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Preface

Paraphrasing the author of a quantum mechanics textbook, one might say
that there is as much need for yet another book on QFT as there is for a
New Revised Table of Integers! So let me explain why I am writing this
book and how it will enrich the existing literature and fill a niche.

Standard textbooks in QFT go along a well-trodden path: Classical
fields, their quantization, interactions and perturbation theory, tree-level
computation of cross-sections using Feynman diagrams, divergences and
renormalization as a way to handle them, etc. etc. Depending on the level
of the textbook, the above topics will be discussed at different levels of
sophistication and could be extended further towards e.g., gauge theories
or the standard model. The calculational techniques you learn will be
good enough to compute all the usual stuff in high energy physics, which
is broadly the aim of most of these textbooks.

My interaction with bright graduate students, post-docs and theoretical
physicists over the last three decades have made me realize some of the
shortcomings of learning QFT exclusively along these lines. Let me list a
few of them.

(1) Many smart students have asked me the following question: “If
I know the classical action for a non-relativistic particle, I can construct
the corresponding quantum theory using a path integral. I do know the
classical action for a relativistic particle. Why can’t I use it and construct
the quantum theory of the relativistic particle and be done with it?”

This question goes to the core of QFT but — as far as I know — it is
not answered directly in any of the existing textbooks. In fact, many high
energy physicists (and at least one author of a QFT book) did not know
that the exact, nonquadratic, path integral for the relativistic particle can

be calculated in closed form! Sure, every book pays lip service to why the
single particle description is inadequate when you bring quantum theory
and special relativity together, why the existence of antiparticles is a key
new feature and all that. But this is done in a bit of hurry after which the
author proceeds quickly to the classical field theory and its quantization! In
other words, what these books do is to start from fields and obtain particles

as their quanta rather than demonstrate that if you start from a relativistic

particle you will be led to the concept of fields.

This is the first question I will address in Chapter 1. I will show, using
the exact evaluation of the relativistic path integral, that if you start from
the path integral quantization of the relativistic particle you will arrive at
the notion of a field in a satisfactory manner. This route, from particles to
fields (instead of from fields to particles) should be a welcome addition to
the existing literature.
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(2) The way renormalization is introduced in most of the textbooks
is conceptually somewhat unsatisfactory. Many graduate students come
away with the impression that renormalization is a trick to get meaningful
answers out of divergent expressions, and do not understand clearly the
distinction between regularization and renormalization. (The notable ex-
ceptions are students and textbooks with a condensed matter perspective,
who do a better job in this regard.) Many authors feel that the Wilso-
nian perspective of quantum field theory is a bit too “advanced” for an
introductory level course. In fact it is not, and students grasp it with a
lot more ease (and with a lot less misunderstanding) than the more con-
ventional approach. I will take the Wilsonian point of view as a backdrop
right from the beginning, so that the student needs to re-learn very little
as she progresses and will not have any fear for the so called “advanced”
concepts.

(3) A closely related issue is the discussion of non-perturbative phe-
nomena, which is conspicuous by its absence in almost all textbooks. This,
in turn, makes students identify some concepts like renormalization too
strongly with perturbation theory. Further, it creates difficulties for many
students who are learning QFT as a prelude to specializing in areas where
non-perturbative techniques are important. For example, students who
want to work in gravitational physics, like QFT in external gravitational
fields or some aspects of quantum gravity, find that the conventional per-
turbation theory approach — which is all that is emphasized in most QFT
textbooks — leaves them rather inadequately prepared.

To remedy this, I will introduce some of the non-perturbative aspects
of QFT (like, for example, particle production by external sources) before
the students lose their innocence through learning perturbation theory and
Feynman diagrams! Concepts like electromagnetic charge renormalization
and running coupling constants, for example, will be introduced through
the study of pair production in external electromagnetic fields, thereby
divorcing them conceptually from the perturbation theory. Again, some of
these topics (like e.g., the effective Lagrangian in QED) which are usually
considered “advanced”, are actually quite easy to grasp if introduced in an
appropriate manner and early on. This will make the book useful for a
wider class of readers whose interest may not be limited to just computing
Feynman diagrams in the standard model.

(4) Most textbooks fail to do justice to several interesting and curious
phenomena in field theory because of the rather rigid framework in which
they operate. For example, the Davies-Unruh effect, which teaches us that
concepts like “vacuum state” and “particle” can change in a non-inertial
frame, is a beautiful result with far-reaching implications. Similarly, the
Casimir effect is an excellent illustration of non-trivial consequences of free-
field theory in appropriate circumstances. Most standard textbooks do not
spend adequate amount of time discussing such fascinating topics which
are yet to enter the mainstream of high energy physics. I will dip into
such applications of QFT whenever possible, which should help students
to develop a broader perspective of the subject.

Of course, a textbook like this is useless if, at the end of the day, the
student cannot calculate anything! Rest assured that this book develops
at adequate depth all the standard techniques of QFT as well. A student
who reaches the last chapter would have computed the anomalous magnetic
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moment of the electron in QED, and would have worked out the two-loop
renormalization of the λφ4 theory. (You will find a description of the
individual chapters of the book in the Chapter Highlights in pages v-vii,
just after this Preface.)

In addition to nearly 80 Exercises sprinkled throughout the text in
the marginal notes, I have also included 18 Problems (with solutions) at
the end of the book. These vary significantly in their difficulty levels;
some will require the student to fill in the details of the discussion in the
text, some will illustrate additional concepts extending the ideas in the
text, and some others will be applications of the results in the text in
different contexts. This should make the book useful in self-study. So,
by mastering the material in this book, the student will learn both the
conceptual foundations as well as the computational techniques. The latter
aspect is the theme of many of the excellent textbooks which are available
and the student can supplement her education from any of them.

The readership for this book is very wide. Senior undergraduates, grad-
uate students and researchers interested in high energy physics and quan-
tum field theory will find this book very useful. (I expect the student to
have some background in advanced quantum mechanics and special rela-
tivity in four-vector notation. A previous exposure to the nonrelativistic
path integral will help, but is not essential.) The approach I have taken
will also attract readership from people working in the interface of gravity
and quantum theory, as well as in condensed matter theory. Further, the
book can be easily adapted for courses in QFT of different durations.

The approach presented here has been tested out in the class room. I
have been teaching selected topics in QFT for graduate students for about
three decades in order to train them, by and large, to work in the area
of interface between QFT and General Relativity. My lectures have cov-
ered many of the issues I have described above. The approach was well-
appreciated and the students found it useful and enlightening. The feed-
back I got very often was that my course — taught at graduate student
level — came a year too late!

Prompted by all these, in 2012, I gave a 50 hour course on QFT to
Masters-level students in physics of the University of Pune. (In the Indian
educational system, these are the students who will proceed to Ph.D grad-
uate school in the next year.) The lectures were viedographed and made
available from my institute website to a wider audience. (These are now
available on YouTube; you can access a higher resolution video by sending a
request to library@iucaa.in.) From the classroom feedback as well as
from students who used the videos, I learnt that the course was a success.
This book is an expanded version of the course.

Many people have contributed to this venture and I express my grat-
itude to them. To begin with, I thank the Physics Department of Pune
University for giving me the opportunity to teach this course to their stu-
dents in 2012, and many of these students for their valuable feedback. I
thank Suprit Singh who did an excellent job of videographing the lectures.
Sumanta Chakraborty and Hamsa Padmanabhan read through the entire
first draft of the book and gave detailed comments. In addition, Swastik
Bhattacharya, Sunu Engineer, Dawood Kothawala, Kinjalk Lochan, Aseem
Paranjape, Sudipta Sarkar, Sandipan Sengupta, S. Shankaranarayanan and
Tejinder Pal Singh read through several of the chapters and offered com-
ments. I thank all of them. Angela Lahee of Springer initiated this project
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and helped me through its completion, displaying considerable initiative
and accommodating my special formatting requirements involving marginal
notes.

This book would not have been possible without the dedicated support
from Vasanthi Padmanabhan, who not only did the entire LaTeXing and
formatting but also produced most of the figures. I thank her for her help.
It is a pleasure to acknowledge the library facilities available at IUCAA,
which were useful in this task.

T. Padmanabhan
Pune, September 2015.
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Chapter Highlights

1. From Particles to Fields

The purpose of this chapter is to compute the path integral ampli-
tude for the propagation of a free relativistic particle from the event
xi
1 to the event xi

2 and demonstrate how the concept of a field emerges
from this description. After introducing (i) the path integral ampli-
tude and (ii) the standard Hamiltonian evolution in the case of a
non-relativistic particle, we proceed to evaluate the propagator for a
relativistic particle. An investigation of the structure of this propaga-
tor will lead to the concept of a field in a rather natural fashion. You
will see how the standard unitary evolution, propagating forward in
time, requires an infinite number of degrees of freedom for the proper
description of (what you thought is) a single relativistic particle. In
the process, you will also learn a host of useful techniques related
to propagators, path integrals, analytic extension to imaginary time,
etc. I will also clarify how the approach leads to the notion of the
antiparticle, and why causality requires us to deal with the particle
and antiparticle together.

2. Disturbing the Vacuum

The purpose of this — relatively short — chapter is to introduce you
to the key aspect of QFT, viz., that particles can be created and de-
stroyed. Using an external, classical scalar source J(x), we obtain the
propagator for a relativistic particle from general arguments related
to the nature of creation and destruction events. The discussion then
introduces functional techniques and shows how the notion of the
field again arises, quite naturally, from the notion of particles which
can be created or destroyed by external sources.

By the end of the first two chapters, you would have firmly grasped
how and why combining the principles of relativity and quantum the-
ory demands a concept like the field (with an infinite number of de-
grees of freedom), and would have also mastered several mathematical
techniques needed in QFT. These include path integrals, functional
calculus, evaluation of operator determinants, analytic properties of
propagators and the use of complex time methods.

3. From Fields to Particles

Having shown in the first two chapters how the quantum theory of a
relativistic particle naturally leads to the concept of fields, we next
address the complementary issue of how fields lead to particles. After
rapidly reviewing the action principle in classical mechanics, we make
a seamless transition from mechanics to field theory. This is followed
by a description of the (i) real and (ii) complex scalar fields and (iii)
the electromagnetic field. Two key concepts in modern physics —
spontaneous symmetry breaking and the notion of gauge fields — are
introduced early on and in fact, the electromagnetic field will come
in as a classical U(1) gauge field.

I then describe the quantization of real and complex scalar fields —
which is fairly straightforward — and connect up with the ideas in-
troduced in chapters 1 and 2. The discussion will compare the transi-
tion from particles to fields vis-a-vis from fields to particles, thereby
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strengthening conceptual understanding of both perspectives. The
idea of particles arising as excitations of the fields naturally brings
in the notion of Bogoliubov transformations. Using this, it is easy to
understand the Unruh-Davies effect, viz., that the vacuum state in an
inertial frame appears as a thermal state in a uniformly accelerated
frame.

We next take up the detailed description of the quantization of the
electromagnetic field. I do this first in the radiation gauge in order
to get the physical results quickly and to explain the interaction of
matter and radiation. This is followed by the covariant quantization
of the gauge field which provides an opportunity to introduce the
Fadeev-Popov technique in the simplest possible context, and to fa-
miliarize you with the issues that arise while quantizing a gauge field.
Finally, I provide a detailed description of the Casimir effect which is
used to introduce — among other things — the notion of dimensional
regularization.

4. Real Life I: Interactions

Having described the free quantum fields, we now turn to the de-
scription of interacting fields. The standard procedure in textbooks
is to introduce perturbation theory, obtain the Feynman rules, cal-
culate physical processes, and then introduce renormalization as a
procedure to tackle the divergences in the perturbation theory, etc.
For the reasons I described in the Preface, I think it is better to start
from a non-perturbative approach, through the concept of effective
action.

I will do this both for λφ4 theory and for electromagnetic field coupled
to a complex scalar field. In both the cases, one is led to the concept of
renormalization group and that of running coupling constants. These,
in turn, allow us to introduce the Wilsonian approach to QFT, which
is probably the best language available to us today to understand
QFT. The notion of effective action also leads to the Schwinger effect,
viz., the production of charged particles by a strong electric field. This
effect is non-analytic in the electromagnetic coupling constant, and
hence cannot be obtained by perturbation theory.

After having discussed the non-perturbative effects, I turn to the stan-
dard perturbation theory for the λφ4 case and obtain the usual Feyn-
man diagrams (using functional integral techniques) and describe how
various processes are calculated. This allows us to connect up themes
like the effective Lagrangian and the running coupling constant from
both perturbative and non-perturbative perspectives.

5. Real Life II: Fermions and QED

Upto this point, I have avoided fermions in order to describe the
issues of QFT in a simplified setting. This last chapter is devoted
to the description of fermions and, in particular, QED. The Dirac
equation is introduced in a slightly novel way through the relativistic
square root

√
p2 = γapa, after discussing the corresponding nonrel-

ativistic square root
√
p2 = σ · p and the Pauli equation. Having

obtained the Dirac equation, I describe the standard lore related to
Dirac matrices and obtain the magnetic moment of the electron. I
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then proceed to discuss the quantization of the Dirac field, paying
careful attention to the role of causality in fermionic field quantiza-
tion. The path integral approach to fermionic fields is introduced
through Grassmannians (which is developed to the extent required)
and once again, we will begin with non-perturbative features like the
Schwinger effect for electrons, before discussing perturbation theory
and the Feynman rules in QED.

