTR(NCOR,NDIM)
DIMENSION TR0(NCOR,NDIM),DTR0(NCOR,NDIM)
DIMENSION V(NDIM),VD(NCOR),VDD(NCORS)
DIMENSION DNOR(NFUND),WK(NCOR,NCOR)
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DIMENSION XI(NCOR),XF(NCOR)
REAL MASS(NCOR)

C — Input parameters
C XI,XF - Cartesian coordinates of two potential minima (pot(xi)=pot(xf))
C MASS - Atomic masses
C NFUN - Number of basis functions (normally ∼ 10-20);
C NFUN must not exceed NFUND
C N - Extra parameter: NDVR = N+NFUN becomes a number of quadrature
C points in Gauss-Legendre integration, must not exceed NDIM
C EPS - Tolerance to cut small eigenvalues, also
C used in the convergence criterion. The value depends on the
C system. EPS = 1.E-3 could be a good try
C Two other convergence criteria: (*) the 1st eigenvalue of δ2S0 tends to zero;
C (**) decreasing max(s1(1:ncor))

namelist /input/xi,xf,mass,nfun,n,eps
open(1,file=’input.dat’) !Input data file

read(1,input)
close(1)

ndvr=nfun+n
ng=nfun*ncor !Total number of expansion coefficients in

Equation (6.111)
if(ndvr.ge.ndim) stop ’INCREASE NDIM’
if(nfun.ge.nfund) stop ’INCREASE NFUND’

sqrt2=sqrt(2.0)

c — Legendre polynomials Pn(z) and their derivatives at quadrature points
call gauleg(xx,ww,ndvr)
do i=1,ndvr

z=xx(i)
call legpol(z,nfun,pol(1,i),pr(1,i))

end do

c — Basis functions (1-z2)Pn(z) and their derivatives at quadrature points
do k=1,ndvr

z=xx(k)
z1=2*z
z2=z*z

do l=1,nfun
pr(l,k)=pr(l,k)*(1.0-z2)-z1*pol(l,k)
pol(l,k)=pol(l,k)*(1.0-z2)

end do
end do
ezero = pot(xi) !Energy at the potential minimum
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C — The initial straight path (first two terms in the right-hand side of Equation
(6.111))
C TR0, DTR0: coordinates and their z derivatives at quadratures points

do k=1,ndvr
do ic=1,ncor

tr0(ic,k)=0.5*(xi(ic)+xf(ic))+0.5*(xf(ic)-xi(ic))*xx(k)
dtr0(ic,k)=0.5*(xf(ic)-xi(ic))

end do
end do

C — Initialization
c=0.0
niter=0

10 niter=niter+1 !Counting iterations
if(niter.gt.50) stop ’NOT CONVERGED’ !It’s time to look for a bug

C — Path and its z derivatives
tr=tr0
dtr=dtr0

do k=1,ndvr
ic=0

do l=1,nfun
do i=1,ncor

ic=ic+1
tr(i,k)=tr(i,k)+C(ic)*pol(l,k)
dtr(i,k)=dtr(i,k)+C(ic)*pr(l,k)

end do
end do

end do

s0=0.0
s1=0.0
s2=0.0
dnor=0.0

C
do 10000 k=1,ndvr !Loop over quadrature points

sum=0.0
do i=1,ncor

sum=sum+dtr(i,k)*dtr(i,k)*mass(i)
end do

temp=sqrt(sum)
C — potential and its derivatives

v(k)=pot(tr(1,k))-ezero
call pder(tr(1,k),vd,vdd,ncor)

C — auxiliary normalization factors
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do i=1,nfun
dnor(i)=dnor(i)+pol(i,k)*pol(i,k) * temp/sqrt(v(k))*ww(k)

end do
C — Contribution to the action integral S0

s0=s0+sqrt(v(k)) * temp * ww(k)
C — Contribution to δS0

temp = sqrt2*sqrt(v(k))/temp
do i=1,ncor

wk(i,1)=dtr(i,k)*mass(i)
end do

ic=0
do l=1,nfun

do i=1,ncor
ic=ic+1

s1(ic)=s1(ic)+ww(k)*
& (temp*pr(l,k)*wk(i,1) + vd(i)*pol(l,k)/temp)

end do
end do

C — Contribution to δ2S0 (symmetric storage mode)
do 100 ifun=1,nfun

ig0=(ifun-1)*ncor
do 110 jfun=1,ifun-1

jg0=(jfun-1)*ncor
do ic=ncor,1,-1

ig=ig0+ic
ij0=(ig*(ig-1))/2

do jc=1,ic
jg=jg0+jc

ij=ij0+jg
ijc=ic*(ic-1)/2+jc

wk(ic,jc)=vdd(ijc)*pol(ifun,k)*pol(jfun,k)/temp
s2(ij)=s2(ij)+ww(k)*wk(ic,jc)