Finally, I provide a detailed discussion of the one loop QED and renor-
malization. This will allow, as an example, the computation of the
anomalous magnetic moment of the electron, which many consider to
be the greatest triumph of QED. The discussion of one loop diagrams
in QED also allows the study of renormalization in the perturbative
context and connect up the “running” of the electromagnetic cou-
pling constant computed by the perturbative and non-perturbative
techniques.
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Chapter 1

From Particles to Fields

1.1 Motivating the Quantum Field Theory

Quantum field theory is a set of rules using which high energy physicists
can “shut up and calculate” the behaviour of particles at high energies.
The resulting predictions match incredibly well with experiments, showing
that these rules must have (at least) a grain of truth in them. While a
practitioner of the art might be satisfied in inventing and using these rules
(and picking up the resultant Nobel prizes), some students might be curious
to know the conceptual motivation behind these computational rules and
their relationship to the non-relativistic quantum mechanics (NRQM) they
are familiar with. One natural question such a student asks is the following:

Given the classical description of a non-relativistic particle in an exter-
nal potential, one can obtain the corresponding quantum description in a
fairly straightforward way1. Since we do have a well-defined classical the-
ory of relativistic particles as well, why can’t we just quantise it and get
a relativistically invariant quantum theory? Why do we need a quantum
field theory?

Most textbooks of quantum field theory raise this question in their
early part and tell you that you need the quantum field theory because any
theory, which incorporates quantum mechanics and relativity, has to be a
theory in which number of particles (and even the identity of particles) is
not conserved. If you collide an electron with a positron at high enough
energies, you may end up getting a plethora of other particle-antiparticle
pairs. Even at low energies, you can annihilate an electron with a positron
and get a couple of photons. Clearly, if you try to write a (relativistically
invariant version of) the Schrodinger equation for an interacting electron-
positron pair, you wouldn’t know what to do once they have disappeared
and some other particles have appeared on the scene.

This fact, while quite important, is only one part of the story. Con-
densed matter physics is full of examples in which phonons, magnons and
other nons keep appearing and disappearing and — in fact — field theory is
the most efficient language to describe these situations. But, in principle,
one could have also written down the non-relativistic Schrodinger equa-
tion for, say, all the electrons and lattice ions in a solid and described the
same physics. This situation is quite different from relativistic quantum
theory, wherein the basic principles demand the existence of antiparticles,
to which there is no simple non-relativistic analogue. Obviously, this has

1Issues like spin or Pauli exclu-
sion principle cannot be understood
within non-relativistic quantum me-
chanics; so the students who stop at
NRQM must learn to live with famil-
iarity rather than understanding!

© Springer International Publishing Switzerland 2016 
T. Padmanabhan, Quantum Field Theory, Graduate Texts in Physics, DOI 10.1007/978-3-319-28173-5_1 

1



2 Chapter 1. From Particles to Fields

2Historically, we started with the
wave nature of radiation and the par-
ticle nature of the electron. The com-
plementary description of particles as
waves arises even in the non-relativistic
theory while the description of waves
as particles requires relativity. This
is why, even though quantum theory
had its historical origins in the realiza-
tion that light waves behave as though
they are made of particles (‘photons’),
the initial efforts were more successful
in describing the wave nature of parti-

cles like electrons — because you could
deal with a non-relativistic system —
rather than in describing the particle

nature of waves.

extra implications that go beyond the fact that we need to deal with sys-
tems having variable number of particles — which, by itself, can be handled
comparatively easily.

The second complication is the following: Combining relativity with
quantum theory also forbids the localization of a particle in an arbitrarily
small region of space. In non-relativistic mechanics, one can work either
with momentum eigenstates |p〉 or position eigenstates |x〉 for a particle
with equal ease. You can localize a particle in space with arbitrary accu-
racy, if you are willing to sacrifice the knowledge about its momentum. In
relativistic quantum mechanics, all sorts of bad things happen if you try
to localize a particle of mass m to a region smaller than �/mc. This will
correspond to an uncertainty in the momentum of the order of mc leading
to an uncertainty in the energy of the order of mc2. This — in turn —
can lead to the production of particle-antiparticle pairs; so the single par-
ticle description breaks down if you try to localize the particles in a small
enough region. Mathematically, the momentum eigenstates |p〉 continue
to be useful in relativistic quantum mechanics, but not the position eigen-
states |x〉. The concept of a precise position for a particle, within a single
particle description, ceases to exist in relativistic quantum mechanics. (We
will say more about this in Sect. 1.4.6.)

The third issue is the existence of spin. In the case of an electron,
one might try to imagine its spin as arising out of some kind of intrinsic
rotation, though it leads to a hopelessly incorrect picture. In the case of
a massless spin-1 particle like the photon, there is no rest frame and it is
not clear how to even define a concept like ‘intrinsic rotation’; but we do
know that the photon also has two spin states (in spite of being a spin-1
particle). Classically, the electromagnetic wave has two polarization states
and one would like to think of them translating to the two spin states of
photons. But since the photon is massless and is never at rest, it is difficult
to understand how an individual photon can have an intrinsic rotation
attributed to it. Spin, as we shall see, is a purely relativistic concept.

A feature closely related to spin is the Pauli exclusion principle. Par-
ticles with half-integral spins (called fermions) obey this principle which
states that no two identical fermions can be put in the same state. If we
have a Schrodinger wave function ψ(x1,x2, · · ·xn) in NRQM describing
the state of a system of N fermions — say, electrons — then this wave
function must be antisymmetric under the exchange of any pair of coordi-
nates xi ↔ xj . Why particles with half-integral spin should behave in this
manner cannot be explained within the context of NRQM. It is possible to
understand this result in quantum field theory — albeit after introducing a
fairly formidable amount of theoretical machinery — as arising due to the
structure of the Lorentz group, causality, locality and a few other natural
assumptions. Once again, adding relativity to quantum theory leads to
phenomena which are quite counter-intuitive and affects the structure of
NRQM itself.

There are at least two more good reasons to think of fields — rather
than particles — as fundamental physical entities. The first reason is the
existence of the electromagnetic field which has classical solutions that de-
scribe propagating waves.2 Experiments, however, show that electromag-
netic waves also behave like a bunch of particles (photons) each having a
momentum (p) and energy (ωp = |p|). We need to come up with ‘rules’
that will get us the photons starting from a card-holding field, if there ever
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was one, which requires one to somehow “quantise” the field.
Second, there are certain phenomena like the spontaneous symmetry

breaking which are most easily understood in terms of fields and the ground
states of fields which are described as condensates. (We will say more about
this in Sect. 3.2.) This is very difficult to interpret completely in terms
of the particle picture though we know that there is a formal equivalence
between the two. In general, interactions between the particles are best
described using the language of fields and more so when there is some funny
business like spontaneous symmetry breaking going on. So one needs to be
able to proceed from particles to fields and vice-versa to describe the real
world, which is what quantum field theory attempts to do.

Having said something along these lines, we can, at this stage, jump to
the description of classical fields and their quantization — which is what
most text books do. I will do it differently.

I will actually show you how a straightforward attempt to describe
relativistic free particles in a quantum mechanical language leads to the
concept of fields. We will do this from different perspectives demonstrating
how these perspectives merge together in a consistent manner. In Chapter
1, we will start with a single, relativistic spinless particle and — by evalu-
ating the probability amplitude for this particle to propagate from an event
P to an event Q in spacetime — we will be led to the concept of quantum
fields as well as the notion of antiparticles. These ideas will be reinforced in
Chapter 2 where we will take a closer look at the creation and subsequent
detection of spinless particles by external agencies. Once again, we will be
led to the notion of a quantum field and the action functional for the same,
starting from the amplitude for propagation.

Having obtained the fields from the particles and established the raison
d’être for the quantum fields, we will reverse the logic and obtain the (rela-
tivistic) particles as excitations of the quantum fields in Chapter 3. This is
more in tune with the conventional textbook discussion and has the power
to deal with particles which have a nonzero spin — like, for example, the
photons. In Chapter 4 we will introduce the interaction between the fields
in the simplest possible context, still dealing with scalar and electromag-
netic fields. Finally, Chapter 5 will introduce you to the strange features
of fermions and QED.

The conceptual consistency of this formalism — viewed from different
perspectives — as well as the computational success, leading to results
which are in excellent agreement with the experiments, are what make one
believe that the overall description cannot be far from the truth, in spite
of several counterintuitive features we will come across (and tackle) as we
go along.

1.2 Quantum Propagation Amplitude for the

Non-relativistic Particle

Given the classical dynamics of a free, spin-zero non-relativistic particle
of mass m, we can proceed to its quantum description using either the
action functional A or the Hamiltonian H . In the case of a free particle,
nothing much happens and the only interesting quantity to compute is the
amplitude A for detecting a particle at an event x2 ≡ xa

2 ≡ (t2,x2) if it was
created at an event x1 ≡ xa

1 ≡ (t1,x1). This is given by the product: A =

NOTATION

—We will work in a (1+D) space-

time (though we are usually inter-

ested in the case of D = 3).

— We use the mostly negative

signature, hopefully consistently.

— We take � = 1, c = 1 most of

the time.

— x1, x2... etc. with no indices

as well as xa, pi... will denote

spacetime vectors with Latin in-

dices taking the range of values

a, i, .... = 0, 1−D.

— p,x, ...etc. denote D dimen-

sional spatial vectors.

— Greek indices like in xα, pμ etc.

vary over space: α, μ, .... = 1−D.

— While taking Fourier trans-

forms the integrals are taken

over f(x) exp(−ip · x)dDx and

f(p) exp(ip · x)[dDp/(2π)D ] and

similarly for spacetime Fourier

transforms.

— both p·x and px stand for pixi.

We use px when p0 is a specific

function of p given by the ‘on-

shell’ value. We use the notation

p · x for pix
i = p0x0 − p · x when

p0 is unspecified.

— The symbol ≡ in an equation

indicates that it defines a new

variable or a notation.
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x2

y0

t

x

x1

Figure 1.1: Examples of paths in-
cluded in the sum in Eq. (1.1)

x2

y0

t

x

x1

Figure 1.2: A path that goes forward
and backward which is not included in
the sum in Eq. (1.1).

D(x2)G(x2;x1)C(x1) where D(x2) is the amplitude for detection, C(x1) is
the amplitude for creation and G(x2;x1) is the amplitude for the particle
to propagate from one event x1 to another event x2. (For example, the
beaten-to-death electron two slit experiment involves an electron gun to
create electrons and a detector on the screen to detect them). The resulting
probability |A|2 is expected to have an invariant, absolute, meaning.

The creation and detection processes, described by C(x1),D(x2), turn
out to be far more non-trivial than one would have first imagined and we
will have a lot to say about them in Sect. 2.1. In this section we will
take these as provided by our experimentalist friend and concentrate on
G(x2;x1).

1.2.1 Path Integral for the Non-relativistic Particle

We will start with the non-relativistic particle and obtain the amplitude
G(x2;x1) first using the path integral (in this section) and then using the
Hamiltonian (in the next section). The path integral prescription says that
G(x2;x1) can be expressed as a sum over paths x(t) connecting the two
events in the form

G(x2;x1) =
∑
x(t)

exp iA[x(t)] =
∑
x(t)

exp i

∫ t2

t1

1

2
m|ẋ|2 dt (1.1)

The paths summed over are restricted to those which satisfy the following
condition: Any given path x(t) cuts the spatial hypersurface t = y0 at any

intermediate time, t2 > y0 > t1, at only one point. In other words, while
doing the sum over paths, we are restricting ourselves to paths of the kind
shown in Fig. 1.1 (which always go ‘forward in time’) and will not include,
for example, paths like the one shown in Fig. 1.2 (which go both forward
and backward in time). The path in Fig. 1.2 cuts the constant time surface
t = y0 at three events suggesting that at t = y0 there were three particles
simultaneously present even though we started out with one particle. It is
this feature which we avoid (and stick to single particle propagation) by
imposing this condition on the class of paths that is included in the sum.
By the same token, we will assume that the amplitude G(x2;x1) vanishes
for x0

2 < x0
1; the propagation is forward in time.

This choice of paths, in turn, implies the following ‘transitivity con-
straint’ for the amplitude:

G(x2;x1) =

∫
dDyG(x2; y)G(y;x1) (1.2)

The integration at an intermediate event yi = (y0,y) (with t2 > y0 > t1)
is limited to integration over the spatial coordinates because each of the
paths summed over cuts the intermediate spatial surface at only one point.
Therefore, every path which connects the events x2 and x1 can be uniquely
specified by the spatial location y at which it crosses the surface t = y0.
So the sum over all the paths can be divided into the sum over all the
paths from xi

1 to some location y at t = y0, followed by the sum over all
the paths from yi to xi

2 with an integration over all the locations y at the
intermediate time t = y0. This leads to Eq. (1.2).

The transitivity condition in Eq. (1.2) is vital for the standard prob-
abilistic interpretation of the wave function in non-relativistic quantum
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mechanics. If ψ(t1,x1) is the wave function giving the amplitude to find a
particle at x1 at time t1, then the wave function at a later time t = y0 is
given by the integral:

ψ(y0,y) =

∫
dDx1 G(y;x1)ψ(t1,x1) (1.3)

which interprets G(y;x1) as a propagator kernel allowing us to determine
the solution to the Schrodinger equation at a later time t = y0 from its
solution at t = t1. Writing the expression for ψ(t2,x2) in terms of ψ(y0,y)
and G(x2; y) and using Eq. (1.3) to express ψ(y0,y) in terms of ψ(t1,x1),
it is easy to see that Eq. (1.2) is needed for consistency. Equation (1.2) or
Eq. (1.3) also implies the condition:

G(t,x; t,y) = 〈t,x|t,y〉 = δ(x− y) (1.4)

where |t,x〉 is a position eigenstate at time t. Three crucial factors have
gone into these seemingly innocuous results:3

(i) The wave function at time t can be obtained from knowing only the
wave function at an earlier time (without, e.g., knowing its time derivative)
which means that the differential equation governing ψ must be first order
in time.