enddo
s2(ij)=s2(ij)+

& ww(k)*temp*pr(ifun,k)*pr(jfun,k)*mass(ic)
do jc=ic+1,ncor

jg=jg0+jc
ij=ij0+jg

s2(ij)=s2(ij)+ww(k)*wk(jc,ic)
enddo

enddo
110 continue
C — Diagonal block of δ2S0

ijc=0
do ic=1,ncor
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ig=ig0+ic
ij0=(ig*(ig-1))/2

do jc=1,ic
ijc=ijc+1

jg=ig0+jc
ij=ij0+jg

sum= vdd(ijc)*pol(ifun,k)*pol(jfun,k)/temp
s2(ij)=s2(ij)+ww(k)*sum

enddo
C — Kinetic term in δ2S0

sum=temp*pr(ifun,k)*pr(jfun,k)*mass(ic)
s2(ij)=s2(ij)+ww(k)*sum

enddo
100 continue
10000 continue

s0=s0*sqrt2
C — Accuracy estimate

del=abs(act-s0)
if(del/s0.lt.eps) goto 1000 !The action is converged

C — Rescaling factors dnor(*) are introduced in order to have normalized
C basis functions in Equation (6.113)

do i=1,nfun
dnor(i)=sqrt(sqrt2/dnor(i))

end do
C — Rescaling δS0

ic=0
do l=1,nfun

do i=1,ncor
ic=ic+1
s1(ic)=s1(ic)*dnor(l)

end do
end do

C — Rescaling δ2S0

do ifun=1,nfun
ig0=(ifun-1)*ncor

do jfun=1,ifun-1
jg0=(jfun-1)*ncor
do ic=1,ncor

ig=ig0+ic
ij0=(ig*(ig-1))/2

do jc=1,ncor
jg=jg0+jc
ij=ij0+jg

s2(ij)=s2(ij)*dnor(ifun)*dnor(jfun)
enddo
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enddo
enddo
do ic=1,ncor

ig=ig0+ic
ij0=(ig*(ig-1))/2

do jc=1,ic
jg=ig0+jc
ij=ij0+jg

s2(ij)=s2(ij)*dnor(ifun)*dnor(ifun)
enddo

enddo
enddo

C — Diagonalization of δ2S0

call diag(s2,ng,val,vec,...)
C val(1:ng), vec(1:ng,1:ng) are assumed to contain eigenvalues and eigenstates
C The negative eigenvalues are omitted.
C For convergent instanton path val(1) → 0 and val(2:ncor) > 0.

s2(1:ng)=matmul(transpose(vec(1:ng,1:ng)),s1(1:ng))
do k=2,ng

if(val(k).gt.eps)then
s1(k)=-s2(k)/val(k)

else
s1(k)=0.0

end if
end do

C — Calculate the new expansion coefficients
ic=0

do l=1,nfun
do i=1,ncor

ic=ic+1
sum=0.0

do k=2,ng
sum=sum+vec(ic,k)*s1(k)

end do
c(ic)=c(ic)+sum*dnor(l)

end do
end do

C — Estimate new S0

act=s0
do k=2,ng

if(val(k).gt.eps) act=act-0.5*s2(k)**2/val(k)
end do
goto 10 !Proceed with the next iteration

1000 continue !Done; C(1:ng) determine the instanton path Equa-
tion (6.111)

end
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As an illustration, we present the results of the iterative calculations of S0 in the
model potential

V ({x}) = (x2
1 − 1)2 +

Nc∑
i=2

(
x2

i

2
+ x1xi

)
(E.1)

of Nc = 10 Cartesian coordinates with unit mass factors, computed by using 10 and
20 basis functions in Equation (6.111) (parameter NFUN in the code). Two other
input parameters were taken as N=10 and EPS=1.E-4. In practice, the first few itera-
tions always give physical result with two to three significant digits of accuracy. Two
above-mentioned extra convergence criteria are also shown in the tables. These data
can be directly used in the code compilation.

NFUN=10

Niter S0 S1MAX VAL(1)

1 34.93644 12.13063 -2.335472
2 29.72368 5.465971 0.146039
3 28.95526 0.361709 2.071044E-002
4 28.95110 1.169700E-002 7.401369E-003
5 28.95109 8.930430E-003 7.342669E-003

NFUN=20
Niter S0 S1MAX VAL(1)

1 34.93644 12.13063 9.179749E-002
2 30.45321 4.866121 8.4116373E-002
3 29.41160 1.748358 8.177740E-002
4 29.12340 0.9158290 7.722782E-002
5 29.03844 0.7215158 8.080321E-002
6 29.00676 0.5661420 8.140273E-002
7 28.99099 0.4374829 8.103709E-002
8 28.98333 0.3416091 8.082822E-002
9 28.97825 0.3145442 8.084504E-002

10 28.97465 0.2593439 8.048192E-002
11 28.97201 0.3137331 8.025333E-002
12 28.96978 0.2365213 8.010309E-002
13 28.96796 0.2631376 7.999041E-002
14 28.96641 0.2115241 7.974611E-002





F Derivation of Some
Equations in Section 6.4.2

F.1 DERIVATION OF EQUATION (6.156)

Since Equation (6.153) explicitly defines the function τ (x) and v0 = ∂x0∂τ , we have

∂(�xv0)

∂x
≡ ∂[(x − x0)v0]

∂x
= v0 + (�xv̇0 − v2

0

) ∂τ

∂x
= 0. (F.1)

Equation (6.156) follows directly from this equation. The second equal in Equation
(6.156) is just an expansion with respect to �x.