(ii) One can introduce eigenstates |t,x〉 of the position operator x̂(t) at
time t by x̂(t)|t,x〉 = x|t,x〉 so that ψ(t,x) = 〈t,x|ψ〉 with Eq. (1.4) allow-
ing the possibility of localizing a particle in space with arbitrary accuracy.

(iii) One can interpret G(x2;x1) in terms of the position eigenstates as
〈t2,x2|t1,x1〉.

The result of the integral in Eq. (1.2) has to be independent of y0

because the left hand side is independent of y0. This is a strong restriction
on the form of G(x2;x1). The transitivity condition, plus the fact that
the free particle amplitude G(x2;x1) can only depend on |x2 − x1| and
(t2 − t1) because of translational and rotational invariance, fixes the form
of G(x2;x1) to a great extent. To see this, express G(x2;x1) in terms of its
spatial Fourier transform in the form:

G(y;x) =

∫
dDp

(2π)D
θ(y0 − x0) F (|p|; y0 − x0) eip·(y−x) (1.5)

and substitute into Eq. (1.2). This will lead to the condition

F (|p|;x0
2 − y0)F (|p|; y0 − x0

1) = F (|p|;x0
2 − x0

1) (x0
2 > y0 > x0

1) (1.6)

which has a unique solution F (|p|; t) = exp[α(|p|)t] where α(|p|) is an ar-
bitrary function of |p|. Further, we note that F (|p|; y0 − x0) propagates
the momentum space wave function φ(x0,p) — which is the spatial Fourier
transform of ψ(x0,x) — from t = x0 to t = y0. Since φ is the Fourier trans-
form of ψ, this “propagation” is just multiplication by F . The probability
calculated from the momentum space wave function will be well behaved
for |t| → ∞ only if α is pure imaginary, thereby only contributing a phase.
So α = −if(|p|) where f(|p|) is an arbitrary function4 of |p|. Thus, the
spatial Fourier transform of G(x2;x1) must have the form∫

dDxG(x2;x1) e
−ip·x = θ(t) e−if(|p|)t (1.7)

where xa ≡ xa
2 − xa

1 ≡ (t,x). That is, it must be a pure phase5 determined

3As you will see, all of them will run
into trouble in the context of a rela-
tivistic particle.

Exercise 1.1: Prove all these claims.

4You can also obtain the same re-
sult from the fact that exp(iA) goes
to exp(−iA) under the time reversal
t2 ⇐⇒ t1; the path integral sum must
be defined such that F → F ∗ under
t → −t which requires α to be pure
imaginary.

5If we interpret this phase as due
to the energy ωp = p2/2m and set
f(p) = ωp then an inverse Fourier
transform of Eq. (1.7) will immediately
determine G(x2; x1) leading to our re-
sult obtained below in Eq. (1.9). But
then we are getting ahead of the story
and missing all the fun!.
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Exercise 1.2: Prove this result for
N(t).

6Obviously, a similar argument
works for any action which is at
most quadratic in ẋ and x and the
sum over paths will have the form
N(t2, t1) exp(iA[xc(t)]) even when the
action has an explicit time depen-
dence. If the action has no explicit
time dependence, we further know that
N(t2, t1) = N(t) which is the only non-
trivial quantity left to compute. If the
action is not quadratic in ẋ and x, no-
body knows how to do the sum over
paths, except in a few rare cases, and
we need to use less fancy (but more
powerful) methods to quantise the sys-
tem.

7Note that we write px ≡ (ωpt −
p · x) even when pi is not a four-
vector. The combination (ωpt−p · x),
as well as the relations in Hamilton-
Jacobi theory, E = −∂tA,p = ∇A —
which give you ‘relativity without rela-
tivity’, pi = −∂iA — have their origins
in wave phenomena and not in relativ-
ity.

by a single function f(|p|).
The sum over paths in Eq. (1.1) itself is trivial to evaluate even with-

out us defining precisely what the sum means. (The more sophisticated
definitions for the sum work — or rather, are designed to work — only be-
cause we know the answer for G(x2;x1) from other well-founded methods!.)
We first note that the sum over all x(t) is the same as the sum over all
q(t) ≡ x(t)− xc(t) where xc(t) is the classical path for which the action is
an extremum. Because of the extremum condition, A[xc+q] = A[xc]+A[q].
Substituting into Eq. (1.1) and noting that q(t) vanishes at the end points,
we see that the sum over q(t) must be just a function of (t2 − t1). (It can
only depend on the time difference rather than on t2 and t1 individually
whenever the action has no explicit time dependence; i.e., for any closed
system). Thus we get

G(x2;x1) = eiA[xc]
∑
q

eiA[q(t)] = N(t) exp iA[xc] ≡ N(t) exp

(
i

2

m|x|2
t

)
(1.8)

where t ≡ t2−t1 and x ≡ x2−x1. The form of N(t) is strongly constrained
by the transitivity condition, Eq. (1.2) — or, equivalently, by Eq. (1.7) —
which requires the N(t) to have the form (m/2πit)D/2eat where a = iϕ,
say. Thus, except for an ignorable, constant, phase factor ϕ (which is
equivalent to adding a constant to the original Lagrangian), N(t) is given
by (m/2πit)D/2 and we can write the full propagation amplitude for a
non-relativistic particle as:6

G(x2;x1) = θ(t)
( m

2πit

)D/2

exp

(
i

2

m|x|2
t

)
(1.9)

The θ(t) tells you that we are considering a particle which is created, say,
at t1 and detected at t2 with t2 > t1. In non-relativistic mechanics all
inertial observers will give an invariant meaning to the statement t2 > t1.
It is also easy to see that the G(x2;x1) in Eq. (1.9) satisfies the condition
in Eq. (1.4).

1.2.2 Hamiltonian Evolution: Non-relativistic Particle

Let us next review briefly how these ideas connect up with the more familiar
Hamiltonian approach to NRQM. We know that the behaviour of a free
non-relativistic particle is governed by a Hamiltonian H(p) = p2/2m and
that the free particle wave functions are made out of exp(ip · x). To connect
up the path integral result with such a Hamiltonian description, we only
have to Fourier transform the amplitude G(x2;x1) in Eq. (1.9) with respect
to x getting

G(p, t) =
∫

G(x2;x1)e
−ip·x dDx = θ(t) exp(−iωpt) (1.10)

where ωp ≡ p2/2m is the energy of the particle of momentum p. [This
form, of course, matches with the result in Eq. (1.7).] Thus the G(x2;x1)
can be expressed, by an inverse Fourier transform, in the form7

G(x2;x1) = θ(t)

∫
dDp

(2π)D
ei(p·x−ωpt) = θ(t)

∫
dDp

(2π)D
e−ipx (1.11)
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We will now obtain the same result from first principles in order to set
the ground for the relativistic particle later on. Let us start by rapidly
reviewing some basic concepts in quantum theory.

If Â(t) is an operator at time t in the Heisenberg picture, then its
eigenvalue equation can be written in the form: Â(t)|t, a〉 = a|t, a〉. The
eigenkets |t, a〉 are associated with the operator at time t and carry the
time label t as well as the eigenvalue a. By convention, the eigenket at
t = 0 will be denoted without the time label simply as |a〉 ≡ |0, a〉. We will
work with closed systems for which the Hamiltonian does not have explicit
time dependence. In that case, the evolution equation for the operators
i∂tÂ = [Â, Ĥ ] has the solution

Â(t) = eiĤt Â(0) e−iĤt (1.12)

The eigenvalue equation at time t can now be written in the form

Â(t)|t, a〉 = a|t, a〉 = eiĤt Â(0)
{
e−iĤt|t, a〉

}
(1.13)

or equivalently,

Â(0)
{
e−iĤt|t, a〉

}
= a

{
e−iĤt|t, a〉

}
(1.14)

This is clearly an eigenvalue equation for Â(0) with eigenvalue a and hence

we can identify e−iĤt|t, a〉 with |0, a〉 and write

|t, a〉 = eiĤt|0, a〉; 〈t, a| = 〈0, a|e−iĤt (1.15)

Therefore the amplitude 〈t′, a′|t, a〉 is given by

〈t′, a′|t, a〉 = 〈0, a′|e−iĤt′eiHt|0, a〉 = 〈a′|e−iĤ(t′−t)|a〉 (1.16)

Of particular importance to us are the position and momentum oper-
ators x̂(t) and p̂(t) satisfying the standard commutation rules [xα, pβ ] =
iδαβ. If the eigenkets of x̂(0) are denoted by |x〉, then Eq. (1.16) tells us
that we can write the propagation amplitude as

〈t2,x2|t1,x1〉 ≡ G(x2;x1) = 〈x2|e−iĤ(t2−t1)|x1〉 (1.17)

The eigenstates of the momentum operator form a complete set obeying
the relation: ∫

dDp

(2π)D
|p〉〈p| = 1 (1.18)

Multiplying both sides by the eigenket |k〉, it is clear that consistency
requires:

〈p|k〉 = (2π)Dδ(p− k) (1.19)

Further, one can easily show that the operator e−iε·p̂ generates translations
in space. To see this, let us concentrate on just one dimension and consider
the operators

Û = 1 + iεp̂ Û−1 = 1− iεp̂ (1.20)

where ε is infinitesimal. Then,

Û q̂Û−1 = (1+iεp̂)q̂(1−iεp̂) = (1+iεp̂)(q̂−iεq̂p̂) = q̂+iε[p̂, q̂] = q̂+ε (1.21)

Exercise 1.3: Prove this.
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8This is just a fancy way of doing the
Taylor series expansion of a function to
find ψ(x + a) =

∑
n(a

n/n!)∂n
xψ(x) =

exp[a∂x]ψ(x) ≡ exp[iaP ]ψ(x), using
the ‘generator’ P ≡ −i∂x. If ψ(x +
a) = 〈x + a|ψ〉 then we get 〈x + a| =
exp[iaP ]〈x| which is the same as |x +
a〉 = exp[−iaP ]|x〉. The four dimen-
sional generalization of this result is
|x+a〉 = eiap|x〉 where ap = a0Ĥ−a·p̂.

9We are ignoring any p-dependent
phase in Cp here. This corresponds
to taking x = i(∂/∂p) rather than x =
i(∂/∂p) + f(p) to implement [x, p] = i.

10In non-relativistic quantum me-
chanics both position eigenkets |x〉 and
momentum eigenkets |p〉 are equally
good basis to work with. We will see
later that momentum eigenkets con-
tinue to be a good basis in relativis-
tic quantum mechanics, but defining a
useful position operator for a relativis-
tic particle becomes a nontrivial and
unrewarding task.

Consider now the operation of q̂ on the ket Û−1|x〉:
q̂ Û−1|x〉 = Û−1(Û q̂ Û−1)|x〉 = Û−1(q̂ + ε)|x〉 = (x + ε)Û−1|x〉 (1.22)

which implies that Û−1|x〉 = |x + ε〉. Proceeding to finite displacements
from the infinitesimal displacement and taking into account all the D di-
mensions, we get8

|x+ ε〉 = e−iε·p̂|x〉 (1.23)

Using this, we can write

|x〉 = e−ix·p̂|0〉 =
∫

dDp

(2π)D
e−ip·x|p〉〈p|0〉 =

∫
dDp

(2π)D
Cpe

−ip·x|p〉
(1.24)

where Cp = 〈p|0〉 and we have introduced a complete set of momentum
basis in the second equality. It is traditional to set the phase convention
such that Cp = 1 so that the wave functions in coordinate space, 〈x|ψ〉,
and momentum space, 〈p|ψ〉, are related by a simple Fourier transform:9

〈x|ψ〉 =
∫

dDp

(2π)D
〈x|p〉〈p|ψ〉 =

∫
dDp

(2π)D
eip·x〈p|ψ〉 (1.25)

After these preliminaries, we are in a position to compute G(x2;x1) in
standard Heisenberg picture. The propagation amplitude from x1 at t = t1
to x2 at t = t2 is given by (with xi

2 − xi
1 ≡ xi = (t,x)) the expression:

G(x2;x1) = 〈x2|e−iĤ(p)t|x1〉 =
∫

dDp

(2π)D
e−iωpt〈x2|p〉〈p|x1〉 (1.26)

where we have introduced a complete set of momentum eigenstates and

used the result e−iĤ(p)t|p〉 = e−iωpt|p〉. Using 〈p|x〉 = exp[−ip · x] in
Eq. (1.26), we get

G(x2;x1) =

∫
dDp

(2π)D
e−iωpt+ip·x (1.27)

This matches with the momentum space structure of G(x2;x1) given by
Eq. (1.11).

Taking the product of Eq. (1.18) from the left with 〈x| and from the
right with |y〉 we get the orthonormality condition for 〈x|y〉.

〈x|y〉 =
∫

dDp

(2π)D
〈x|p〉〈p|y〉 =

∫
dDp

(2π)D
eip·(x−y) = δ(x− y) (1.28)

This, in turn, requires the path integral amplitude to satisfy the condition
in Eq. (1.4), which we know it does. Thus everything works out fine in this
context.10

Incidentally, the expression in Eq. (1.26) can also be expanded in terms
of the eigenkets |E〉 of energy to give an expression for G(x2;x1) in terms
of the energy eigenfunctions φE(x) ≡ 〈x|E〉 for any system with a time in-
dependent Hamiltonian, bounded from below. In that case, we can arrange
matters so that E ≥ 0. We have

G(x2;x1) = 〈x2|e−iĤ(p)t|x1〉 =
∫ ∞

0

dE e−iEt 〈x2|E〉〈E|x1〉

=

∫ ∞

0

dE e−iEtφE(x2)φ
∗
E(x1) (1.29)
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So, in principle, you can find G(x2;x1) for any system for which you know
φE(x). This relation will be useful later on.

Now that we have discussed the calculation of G(x2;x1) from the path
integral as well as from the Hamiltonian, it is worth spending a moment
to connect up the two. (The details of this approach are described in the
Mathematical Supplement Sect. 1.6.1.) The basic idea is to compute the

matrix element 〈y|e−itĤ |x〉 by dividing the time interval (0, t) into N equal
intervals of size ε such that t = Nε. The matrix element is evaluated by
writing it as a product of matrix elements between a complete set of position
eigenstates |xk〉 with k = 1, 2, ...(N − 1) and integrating over the xk. At
the end of the calculation one takes the limit N → ∞, ε → 0 with t = Nε
remaining finite. The result will remain finite only if the integrations and
the limiting process are carried out with a suitable measure which should
emerge from the calculation itself. This approach of dividing up the time
into equal intervals reduces the problem to computing the matrix element

〈xk+1|e−iεĤ |xk〉. If Ĥ has the standard form H = p̂2/2m + V (x̂), we
can evaluate this matrix element by expanding the exponential in a Taylor
series in ε and retaining only up to linear term.11 By this procedure one
can obtain

〈xk+1|e−iĤε|xk〉 =
∫

dpk

(2π)D
eipk·(xk+1−xk) e−iεH(pk,xk) (1.30)

Interpreting (xk+1 − xk)/ε as the velocity ẋ in the continuum limit, one
can see that the argument of the exponential has the p·ẋ − H(p,x) = L
integrated over the infinitesimal time interval. If you take the product of
these factors you obtain a natural definition of the path integral in phase

space in the form

〈y|e−iĤt|x〉 =
∫

Dp

∫
Dx exp i

∫
dt [p·ẋ−H(p,x)] (1.31)

In the case of the standard Hamiltonian with H = p2/2m+ V (x), we can
integrate over pk in Eq. (1.30) and obtain

〈xk+1|e−iĤε|xk〉 =
( m

2πiε

)D/2

exp

[
im

2ε
(xk+1 − xk)

2 − iεV (xk)

]
(1.32)

In this case, the continuum limit will directly give the expression:

〈y|e−iĤt|x〉 =
∫

Dx exp i

∫
dt

[
1

2
mẋ2 − V (x)

]
(1.33)

In both the cases, the path integral measure, Dx,Dp etc. are defined as a
product of integrals over intermediate states with a measure which depends
on ε, as shown in detail in mathematical supplement Sect.1.6.1.

1.2.3 A Digression into Imaginary Time

The mathematical manipulations used in the computation of path integrals
become less ambiguous if we use a technique of analytically continuing the
results back and forth between real and imaginary time. This is a bit of
an overkill for the non-relativistic free particle but will become a valuable
mathematical tool in field theory and even for studying the quantum me-
chanics of a particle in external potentials. We will now introduce this
procedure.

11Since eA+B 	= eAeB when A and
B do not commute, we resort to this
trick to evaluate the matrix element.
If H(p̂, x̂) has a more non-trivial struc-
ture, there could be factor ordering is-
sues, as well as questions like whether
to evaluate H at xk or at xk+1 or at
the midpoint, etc. None of these (very
interesting) issues are relevant for our
purpose.
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12A relation like t = −itE cannot hold
with both t and tE being real, and this
fact can be confusing. It is better to
think of a complex t in the form te−iθ

with θ = 0 giving the usual time which
makes you age and θ = π/2 giving
the expressions in the Euclidean sec-
tor. Algebraically, however, this can be
done by setting t = −itE and thinking
of tE as real!

Re t

Re t

Im t

Im t

ε

Figure 1.3: The iε and Euclidean time
prescription.

We consider all expressions to be defined in a complex t-plane with the
usual time coordinate running along the real axis. The integrals etc. will
be defined, though, off the real-t axis by assuming that t actually stands
for t exp(−iθ) where 0 ≤ θ ≤ π/2 and t now stands for the magnitude
in the complex plane. There are two values for θ which are frequently
used: If you think of θ as an infinitesimal ε, this is equivalent to doing
the integrals etc. with t(1 − iε) instead of t. Alternatively, we can choose
θ = π/2 and work with −it. This is done by replacing t by −itE in the
relevant expressions and treating tE as real.12. (The tE is usually called
the Euclidean time because this change makes the Lorentzian line element
−dt2 + dx2 with signature (−,+,+, ...) go into the Euclidean line element
+dt2E + dx2.) If there are no poles in the complex t plane for the range
−π/2 ≤ θ ≤ 0, π ≤ θ ≤ 3π/2 in the expressions we are interested in, then
both the prescriptions — the iε prescription or the t → −itE prescription
— will give the same result.

If we put t = −itE, then the phase of the path integral amplitude for a
particle in a potential V (x) becomes:

iA = i

∫
dt

[
1

2
m

(
dx

dt

)2

− V (x)

]
= −

∫
dtE

[
1

2
m

(
dx

dtE

)2

+ V (x)

]

(1.34)
so that the sum over paths is now given by an expression which is properly
convergent for a V (x) that is bounded from below:

GE(x2;x1) =

∫
Dx exp−

∫
dtE

[
1

2
m

(
dx

dtE

)2

+ V (x)

]
(1.35)

Everything works out as before (even better as far as the integrals are
concerned) and the Euclidean version of the path integral sum leads to:

GE(x2;x1) = θ(tE)

(
m

2πtE

)D/2

exp

(
−1

2

m|x|2
tE

)
(1.36)

This analytic continuation should be thought of as a rotation in the com-
plex t-plane with |t|e−iθ, rotating from θ = 0 to θ = π/2. Incidentally,
GE(x2;x1) represents the kernel for the diffusion operator because the
Schrodinger equation for a free particle becomes a diffusion equation in
Euclidean time.

We will illustrate the utility of this formalism, especially in giving mean-
ing to certain limits, with a couple of examples in the context of non-
relativistic quantum mechanics. As a first example, we will show that the
ground state energy and the ground state wave function of a system can be
directly determined from GE(x2;x1) in the Euclidean sector. To do this,
we will use Eq. (1.29) written in the form

〈t,x2|0,x1〉 =
∑
n

φn(x2)φ
∗
n(x1) exp(−iEnt) (1.37)

where φn(x) = 〈x|En〉 is the n-th energy eigenfunction of the system under
consideration. We have assumed that the energy levels are discrete for the
sake of simplicity; the summation over n will be replaced by integration
over the energy E if the levels form a continuum. Let us now consider the
following limit:

W (t;x2,x1) ≡ lim
t→+∞

G(x2;x1) (1.38)
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The t-dependence of the left hand side is supposed to indicate the leading
dependence when the limit is taken. This limit cannot be directly ascer-
tained from Eq. (1.37) because the exponent oscillates. However, we can
give meaning to this limit if we first transform Eq. (1.37) to the imaginary
time τ1 = it1 and τ2 = it2 and consider the limit tE = (τ2 − τ1) → ∞. We
find that

WE(tE ;x2,x1) = lim
tE→∞

GE(x2;x1) ∼= φ0(x2)φ0(x1) exp[−E0tE ] (1.39)

where the zero-subscript denotes the lowest energy state. (Note that φ∗
0 =

φ0 for the ground state.) Thus only the ground state contributes in this
infinite time limit. Writing this as

〈∞,0| −∞,0〉E = |φ0(0)|2 exp−
∫ ∞

−∞
dtE E0 (1.40)

we see that the phase of 〈∞,0| − ∞,0〉E gives the ground state energy.
More explicitly, from WE(tE ;0,0) ≈ (constant) exp(−E0tE), we have:

E0 = lim
tE→∞

(
− 1

tE
lnWE(tE ;0,0)

)
= lim

tE→∞

(
− 1

tE
ln〈tE ,0|0,0〉E

)
(1.41)

Using a variant of Eq. (1.39), we can also express the ground state wave
function itself in terms of G(x2;x1). From

13

WE(tE ;x2,x1)

WE(tE ; 0, 0)
∼= φ0(x2)φ0(x1)

φ0(0)φ0(0)
(1.42)

we see that
WE(tE ;0,x)

WE(tE ;0,0)
∼= φ0(x)

φ0(0)
(1.43)

Ignoring the proportionality constants, which can be fixed by normalizing
the ground state wave function, we have the result

φ0(x) ∝ lim
tE→∞

WE(tE ;0,x) ∝
∫

Dq exp (−AE [∞, 0; 0,x]) (1.44)

So if you evaluate the Euclidean path integral with the boundary conditions
that at tE = 0 we have q = x and at tE = ∞, q = 0, then, except for
unimportant constants, the path integral will reproduce the ground state
wave function. This result is useful in field theoretic contexts in which
one cannot explicitly solve the analog of the Schrodinger equation to find
the ground state wave function but can evaluate the path integral in some
suitable approximation.

The propagation amplitude can also be used to study the effect of exter-
nal perturbations on the system. (We will discuss this in detail in Sect. 2.1;
here, we shall just derive a simple formula which will be of use later on.)
Let us suppose that the system was in the ground state in the asymptotic
past (t1 → −∞). At some time t = −T we switch on an external, time de-
pendent disturbance J(t) affecting the system. Finally at t = +T we switch
off the perturbation. Because of the time-dependence, we no longer have
stationary energy eigenstates for the system. In fact, the system is likely
to have absorbed energy from the perturbation and ended up at some ex-
cited state at t2 → +∞; so the probability for it to be found in the ground

13While we introduce the analytic
continuation to Euclidean time, t →
tE , as a mathematical trick, it will
soon acquire a life of its own. One
conceptual issue is that the paths you
sum over in the Euclidean sector can
be quite different compared to those in
the Lorentzian sector. Later on, when
we deal with the relativistic fields,
this distinction will become more seri-
ous, because the Lorentzian space has
a light cone structure which the Eu-
clidean sector does not have. There are
people who even believe quantum field
theory should be actually formulated
in the Euclidean sector and then ana-
lytically continued to the usual space-
time. It cannot be denied that the
Euclidean formulation gives certain in-
sights which are surprisingly difficult
to obtain from other methods.

Exercise 1.4: Work this out explicitly
for a harmonic oscillator and verify this
claim.
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Exercise 1.5: Compute Q for a sim-
ple harmonic oscillator of frequency ω
coupled to an external time dependent
source J(t). Your result should match
with the one we need to use later in
Eq. (2.87).

state as t2 → +∞ will be less than one. This probability can be computed
from the propagation amplitude GJ(x2;x1) in the presence of the source
J . Consider the limit of:

P = lim
t2→∞

lim
t1→−∞

GJ (x2;x1) = lim
t2→∞

lim
t1→−∞

〈t2,x2|t1,x1〉J (1.45)

= lim
t2→∞

lim
t1→−∞

[ ∫ +∞

−∞
dDx dDx′

× 〈t2,x2|T,x〉〈T,x| − T,x′〉 〈−T,x′|t1,x1〉
]

Since J = 0 during t2 > t > T and −T > t > t1, the matrix elements in
these intervals can be expressed in terms of the energy eigenstates of the
original system. We can then take the limits t2 → ∞ and t1 → −∞ by
first going over to Euclidean time, taking the limits and then analytically
continuing back to normal time. Using Eq. (1.39), we have:

lim
t2→∞

〈t2,x2|T,x〉 ∼= φ0(x2)φ0(x) exp−iE0(t2 − T )

lim
t1→−∞

〈−T,x′|t1,x1〉 ∼= φ0(x
′)φ0(x1) exp−iE0(−T − t1) (1.46)

which, when substituted into Eq. (1.45), gives:

P ∼=
[
φ0(x2)φ0(x1)e

−iE0(t2−t1)
]

(1.47)

×
+∞∫

−∞
dDx dDx′(φ0(x)e

iE0T )〈T,x|x′,−T 〉(φ0(x
′)eiE0T )

∼= lim
t→∞

GJ=0(x2;x1)

+∞∫
−∞

dDx dDx′[φ0(x, T )]
∗〈T,x|x′,−T 〉[φ0(x

′,−T )]

where φ0(x, T ) represents the ground state wave function at time T , etc.
The quantity

Q =

∫ +∞

−∞
dDx dDx′[φ0(x, T )]

∗〈x, T |x′,−T 〉[φ0(x
′,−T )] (1.48)

represents the amplitude for the system to remain in the ground state
after the source is switched off if it started out in the ground state before
the source was switched on. (It is usually called the vacuum persistence

amplitude.) From Eq. (1.47) and Eq. (1.45) we find that this amplitude is
given by the limit:

Q = lim
t2→∞

lim
t1→−∞

GJ(x2;x1)

GJ=0(x2;x1)
(1.49)

This result can be further simplified by noticing that the x2 and x1 depen-
dences cancel out in the ratio in Eq. (1.49) so that we can set x2 = x1 = 0.
Thus the vacuum persistence amplitude can be found from the propagation
amplitude by a simple limiting procedure.