F.2 DERIVATION OF EQUATION (6.157)

Equation (6.155) gives

d(a − Av0)

dτ
= Vxxv0 − Ȧv0 − Aa = −A(a − Av0), (F.2)

which is a system of linear differential equations with zero initial condition at τ →
−∞ (potential minimum), a(−∞) = ∇V (−∞) = 0. Thus a − Av0 = 0 holds at all
τ , which is Equation (6.157).

F.3 DERIVATION OF EQUATION (6.154)

Since we have

∂

∂x

∑
i

∫ τ

−∞
p0i (τ

′)ẋ0i (τ
′)dτ ′ = ∂τ

∂x

∑
i

p0i (τ )ẋ0i (τ ) = ∂τ

∂x
v2

0 (F.3)

and

∂

∂x

∑
i j

Ai j [xi − x0i ][x j − x0 j ] = ∂

∂x
(�xT A�x)

= ∂τ

∂x
�xT Ȧ�x + A�x − �xT A

∂τ

∂x
v0, (F.4)

201



202 Quantum Mechanical Tunneling in Chemical Physics

the differentiation of Equation (6.154) with respect to x leads to

∂W0

∂x
= v0

(
1 + (a�x)

v0
2

+ (a�x)2

(v2
0)2

)
+ 1

2

(
�xT Vxx�x

) v0

v2
0

− 1

2

(
�xT A2�x

) v0

v2
0

+A�x − v0

v2
0

(
�xT Av0

)(
1 + a�x

v2
0

)
+ o((�x)2)

= v0 + A�x + 1

2

(
�xT Vxx�x

) v0

v2
0

− 1

2

(
�xT A2�x

) v0

v2
0

+ o((�x)2), (F.5)

where Equations (6.156) and (6.157) have been used. Then we have

1

2

(
∂W0

∂x

)2

= v2
0

2
+ vT

0 A�x + 1

2
�xT Vxx�x − 1

2
�xT A2�x

+1

2
(A�x)T (A�x) + o((�x)2)

= V (x0) + Vx�x + 1

2
�xT Vxx�x + o((�x)2), (F.6)

where v0 = p0 = √
2V and a = Av0 = ∇V are used. This means that the Hamilton-

Jacobi equation in the vicinity of the instanton path is satisfied up to the orders
o[(�x)2].

F.4 DERIVATION OF EQUATION (6.162)

From Equation (6.161) we have

∂w

∂x
= ∂τ

∂x
[θ (τ ) − �E] − 1

UT �x
∂

∂x
[UT �x]

= v0

v2
0

(
1 + a�x

v2
0

+ (a�x)2

(v2
0)2

)
(θ − �E)

− 1

UT �x

[
∂τ

∂x
dUT

dτ
�x + UT − ∂τ

∂x
UT v0

]

= v0

v2
0

(
1 + a�x

v2
0

)
(θ − �E) − 1

UT �x

[
U̇T �x

v0

v2
0

+ v0

v2
0

a�x
v2

0

U̇T �x + UT

− v0

v2
0

(
1 + a�x

v2
0

+ (a�x)2

(v2
0)2

)
(UT v0)

]
+ O

(
(�x)2

)
, (F.7)
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where Equation (6.156) is used. Multiplying ∂W0/∂x
[= v0 + A�x + O

(
(�x)2

)]
from Equation (F.5), we have

(UT �x)
∂W0

∂x
∂w

∂x
= (UT �x)(v0 + A�x)

v0

v2
0

(
1 + a�x

v2
0

)
(θ − �E) − (v0 + A�x)

×
[
U̇T �x

v0

v2
0

+ v0

v2
0

a�x
v2

0

U̇T �x +UT − v0

v2
0

(
1 + a�x

v2
0

)
(UT v0)

]

= (UT �x)(θ − �E) −
[

U̇T �x + UT A�x

− v0

v2
0

A�xUT v0 − a�x
v2

0

UT v0

]
+ O

(
(�x)2

)
. (F.8)

Thus from Equation (6.159) we get[
∂W0

∂x
∂w

∂x
+ �E

]
(UT �x) = UT �xθ − U̇T �x − UT A�x

+ 2
Av0�x

v2
0

UT v0 + O
(
(�x)2

) = 0, (F.9)

where Equation (6.157) is used. This gives Equation (6.162).

F.5 CONSISTENCY OF EQUATIONS (6.163) AND (6.165)
WITH EQUATION (6.167)

In the case of the orthogonality condition, Equation (6.163), with use of Equations
(6.167) we obtain

d

dτ
(UT v0) = U̇T v0 + UT v̇0 = (UT AU)(UT v0) − UT Av0 + UT a

= (UT AU)(UT v0) + UT (a − Av0) = 0. (F.10)

The normalization condition, Equation (6.165), can be easily confirmed with use of
Equation (6.167).
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