Finally we mention an important application of imaginary time in statis-
tical mechanics and condensed matter physics. The analytic continuation
to imaginary values of time has close mathematical connections with the
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description of systems in a thermal bath. To see this, consider the mean
value of some observable O(q) of a quantum mechanical system. If the sys-
tem is in an energy eigenstate described by the wave function φn(q), then
the expectation value of O(q) can be obtained by integrating O(q)|φn(q)|2
over q. If the system is in a thermal bath at temperature β−1, described
by a canonical ensemble, then the mean value has to be computed by aver-
aging over all the energy eigenstates as well with a weightage exp(−βEn).
In this case, the mean value can be expressed as

〈O〉 = 1

Z

∑
n

∫
dq φn(q)O(q)φ∗

n(q) e
−βEn ≡ 1

Z

∫
dq ρ(q, q)O(q) (1.50)

where Z is the partition function and we have defined a density matrix

ρ(q, q′) by
ρ(q, q′) ≡

∑
n

φn(q)φ
∗
n(q

′) e−βEn (1.51)

in terms of which we can rewrite Eq. (1.50) as

〈O〉 = Tr (ρO)

Tr (ρ)
(1.52)

where the trace operation involves setting q = q′ and integrating over q.
This result shows how ρ(q, q′) contains information about both thermal and
quantum mechanical averaging. Comparing Eq. (1.51) with Eq. (1.37),
we find that the density matrix can be immediately obtained from the
Euclidean propagation amplitude:

ρ(q, q′) = 〈β, q|0, q′〉E (1.53)

with the Euclidean time acting as inverse temperature. Its trace, ρ(q, q) ∝
〈β, q|0, q〉E is obtained by computing the Euclidean path integral with a
periodic boundary condition on the imaginary time. The period of the
imaginary time gives the inverse temperature.

1.2.4 Path Integral for the Jacobi Action

It is possible to use the results obtained in the Sect. 1.2.1 to give meaning
to a sum over paths for an action which is not quadratic. Given its utility
in the study of the relativistic particle in the next section, we will first
develop this approach in the non-relativistic context.

In classical mechanics the usual form of the action A[x(t)] ≡ A[xα(t)]
is taken to be a time integral [in the range (t1, t2)] of the Lagrangian L =
T (xα, ẋα)−V (xα). Demanding δA = 0 with δxα = 0 at the end points leads
to the equations of motion determining the trajectory xα(t) satisfying the
boundary conditions. This procedure not only determines the path taken
by the particle in space (like e.g., the ellipse in the Kepler problem) but
also the actual coordinates of the particle as a function of time t (like, for
e.g., r(t) and θ(t) in the Kepler problem; eliminating t between these two
functions gives the equation to the path r(θ)).

Suppose we are not interested in the latter information and only want
to know the equation to the path taken in space by the particle. It is then
possible to use a different action principle — called the Jacobi-Maupertuis

action — the extremum condition for which leads directly to the trajectory.
We will first recall this action principle from classical mechanics.

Exercise 1.6: Compute ρ(q, q′) for a
harmonic oscillator at finite tempera-
ture and study the low and high tem-
perature limits. Can you interpret
these limits?
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Exercise 1.7: Vary AJ and prove
these claims.

14If we consider an abstract space
with metric Gαβ ≡ 2m(E − V )gαβ ,
then AJ for a given value of E is just
the length of the path calculated with
this metric Gαβ . So the spatial paths
followed by the particle are geodesics
in the space with this metric. This is
amusing but does not seem to lead to
any deep insight.

Let us consider a situation in which the kinetic energy term T of the
Lagrangian is a homogeneous quadratic function of the velocities and can
be written in the form

T =
1

2
m

(
d�

dλ

)2

=
1

2
m
(
gαβ ẋ

αẋβ
)

(1.54)

where d�2 = gαβ(x
μ)dxα dxβ is the spatial line element in some arbitrary

coordinate system and λ is the time, with ẋα = dxα/dλ etc.. Since we
consider Lagrangians with no explicit time dependence, we can take t1 =
0, t2 = t in defining the action. Using the relation between the Lagrangian
and the Hamiltonian, L = pαẋ

α −H , we can write the action functional as

A =

∫ t

0

dλ

[
1

2
m

(
d�

dλ

)2

− V (xα)

]
; d�2 = gαβ(x

μ)dxα dxβ

=

∫ t

0

dλ [pαẋ
α −H ] (1.55)

This form of the action motivates us to consider another action functional
given by

AJ ≡
∫ x2

x1

pαdx
α =

∫ λ2

λ1

dλ

(
∂L

∂ẋα

)
ẋα (1.56)

which differs from Eq. (1.55) by the absence of Hdλ term. Roughly speak-
ing, one would have expected this term not to contribute to the variation if
we consider trajectories with a fixed energy E and express pα in AJ above
in terms of E. It can be easily verified that the modified action principle
based on AJ in Eq. (1.56) leads to the actual paths in space as a solution
to the variational principle δAJ = 0 when we vary all trajectories connect-
ing the end points xα

1 and xα
2 . This trajectory will have energy E, but

will contain no information about the time coordinate. In fact, the first
form of the action in Eq. (1.56) makes clear that there is no time depen-
dence in the action. Geometrically, we are only interested in various curves
connecting two points in space xα

1 and xα
2 , irrespective of their parameter-

ization. We can describe the curve with some parameter λ by giving the
D functions xα(λ) or some other set of functions obtained by changing the
parameterization from λ → f(λ). The curves remain the same and the
reparameterization invariance of the action expresses this fact.

It is possible to rewrite the expression for AJ in a nicer form. Using
the fact that L is a homogeneous quadratic function of velocities, we have
the result

ẋα

(
∂L

∂ẋα

)
= 2T = m

(
d�

dλ

)2

= 2 [E − V (xα)] (1.57)

Substituting into Eq. (1.56) we get

AJ =

∫ x2

x1

m

(
d�

dλ

)
d� =

∫ x2

x1

√
2m(E − V (xα)) d� (1.58)

which is again manifestly reparameterization invariant with no reference to
time.14

Since AJ describes a valid action principle for finding the path of a
particle with energy E classically, one might wonder what happens if we try
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to quantize the system by performing a sum over amplitudes exp(iAJ). We
would expect it to lead to the amplitude for the particle to propagate from
xα
1 to xα

2 with energy E. This is indeed true but since AJ is not quadratic
in velocities even for a free particle, (because d� involves a square root) it
is not easy to evaluate the sum over exp(iAJ). But since we already have
an alternative path integral procedure for the system, we can use it to give

meaning to this sum, thereby defining the sum over paths for at least one
non-quadratic action.

Our idea is to write the sum over all paths in the original action principle
(with amplitude exp(iA)) as a sum over paths with energy E followed by
a sum over all E. Using the result in Eq. (1.55), we get

t,x2∑
0,x1

exp(iA) =
∑
E

x2∑
x1

e−iEt exp iAJ [E,x(τ)] ∝
∫ ∞

0

dE e−iEt
x2∑
x1

exp(iAJ )

(1.59)
In the last step we have treated the sum over E as an integral over E > 0
(since, for any Hamiltonian which is bounded from below, we can always
achieve this by adding a suitable constant to the Hamiltonian) but there
could be an extra proportionality constant which we cannot rule out. This
constant will depend on the measure used to define the sum over exp(iAJ )
but can be fixed by using the known form of the left hand side if required.
Inverting the Fourier transform, we get:

P(E;x2,x1) ≡
x2∑
x1

exp(iAJ) = C

∫ ∞

0

dt eiEt

t,x2∑
0,x1

exp(iA)

= C

∫ ∞

0

dt eiEtG(x2;x1) (1.60)

where we have denoted the proportionality constant by C. This result
shows that the sum over the Jacobi action involving a square root of ve-

locities can be re-expressed in terms of the standard path integral; if the
latter can be evaluated for a given system, then the sum over Jacobi action
can be defined by this procedure.

The result also has an obvious interpretation. The G(x2;x1) on the
right hand side gives the amplitude for a particle to propagate from x1 to
x2 in time t. Its Fourier transform with respect to t can be thought of as
the amplitude for the particle to propagate from x1 to x2 with energy E,
which is precisely what we expect the sum over the Jacobi action to give.
The idea actually works even for particles in a potential if we evaluate the
path integral on the right hand side by some other means like, e.g., by
solving the relevant Schrodinger equation.15

With future applications in mind, we will display the explicit form of
this result for the case of a free particle with V = 0. Denoting the length
of the path connecting xα

1 and xα
2 by �(x2,x1), we have:

x2∑
x1

exp i
√
2mE �(x2,x1) = C

∫ ∞

0

dt eiEt

t,x2∑
0,x1

exp
im

2

∫ t

0

dτ
(
gαβ ẋ

αẋβ
)

(1.61)
This result shows that the sum over paths with a Jacobi action, involving a
square root of velocities, can be re-expressed in terms of the standard path
integral involving only quadratic terms in the velocities. We, of course,

15In this case, the
√
E − V will lead

to imaginary values forE < V , thereby
describing quantum mechanical tun-
neling. The path integral with the Ja-
cobi action will give exponentially sup-
pressed amplitudes for classically for-
bidden processes — a result we will
again allude to in the next section.
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Exercise 1.8: Work out Eq. (1.61) ex-
plicitly for a D-dimensional space. You
will find that the integral is trivial for
D = 1, 3 while it involves the Bessel
function for other values of D. For ex-
ample, D = 4 —which we will consider
in the next section — will give you a
MacDonald function.

know the result of the path integral in the right hand side (for gαβ = δαβ
in Cartesian coordinates) and thus we can evaluate the sum on the left
hand side.

It must be stressed that the path integral sum over the Jacobi action,
given by P(E;x2,x1), is a very different beast compared to the path inte-
gral sum over the usual action, G(x2;x1). The P(E;x2,x1) does not share
some of the crucial properties of G(x2;x1). Most importantly, it does not
obey any kind of transitivity like that in Eq. (1.2). It can be directly
verified that

P(E;x2,x1) �=
∫

dDyP(E;x2,y)P(E;y,x1) (1.62)

This means P(E;x2,x1) cannot be used to “propagate” any wave function
unlike G(x2;x1) which acts as a propagator for the solutions of Schrodinger
equations in accordance with Eq. (1.3). Mathematically, this is obvious
from the structure of P(E;x2,x1) which can be expressed formally as the
matrix element:

P(E;x2,x1) =

∫ ∞

0

dt eit(E+iε)〈x2|e−itĤ |x1〉 = i〈x2|(E − Ĥ + iε)−1|x1〉
(1.63)

where we have introduced an iε factor, with an infinitesimal ε, to ensure
convergence. This result can be expressed more explicitly in terms of the
energy eigenfunctions using Eq. (1.29):

P(E;x2,x1) =

∫ ∞

0

dt

∫ ∞

0

dμ e−iμtφμ(x2)φ
∗
μ(x1)e

iEt

=

∫ ∞

0

dμ
iφμ(x2)φ

∗
μ(x1)

(E − μ+ iε)
(1.64)

where we have again changed E to E + iε to ensure the convergence of
the original integral which also avoids a pole in the real axis for the μ
integration. Clearly, this expression has a very different structure compared
to the one in Eq. (1.29), which accounts for lack of transitivity, etc. From
either Eq. (1.63) or Eq. (1.64), it is easy to see that:

∫
dDyP(E;x2,y)P(E;y,x1) = P(E;x2,x1)

[
∂ lnP(E;x2,x1)

i∂E

]
(1.65)

where the factor in the square bracket gives the deviation from transitivity.
In the case of a free particle, in which energy eigenstates are labeled by

the momenta p, Eq. (1.63) has the form

P(E;x2,x1) =

∫
dDp

(2π)D
ieip·x

E − p2/2m+ iε
(1.66)

In non-relativistic quantum mechanics all these are more of curiosities and
we don’t really care about the Jacobi action and a path integral defined by
it. (It is not even clear what a Schrodinger-like “propagation” could mean
when the time coordinate has been integrated out.) However these features
will hit us hard when we evaluate the path integral for a relativistic particle
because it will turn out to be identical in structure to the path integral
defined using a Jacobi action. We shall take that up next.
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1.3 Quantum Propagation Amplitude for the
Relativistic Particle

The above discussion would have convinced you that, as far as the non-
relativistic free particle is concerned, we can proceed from the classical
theory to the quantum theory in a fairly straightforward way. We can either
use the path integral and obtain the propagation amplitude or follow the
more conventional procedure of setting up a Hamiltonian and quantizing
the system. Encouraged by this success, we could try the same procedure
with a relativistic free particle and obtain its quantum description from the
classical counterpart using, say, the path integral. Here is where all sorts
of strange things are expected to happen. The procedure should lead us
from a single particle description to a field theoretic description. We will
now see how this comes about.

1.3.1 Path Integral for the Relativistic Particle

Let us next try our hand with a relativistic particle for which all hell is
expected to break loose. But since we know the classical action (as well as
the Hamiltonian) for this case as well, we should be able to compute the
amplitude G(x2;x1). The standard action for a relativistic particle is given
by

A = −m

∫ t2

t1

dt
√

1− v2 = −m

∫ x2

x1

√
ηabdxadxb = −m

∫ λ2

λ1

dλ
√
ηabẋaẋb

(1.67)
where xa(λ) gives a parameterized curve connecting the events x1 and x2

in the spacetime with the parameter λ and ẋa ≡ dxa/dλ. In the second
and third forms of the expression, the integral is evaluated for any curve
connecting the two events with the limits of integration depending on the
nature of the parametrization. (For example, we have chosen x(λ = λ1) =
x1, x(λ = λ2) = x2 but the numerical value of the integral is independent
of the parametrization and depends only on the curve. If we choose to use
λ = t as the parameter, then we reproduce the first expression from the
last.)

It is obvious that this action has the same structure as the Jacobi action
for a free particle discussed in the last section. To obtain the propagation
amplitudeG(x2;x1), we need to do the path integral using the above action,

G(x2;x1) =

t,x2∑
0,x1

exp

[
−im

∫ t2

t1

dt
√
1− v2

]

=

t,x2∑
0,x1

exp

[
−im

∫ τ

0

dλ
√
ṫ2 − ẋ2

]
(1.68)

which can be accomplished using the results in the last section.16 We first
take the complex conjugate of Eq. (1.61) (in order to get the overall minus
sign in the action in Eq. (1.67)) and generalize the result from space to

16It is also possible, fortunately, to
do this rigorously. (The details are
given in the Mathematical Supplement
in Sect. 1.6.2.) One can define the
action in Eq. (1.67) in a Euclidean
D-dimensional cubic lattice with lat-
tice spacing ε, interpreting the ampli-
tude as e−ml where l is the length of
any path connecting two given lattice
points. The sum over paths can be cal-
culated by multiplying the number of
paths of a given length l by e−ml and
summing over all l. This is a simple
problem on the lattice and the sum can
be explicitly determined. The result in
the continuum needs to be obtained by
taking the limit ε → 0 using a suitable
measure which has to be determined in
such a way that the limit is finite. Such
an analysis gives the answer which is
identical to what we obtain here and
has the merit of being more rigorous,
while the simpler procedure used here
has the advantage of having a direct
physical interpretation.
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17This is one physically meaningful
choice for timelike curves; for space-
like and null curves, the corresponding
choices are proper length and affine pa-
rameter.

xi

τ

xi1 = (t1,x1)

xi2 = (t2,x2)

τ = s

τ = 0

Figure 1.4: Spacetime trajectories as
a function of proper time

spacetime, leading to

x2∑
x1

exp−i
√
2mE �(x2,x1) = C

∫ ∞

0

dτe−iEτ

t,x2∑
0,x1

exp− im

2

∫ τ

0

dλ
(
gabẋ

aẋb
)

(1.69)
In order to get −im�(x2,x1) on the left hand side we take E = m/2; ie.,
we use the above formula with the replacements

E =
m

2
; gab = dia (1,−1,−1,−1);

� =

∫ τ

0

√
gabẋaẋb dλ =

∫ t2

t1

dt
√
1− v2 (1.70)

The path integral over the quadratic action can be immediately borrowed
from Eq. (1.9) with D = 4, taking due care of the fact that in the quadratic
action the ṫ2 enters with negative sign while ẋ2 enters with the usual pos-
itive sign. This gives an extra factor i to N and the answer is:

〈x2, τ |x1, 0〉 = θ(τ)i
( m

2πiτ

)2
exp

(
− i

2

mx2

τ

)
(1.71)

The θ(τ) is introduced for the same reason as θ(t) in Eq. (1.9) but will
turn out to be irrelevant since we will integrate over it. Therefore the path
integral we need to compute is given by:

G(x2;x1) =

t,x2∑
0,x1

exp−im

∫ t2

t1

dt
√
1− v2 (1.72)

= C

∫ ∞

0

dτ exp

(
− im

2
τ

)
i
( m

2πiτ

)2
exp

(
− im

2τ
x2

)

= (2Cm)(−i)
m

16π2

∫ ∞

0

ds

s2
e−ims exp

(
− im

4s
x2

)
,

with τ = 2s. We have thus given meaning to the sum over paths for the
relativistic particle thereby obtaining G(x2;x1). The integral expression
also gives a nice interpretation for G(x2;x1) which we will first describe
before discussing this result.

The trajectory of a classical relativistic particle in spacetime is given by
the four functions xi(τ) where τ could be taken as the proper time shown
by a clock which moves with the particle17. Such a description treats space
and time on an equal footing with x(τ) and t(τ) being dependent variables
and τ being the independent variable having an observer independent, ab-
solute, meaning. This is a natural generalization of x(t) in non-relativistic
mechanics with (x, y, z) being dependent variables and t being the inde-
pendent variable having an observer independent, absolute, status. Let us
now consider an action for the relativistic particle given by

A[x(τ)] = −1

4
m

∫ s

0

dτ ẋaẋ
a (1.73)

where ẋa ≡ (dxa/dτ) etc. This action, of course, gives the correct equations
of motion d2xa/dτ2 = 0 but the overall constant in front of the integral —
which is arbitrary as far as classical equations of motion go — is chosen
based on the result obtained below in Eq. (1.75). Evaluating a path inte-
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gral with this action will now lead to an amplitude of the form 〈x2, s|x1, 0〉
which describes a particle propagating from an event x1 to event x2 when
the proper time lapse is given by s. But we are interested in the ampli-
tude G(x2;x1) and don’t care what is the amount of proper time that has
elapsed. Therefore we need to also sum over (i.e., integrate) all the proper
time lapses with some suitable measure. Since the rest energy of the par-
ticle m is conjugate to the proper time (which measures the lapse of time
in the instantaneous co-moving Lorentz frame of a particle) it seems rea-
sonable to choose this measure to be proportional to a phase factor e−ims.
Thus we have the relation

G(x2;x1) = Cm

∫ ∞

−∞
ds e−ims〈x2, s|x1, 0〉 = Cm

∫ ∞

−∞
ds e−ims

∑
x(τ)

eiA[x(τ)]

(1.74)
where Cm is a normalization constant,18 possibly dependent on m, which
we will fix later. (We have kept the integration limits on s to be the
entire real line but it will get limited to (0,∞) because of θ(s) in the path
integral.) In the second equality we have used the standard path integral
prescription.

Exactly as before, the sum over paths is now to be evaluated limiting
ourselves to paths xi(τ) which only go forward in the proper time τ (see Fig.
1.4; just as the paths in Eq. (1.8) were limited to those which go forward in
the Newtonian absolute time t). However, we have to now allow paths like
the one shown in Fig. 1.2 which go back and forth in the coordinate time t
just as we allowed in Eq. (1.8) the paths which went back and forth in the
y coordinate, say. The time coordinate t(τ) of a path now has the same
status as the spatial coordinate, say y(t), in the non-relativistic description.
The special role played by the absolute Newtonian time t is taken over by
the proper time τ in this description. This will, of course, have important
consequences later on.

Let us now get back to the discussion of our main result. We will rewrite
Eq. (1.72) in the form:

G(x2;x1) = −(2Cm)i
( m

16π2

)∫ ∞

0

ds

s2
exp

(
−ims− i

4

mx2

s

)

= − i

16π2

∫ ∞

0

dμ

μ2
exp

(
−i(m2 − iε)μ− i

4

x2

μ

)
(1.75)

where we have made three modifications to arrive at the second line. First,
we have rescaled the variable s to μ by s ≡ mμ. Second, we have made
the choice C = 1/2m which, as we shall see, matches with conventional
results later on and — more importantly — allows us to take the m → 0
limit, if we want to study zero mass particles. Finally, we have replaced
m2 by (m2 − iε), where ε is an infinitesimal positive constant, in order to
make the integral convergent in the upper limit.19 We set ε = 0 at the end
of the calculations. The integral can be evaluated in terms of MacDonald
functions, leading to the result:

G(x2;x1) =
m

4π2i
√
x2

K1(im
√
x2) (1.76)

where, of course, x2 = t2 − |x|2 and hence its square-root is imaginary for
spacelike intervals.

18Dimension alert: The amplitude
G(x2;x1) in Eq. (1.9) has the dimen-
sions of (length)−D as it should. So
the G(x2;x1) in Eq. (1.74) will have
the dimension (length)−3 after inte-
grating over s if Cm is dimensionless.
People like it to have dimensions of
(length)−2 which is achieved by taking
Cm ∝ (1/m), as we will soon do.

19Alternatively, you could have
worked everything out in the Eu-
clidean sector it = tE , is = sE
etc. It will be equivalent to the iε
prescription. (Try it out.)
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Exercise 1.9: Prove Eq. (1.77). It
turns out that the transitivity does
not hold even if we do the integral in
Eq. (1.77) over 4-dimensions with d4y.
The mathematical reason for this is
that the amplitude we want, given by
Eq. (1.74) is analogous to the propa-
gation amplitude P(E;x2,x1) at fixed
energy E in non-relativistic quantum
mechanics, which is obvious from the
fact that we evaluated the relativistic
G(x2;x1) using the Jacobi path inte-
gral. As we saw in Sect. 1.2.4, such an
energy propagator does not obey tran-
sitivity even in non-relativistic quan-
tum mechanics.

20This drastic difference, of course,
is related to the

√
t2 − |x|2 factor in

Eq. (1.76). A simpler way to see this
is to note that in the saddle point ap-
proximation to Eq. (1.75), the saddle
point is determined by the condition
μ =

√
x2/2m, which is real for x2 > 0

making the exponentials in Eq. (1.75)
oscillatory, while it is pure imaginary
for x2 < 0, leading to exponential
damping.

21Though some text books fuss over
this, it is no big deal. In non-
relativistic quantum mechanics, a par-
ticle can tunnel through a barrier
which is classically forbidden. So the
fact that relativistic quantum theory
allows certain processes which rela-
tivistic classical theory forbids, by it-

self, is no more of a surprise than
the fact that tunneling amplitudes in
quantum mechanics are non-zero. The
real trouble arises due to issues con-
nected to causality, as we shall see
later.

That is it! We have found the propagation amplitude G(x2;x1) for
a relativistic particle just as we did it for a non-relativistic particle with
Eq. (1.75) being the relativistic analogue of Eq. (1.9). The expression, of
course, is a bit complicated algebraically but we will soon see that it has a
simple expression in Fourier space. Where are the quantum fields, negative
energy solutions and all the rest which we are supposed to see? To unravel
all these structures we will scrutinize the expression in Eq. (1.75) more
closely.

1.4 Mathematical Structure of G(x2; x1)

1.4.1 Lack of Transitivity

The first disastrous consequence arising from the nature of paths which
were summed over in Eq. (1.74) is that the amplitude G(x2;x1) does not
satisfy the transitivity property:

G(x2;x1) �=
∫

dDyG(x2; y)G(y;x1) (1.77)

So, we cannot have a Schrodinger-like wave function ψ(xi) which is propa-
gated by G(x2;x1) in a consistent manner, in sharp contrast to the situa-
tion in non-relativistic mechanics. This means that, we cannot think of the
particle being ‘somewhere in space’ at intermediate times x0

2 > y0 > x0
1.

Mathematically, this is quite understandable because one of the paths we
summed over [see Fig 1.2] suggests that the particle was at three different
locations simultaneously.

1.4.2 Propagation Outside the Light Cone

Another immediate consequence is that the amplitude G(x2;x1) does not
vanish when x2 and x1 are separated by a spacelike interval, i.e., when x2

lies outside the light cone originating at x1. From the asymptotic forms of
the MacDonald functions,20 one can easily show that

G(x2;x1) −→

⎧⎪⎨
⎪⎩
e±imt (for |x| = 0)

e−m|x| (for t = 0)

(1.78)

When the two events are separated by a spacelike interval, one can always
find a coordinate system in which t = 0, in which the second form of the
result applies. It shows that the amplitude is non-zero outside the light
cone but decreases exponentially with a scale length (1/m).

Classically a relativistic particle cannot go outside the light cone, but
quantum mechanically it seems that the particle can.21 In fact, our discus-
sion of the Jacobi action makes it clear that the sum over paths calculated
with the Jacobi action will give exponentially decaying amplitudes in clas-
sically forbidden regions due to tunneling, which is precisely what happens
here. This is also obvious from the fact that the relativistic Lagrangian
L = −m

√
1− v2 becomes imaginary for |v| > 1 which arises in paths

which go outside the light cone. So this result is even to be expected.
The next trouble is that we can no longer localize the particle states.

It is clear from Eq. (1.75) and Eq. (1.78) that G(x2;x1) does not obey the
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normalization condition in Eq. (1.4). The fact that 〈x|y〉 �= δ(x−y) shows
that we cannot really think in terms of non-overlapping position eigenval-
ues representing a single particle. Suppose we try to express G(x2;x1) as
〈x2|e−iH(p)t|x1〉 for a relativistic, single particle Hamiltonian. Lorentz in-
variance plus translational invariance alone tells you that the result must
have the form 〈x2|e−iH(p)t|x1〉 = F (x2). Suppose now that F (x2) is
nonzero for two events x1 and x2 which have a spacelike separation —
as we found in our case. Then, one can choose a Lorentz frame in which
t = 0 and it immediately follows that

lim
t→0

〈x2|e−iH(p)t|x1〉 = 〈x2|x1〉 = F (−|x|2) �= 0 (for x2 �= x1) (1.79)

The non-zero overlap of 〈x2|x1〉 for x2 �= x1 signals the impossibility of
physically localized single particle states — which is a direct consequence
of F (x2) �= 0 for spacelike separations. We will say more about this in the
next section but it should be obvious from these facts that G(x2;x1) is not
going to permit a simple single particle Schrodinger like description.

There is also some difficulty with the simple notion of causality. We
know that when x2 and x1 are separated by a timelike interval, the causal
relation x0

2 > x0
1 has a Lorentz invariant meaning. If you create a particle

at x1 (say, by a process in which an atom emits a photon thereby creating
a photon) and detect it at x2 (say, by a process in which another atom
absorbs it) and claim that the detection occurred after the creation, such a
statement has a Lorentz invariant meaning only if x2 and x1 are separated
by a timelike interval. All other observers will agree with you that an atom
detected the photon after it was first created. But our discussion shows
that a relativistic particle has a non-zero amplitude to reach a point x2

which is related by a spacelike interval with respect to x1. In one frame
x0
2 > x0

1 might hold but you can always find another Lorentz frame in
which x0

2 < x0
1. This suggests that some observers might end up detecting

a particle before it is created.22

1.4.3 Three Dimensional Fourier Transform of G(x2; x1)

To come to grips with such issues and to see the physics behind G(x2;x1),
it is good to play the same trick which we played with the non-relativistic
amplitude in Eq. (1.9), viz., Fourier transform it and look at it in the
momentum space. Now we can do this either by Fourier transforming with
respect to spatial coordinates or by Fourier transforming with respect to
space and time. This will also get rid of MacDonald functions and express
G(x2;x1) in a human readable form.

The spatial Fourier transform is given by the integral (where we have
suppressed the iε factor for simplicity):∫

G(x2;x1)e
−ip·xd3x = − i

16π2

∫ ∞

0

dμ

μ2
e−im2μ−i(t2/4μ)

×
∫

d3x ei|x|
2/4μ−ip·x (1.80)

The integral over d3x has the value (4πiμ)3/2 exp(−i|p|2μ). Changing the
variable of integration to ρ with μ = ρ2 we find that the integral is given
by ∫

G(x2;x1)e
−ip·xd3x =

(
i

π

)1/2 ∫ ∞

0

dρ exp

(
−iω2

pρ
2 − it2

4ρ2

)
(1.81)

22This also makes lot of people un-
comfortable and may be rightly so.
But no amount of advanced quantum
field theory which you learn is ever go-
ing to make the amplitude G(x2;x1)
vanish when x2 is outside the light cone
of x1. The probability for creating a
particle at x1 and detecting a particle
at x2 outside x1’s light cone is non-
zero in the real world and you just
have to live with it. But what quan-
tum field theory will provide is a nicer,
causal, reinterpretation of this result in
terms of processes which work within
the light cones. The price you pay for
that is a transition from a single par-
ticle description to many (actually in-
finite) particle description.
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Exercise 1.10: Prove the result for
I(a, b) which can be done using a clever
trick, other than typing Integrate in
Mathematica.

Exercise 1.11: Prove that
the integration measure
dΩp ≡ (d3p/(2π)3)(1/2ωp) is
indeed Lorentz invariant.

23Incidentally, the same maths oc-
curs in a process called paraxial op-

tics when we study light propagating
along the +z axis, say, in spite of the
fact that you start with a wave equa-
tion which is second order in z and
symmetric under z ⇔ −z. In get-
ting the non-relativistic quantum me-
chanics you are doing paraxial optics of
particles in the time direction, keeping
only forward propagation. For a de-
tailed description of this curious con-
nection, see Chapters 16,17 of T. Pad-
manabhan, Sleeping Beauties in The-

oretical Physics, Springer (2015).

where ωp = +
√
p2 +m2 is the energy of a classical particle with momen-

tum p. This integral can be evaluated using the result

I(a, b) =

∫ ∞

0

dx e−ia2x2−ib2x−2

=
1

2|a|
(π
i

)1/2
e−2i|a| |b| (1.82)

to give a remarkably simple final answer:∫
G(x2;x1)e

−ip·xd3x =
1

2ωp

exp(−iωp|t|) (1.83)

We can, therefore, express the propagation amplitude as

G(x2;x1) =

∫
d3p

(2π)3
eip·x

[
1

2ωp

e−iωp|t|
]

≡
∫

dΩp

[
θ(t)e−ipx + θ(−t)eipx

]
(1.84)

The integration measure dΩp ≡ (d3p/(2π)3)(1/2ωp) is Lorentz invariant
because it arises from the measure d4pδ(p2−m2)θ(p0); the factor exp(±ipx)
is, of course, Lorentz invariant.

We see that Eq. (1.10) as well as the first expression in Eq. (1.84) can
be expressed together in the form

∫
d3x G(x2;x1)e

−ip·x =

⎧⎪⎪⎨
⎪⎪⎩
θ(t)e−iωpt (non-relativistic)

1

2ωp

e−iωp|t| (relativistic)

(1.85)

Expressed in this manner, the relativistic result looks surprisingly similar
to the one obtained in the case of the non-relativistic particle in Eq. (1.11),
except for two crucial differences.

First, the non-relativistic amplitude propagates modes with positive
energy ωp forward in time and we could take it to be zero for t < 0. The
relativistic amplitude, on the other hand, has |t| leading to propagation
both forward and backward in time. It propagates modes with energy
ωp forward in time, but also propagates modes with negative energy −ωp

backwards in time, because ωp|t| = (−ωp)t for t < 0. As you can guess,
this will be a major talking point for us.23

What about the c → ∞ limit when we expect to recover the non-
relativistic form of G(x2;x1) from the relativistic expression? In this limit
(1/2ωp) → (1/2m); so that is fine and arises from the 2mC = 1 nor-
malization of Eq. (1.75). In the argument of the exponentials, we set
ωp � mc2 + p2/2m. If we now pull out a factor exp(−imc2t) then the
t > 0 part of the propagator will have the non-relativistic form. The t < 0
part of the propagator will pick up an exp(+2imc2t) factor. So we get

eimc2tGR(x2;x1) ≈ GNR(x2;x1) plus a term which oscillates rapidly due
to exp(+2imc2t) factor when c → ∞. At this stage you argue that the sec-
ond term can be ignored compared to the first, thereby getting the correct
NR limit with no t < 0 contribution.

Second, the Fourier transform of G(x2;x1) is not a pure phase in the
relativistic case due to the factor (1/2ωp) in front. This is contrary to the
result we found in Eq. (1.7) for the transitivity condition Eq. (1.2) to hold.
But we know that transitivity does not hold in the relativistic case; see
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Eq. (1.77). Alternatively, we can use the result in Eq. (1.85) as a proof
that transitivity does not hold in the relativistic case.

It is convenient at this stage to introduce two different Lorentz invariant
amplitudes:

G±(x2;x1) =

∫
dΩpe

ip·xe∓itωp =

∫
d3p

(2π)3
1

2ωp

ei(p·x∓ωpt) =

∫
dΩp e∓ipx

(1.86)
In arriving at the third equality, we have flipped the sign of p in the inte-
grand for G−(x2;x1) in order to write everything in a manifestly Lorentz
invariant form. Obviously,

G+(x2;x1) = G−(x1;x2) = G∗
−(x2;x1) (1.87)

so that only one of them is independent. The propagation amplitude in
Eq. (1.84) can now be written as

G(x2;x1) = θ(t)G+(x2;x1) + θ(−t)G−(x2;x1) (1.88)

We know that the left hand side of the above expression is Lorentz
invariant. Therefore the θ(±t) factors in the right hand side should not
create any problems with Lorentz invariance. When the events x2 and x1

are separated by a timelike interval, the notion of x0
2−x0

1 ≡ t being positive
or negative is a Lorentz invariant statement and causes no difficulty. Only
one of the two terms in the right hand side of Eq. (1.84) contributes when
x2 and x1 are separated by a timelike interval in any Lorentz frame. The
situation however is more tricky when x2 and x1 are separated by a space-
like interval. In that case, in a given Lorentz frame, we may have t > 0
and G(x2;x1) = G+(x2;x1) in this frame, while a Lorentz transformation
can take us to another frame in which the same two events have t < 0 so
that G(x2;x1) = G−(x2;x1) in this frame!

For consistency it is necessary that G+(x2;x1) = G−(x2;x1) when x2

and x1 are separated by a spacelike interval, though, of course, they cannot
be identically equal to each other. It is easy to verify that this is indeed
the case. We have, in general,

G+(x2;x1)−G−(x2;x1) = G+(x2;x1)−G+(x1;x2) (1.89)

=

∫
dΩp[e

−ipx − e+ipx] (1.90)

=

∫
dΩp[e

−iωpt+ip·x − eiωpt+ip·x]

=

∫
dΩpe

ip·x [e−iωpt − eiωpt]

In arriving at the last equality, we have flipped the sign of p in the eipx

term. We can now see that this expression vanishes when x2 < 0. In that
case, one can always chose a coordinate system such that t = 0 and the
last line of Eq. (1.89) shows that the integrand vanishes for t = 0. The
explicit Lorentz invariance of the expression assures us that it will vanish
in all frames when x2 < 0. Therefore, it does not matter which of the two
terms in Eq. (1.84) is picked up when x2 < 0 and everything is consistent
though in a subtle way. This result will play a crucial role later on when
we introduce the notion of causality in quantum field theory.
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24We are now using the expression
pixi when all the components (p0,p)
are independent (‘off-shell’). We will
use the notation p · x — with a dot in
the middle — when the pi is off-shell
while px stands for the same expres-
sion on-shell. Usually the context will
make clear whether the expression is
on-shell of off-shell, but do watch out.

25Though this expression looks re-
markably relativistic (and indeed it
is), it has an elementary connection to
the non-relativistic result in Eq. (1.66).
For the action in Eq. (1.73), the Hamil-
tonian is H = −p2/m and the en-
ergy conjugate to proper time will be
E = −m. If you make the substitu-
tions E → −m, p2/2m → −p2/m in
Eq. (1.66), you essentially get the re-
sult in Eq. (1.92) showing the origin of
the “energy denominator”.

X X

X X

Re p0

Im p0

Re p0

Im p0

ε

Figure 1.5: The iε prescription and
the Euclidean prescription in the mo-
mentum space.

1.4.4 Four Dimensional Fourier Transform of G(x2; x1)

Let us next consider the 4-dimensional24 Fourier transform of G(x2;x1).
This expression, which will play a crucial role in our future discussions, is
given by:∫

G(x2;x1)e
ip·xd4x = − i

16π2

∫ ∞

0

dμ

μ2
e−i(m2−iε)μ (1.91)

×
∫

d4x exp

(
− i

4

x2

μ
+ ip · x

)

=
i

(p2 −m2 + iε)
(1.92)

The inverse25 Fourier transform of the right hand side should, of course,
now give G(x2;x1). We will do this in two different ways to illustrate
two important technical points. First, note that we can write the inverse
Fourier transform using an integral representation as

G(x2;x1) =

∫
d4p

(2π)4
ie−ip·x

p2 −m2 + iε
=

∫ ∞

0

dμ

∫
d4p

(2π)4
e−ipx−iμ(m2−p2−iε)

(1.93)

We next note that the factor e−iμ(m2−p2) can be thought of as a matrix
element of the operator e−iμ(m2+�). Hence we can write

G(x2;x1) =

∫ ∞

0

dμ〈x2|e−iμ(�+m2−iε)|x1〉 ≡
∫ ∞

0

dμ〈x2, μ|x1, 0〉 (1.94)

So our amplitude G(x2;x1) can be thought of as the amplitude for a particle
to propagate from x1 at τ = 0 to x2 at τ = μ followed by summing over
all μ. This is identical in content to our original result Eq. (1.74).

The integrand 〈x2, μ|x1, 0〉 in Eq. (1.94) can be thought of as the prop-
agation amplitude 〈x2, μ|x1, 0〉 = 〈x2|e−iμH|x1〉 for a (fictitious) particle
with the operator H = �+m2−iε sometimes called the super-Hamiltonian
which generates translations in proper time. This (super)Hamiltonian
H = −p2 + m2 corresponds to a (super)Lagrangian L = −(1/4)ẋ2 − m2.
This is essentially the same as the Lagrangian in Eq. (1.73) with a rescal-
ing τ → mτ and adding a constant (−m2). The above result shows that
one can think of the propagation amplitude G(x2;x1) as arising from the
propagation of a particle in a 5-dimensional space with the fifth dimension
being the proper time. The proper time should be integrated out to give
the amplitude in physical spacetime.

The second technical aspect is related to the crucial role played by the iε
factor which was introduced very innocuously in Eq. (1.75). In the inverse
Fourier transform, separating out d4p as d3pdp0, we get

G(x2;x1) =

∫
d4p

(2π)4
i

(p2 −m2 + iε)
e−ip·x

=

∫
d3p

(2π)3
eip·x

∫ +∞

−∞

dp0

2π

ie−ip0t

(p0)2 − ω2
p + iε

(1.95)

The p0 integral is now well defined because the zeros of the denominator

p0 = ± [ω2
p − iε

]1/2 ⇒ ±(ωp − iε) (1.96)
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are shifted off the real axis. If we did not have the iε factor, the denominator
would vanish at p0 = ±ωp and the integral will be ill-defined until we
specify a procedure for going around the poles. The iε prescription tells
you that the contour has to go above the pole at +ωp and below the pole at
−ωp which is equivalent to using the contour in Fig. 1.5 with integration
along p0(1+ iε) keeping the poles on the real axis. This allows us to rotate
the contour to the imaginary axis in the complex p0 plane and define the
expressions in the Euclidean sector by the analytic continuation. In the
complex p0 plane we think of the integral as being along p0eiθ with θ = ε
giving the iε prescription and θ = π/2 giving the Euclidean prescription.
The latter is equivalent to replacing p0 by ip0E and treating p0E as real.

We recall from Sect. 1.2.3 that the corresponding change for time co-
ordinate was t → −itE. So the complex phase of the Fourier transform
remains complex when we simultaneously analytically continue in both t
and p0. That is,

i(p0t− p · x) → i(p0EtE − p · x) (1.97)

The relative sign between the two terms in the Euclidean expression on the
right hand side might appear strange but it does not matter when we deal
with integrals over functions of p2. Using the trick of flipping the sign of
spatial momenta, we have the identity:∫

d4pf(p2)e−ip·x = i

∫
d4pEf(−p2E)e

−i(p0
EtE−p·x)

= i

∫
d4pEf(−p2E)e

−i(p0
EtE+p·x)

= i

∫
d4pEf(−p2E)e

−ipE ·xE (1.98)

where pE ·xE ≡ p0EtE+p · x so that everything looks sensible for functions
of p2. In the Euclidean sector our integral will become∫

d4p

(2π)4
i

(p2 −m2 + iε)
e−ip·x =

∫
d4pE
(2π)4

e−ipE .xE

p2E +m2
(1.99)

which, of course, is well defined. This is yet another illustration that if
we had worked everything out in the Euclidean sector and analytically
continued back to real time and real p0, we would have got the correct
result as obtained by the iε prescription. Hence, one often uses the iε
prescription and the Euclidean definition interchangeably in field theory.

Either by contour integration or by doing the Euclidean integral and
analytically continuing, one can easily show that

∫ +∞

−∞

dp0

2π

ie−ip0t

(p0)2 − ω2
p + iε

=
1

2ωp

e−iωp|t| (1.100)

Thus we get the final answer to be

G(x2;x1) =

∫
d3p

(2π)3
eip·x

[
1

2ωp

e−iωp|t|
]

≡
∫

dΩp

[
θ(t)e−ipx + θ(−t)eipx

]
(1.101)

which, of course, matches with our earlier result in Eq. (1.84).

Exercise 1.12: Work out the p0 inte-
gration along a contour which goes (a)
above both poles and (b) below both
poles. These expressions correspond to
what are known as retarded and ad-
vanced propagators in the context of,
for e.g., a harmonic oscillator.
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26Later on we will see that E can be
interpreted as an effective Lagrangian
of a theory when 〈x2, μ|x1, 0〉 =
〈x2|e−iμH|x1〉 arises from more com-
plicated operator H in interacting the-
ories. The factor (1/2) is added in
Eq. (1.103) because each loop can be
traversed in two orientations — clock-
wise or anticlockwise.

27The divergence of the expressions
makes some of these operations “ille-
gal”. One can obtain the same re-
sults after “regularizing” the integrals
— a procedure we will describe later
on. (Whether that makes anything “le-
gal” is a question you are not supposed
to ask!)

1.4.5 The First Non-triviality: Closed Loops and G(x; x)

Since G(x2;x1) does not vanish outside the light cone, one is tempted
to look at the form of G(x;x) which would correspond to the amplitude
for a particle to propagate in a closed loop in spacetime! This process is

remarkable because it could happen even without any relativistic particle in

sight. Being a “zero particle process” (see Fig. 1.6) it contains the key
essence of the new features we have stumbled upon. To analyse this, let us
go back to the amplitude 〈x2, μ|x1, 0〉 given in Eq. (1.94) for a particle to
propagate from x1 to x2 in proper time μ. We define the Fourier transform
of this expression with respect to μ to obtain∫ ∞

0

〈x, μ|x, 0〉 eiEμ dμ ≡ P(x;E) (1.102)

where P(x;E) can be thought of as the amplitude for a closed loop with
energy E. (This integral could have been from μ = −∞ to μ = +∞ if
we interpret 〈x2, μ|x1, 0〉 with a θ(μ) factor.) We next integrate over all
energies and define a quantity

E(x) = 1

2

∫ ∞

0

dE P(x;E) (1.103)

Taking the definition for 〈x2, μ|x1, 0〉 from Eq. (1.94) and integrating over
E first, we get26

E =
1

2

∫ ∞

0

dμ

(−1

iμ

)
〈x, μ|x, 0〉 = i

2

∫ ∞

0

dμ

μ
〈x|e−iμ(�+m2)|x〉 (1.104)

It follows from this relation that

∂E
∂m2

=
1

2
G(x;x) (1.105)

On the other hand, from Eq. (1.84) we find that (with � temporarily re-
stored)

1

2
G(x;x) =

1

2

∫
d3p

(2π)3
1

2ωp

=
∂

∂m2

[∫
d3p

(2π)3

(
1

2
�ωp

)]
(1.106)

Comparing Eq. (1.105) with Eq. (1.106) we get the remarkable result

E =

∫
d3p

(2π)3

(
1

2
�ωp

)
(1.107)

when we set the integration constant to zero. Or, more explicitly,

1

2

∫ ∞

0

dE

∫ ∞

0

dμ eiEμ 〈x, μ|x, 0〉 =
∫

d3p

(2π)3

(
1

2
�ωp

)
(1.108)

The left hand side can be interpreted (except for a factor (1/2) which, as
we said, takes care of traversing the loop in two directions) as giving the
amplitude of all closed loops obtained by summing over the energy associ-
ated with each loop. We find that this is the same as summing over the zero
point energies, (1/2)�ωp, of an infinite number of harmonic oscillators each
labeled by the frequency ωp. Right now there are no harmonic oscillators
anywhere in sight and it is rather intriguing that we get a result like this;
a physical interpretation will emerge much much later, in spite of the fact
that both sides of this expression are divergent.27

x = x′

t2

t

x

t1
x = x

Figure 1.6: The amplitude for such
closed loops is nonzero.
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1.4.6 Hamiltonian Evolution: Relativistic Particle

To understand further the structural difference in G(x2;x1) between the
relativistic and non-relativistic case, we will now try to redo our analysis
in Sect. 1.2.2 for the relativistic case. The lack of transitivity in G(x2;x1)
should tell you that this is a lost cause but it is interesting to see it explicitly.

The classical Hamiltonian for a relativistic particle is given by H(p) =

+
√
p2 +m2 which has a square-root and is defined to be positive definite.

Squaring this is a notoriously bad idea since it allows negative energy states
to creep in and is universally condemned in textbooks. So we don’t want to
do that. If we retain the square root and use the coordinate representation
with p → −i∇, we have to deal with the operator

√−∇2 +m2 which is
non-local. Its action on a function f(x) is given by

√
−∇2 +m2 f(x) ≡

∫
dDp

(2π)D
(p2 +m2)1/2 f(p)eip·x

=

∫
dDy G(x− y) f(y) (1.109)

where G(x) is a singular Kernel given by

G(x) ≡
∫

dDp

(2π)D
(p2 +m2)1/2 eip·x (1.110)

The simplest way to avoid this problem28 is to work in the momentum
representation in which H(p) is diagonal and local. So we begin again by
introducing a complete set of momentum eigenstates |p〉. The completeness
condition analogous to Eq. (1.18) will now have to be Lorentz invariant and
hence should have the form∫

dDp

(2π)D
1

2ωp

|p〉〈p| =
∫

dΩp|p〉〈p| = 1 (1.111)

Taking the product with |k〉, we now require the Lorentz invariant or-
thonormality condition29

〈p|k〉 = (2π)D (2ωk) δ(p− k) (1.112)

We next introduce position eigenstates |x〉 and will try to interpret the
amplitude G(x2;x1) as 〈x2|e−iH(p)t|x1〉. This leads to:

〈x2|e−iH(p)t|x1〉 =
∫

dΩp e−iωpt〈x2|p〉〈p|x1〉 (1.113)

Once again we can argue based on translational invariance (or the fact
that in the momentum basis the commutation rule [xα, pβ] = iδαβ is im-
plemented using x̂α = i∂/∂pα) that 〈p|x〉 = Cp exp[−ip · x]. Therefore,

〈x2|e−iH(p)t|x1〉 =
∫

dΩp e−iωpt |Cp|2 eip·x =

∫
dΩp |Cp|2 e−ipx (1.114)

We will require the amplitude G(x2;x1) = 〈x2|e−iH(p)t|x1〉 to be Lorentz
invariant. Since dΩp and e−ipx are Lorentz invariant, it follows that we
must have |Cp|2 to be a constant which we can take to be unity. If we
make this choice, then we will have

〈x2|e−iH(p)t|x1〉 = G(x2;x1) (for t2 > t1) (1.115)

Exercise 1.13: Prove this and evalu-
ate G(x) explicitly. It is a pretty much
a useless object but you learn how to
work with singular integrals in the pro-
cess.

28If we have to deal with a
Schrodinger-like equation in co-
ordinate space which is non-local,
you might think we have already lost
the battle. But note that, even in
the usual non-relativistic quantum
mechanics, there is nothing sacred
about the coordinate representation
vis-a-vis the momentum representa-
tion. If you write the Schrodinger
equation for any, say, non-polynomial
potential V (x) in the momentum

representation, you will end up getting
a non-local Schrodinger equation in
momentum space. Nothing should go
wrong, just because of this.

29This follows from the Lorentz in-
variance of 1 and dΩp when expressed
in the form 1 =

∫
dDpδ(p − k) =∫

dΩp(2π)D2ωpδ(p − k).



28 Chapter 1. From Particles to Fields

Exercise 1.14: Construct a single
particle Lorentz invariant relativistic
quantum theory with a consistent in-
terpretation. (Hint: Of course, you
cannot! But a good way to convince
yourself of the need for quantum field

theory is to attempt this exercise and
see for yourself how hard it is.)

30This is closely related to something
called the Newton-Wigner position op-
erator in the literature. It is known
that this idea has serious problems.

as can be verified by comparing with Eq. (1.84). The expression in the left
hand side cannot generate the form of G(x2;x1) for t2 < t1. This term
requires e+ipx which in turn involves the negative energy factor with −ωp.
Since we started with a Hamiltonian which is explicitly positive definite,
there is no way we can get this term in this manner.

This fact already shows that our program fails; there is, however, one
more difficulty which is worth pointing out. The Lorentz invariance of
G(x2;x1) and our desire to express it in the form 〈x2|e−iH(p)t|x1〉 has
forced us to choose |Cp|2 = 1. But then if we multiply Eq. (1.111) from
the left by 〈x| and from the right by |y〉 we get

〈x|y〉 =
∫

dΩp 〈x|p〉〈p|y〉 =
∫

dDp

(2π)D
1

2ωp

eip·(x−y) �= δ(x− y) (1.116)

This shows that 〈x|y〉 is in general non-zero for x �= y. (In fact, from
our expression in Eq. (1.76) it is clear that 〈x|y〉 is non-zero and decreases
exponentially with a scale length of (1/m).) Physically, this indicates the
impossibility of localizing particles to a region smaller than (1/m) and still
maintain a single particle description. We have already seen in the last
section that this is connected with the fact that G(x2;x1) does not vanish
for spacelike intervals.

There is no easy way out of these difficulties. If, for example, we
have chosen Cp =

√
2ωp then we could have canceled out the (1/2ωp)

in Eq. (1.116) thereby making 〈x|y〉 = δ(x − y). But with such a choice
Eq. (1.113) would have picked up an extra 2ωp factor and the resulting
expression will not be Lorentz invariant.30 Part of these technical difficul-
ties arise from the following elementary fact: In non-relativistic quantum
mechanics we have two equally good basis corresponding to either position
eigenvalue |x〉 or corresponding to momentum eigenvalue |p〉 with integra-
tion measures d3x and d3p. In the case of a relativistic particle we do
have a Lorentz invariant integration measure d3p/(2ωp) which can be used
with |p〉. But we do not have anything analogous which will make the in-
tegration measure d3x into something which is physically meaningful and
Lorentz invariant. Roughly speaking all these boil down to the fact that a
free particle with momentum p has an associated energy ωp while a free
particle with position x does not have “an associated time t” with it. So the
momentum basis |p〉 continues to be useful in quantum field theory while
talking about particle interactions etc. But the position basis is harder to
define and use.

The best we can do is to stick with Lorentz invariance with the choice
Cp = 1 and use two different Lorentz invariant amplitudes G±(x2;x1) de-
fined earlier in Eq. (1.86). We can keep these two amplitudes separate
and think of G+(x2;x1) arising from evolution due to the Hamiltonian

H = +
√
p2 +m2, while we have to deliberately introduce another Hamil-

tonian with H = −
√
p2 +m2 to obtain G−(x2;x1). Comparing with our

discussion in the case of the non-relativistic particle, we find that the exis-
tence of two energies ±ωp requires us to define two different amplitudes.

In the path integral approach, on the other hand, we are naturally led to
an expression forG(x2;x1) which can be expressed in the form of Eq. (1.88).
If we knew nothing about the path integral result, we would have made the
“natural” choice of +ωp and declared the propagator to be θ(t)G+(x2;x1)
which is just the first term in Eq. (1.88). This is inconsistent with the path
integral result; it is also not Lorentz invariant because θ(t) is not Lorentz
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invariant when x2 and x1 are spacelike. One could have restored Lorentz
invariance with only positive energies by taking the amplitude to be just
G+(x2;x1) (without the θ(t), for all times), but then it will not match the
path integral result for t < 0.

The only way to interpret G(x2;x1) is as follows: There is a non-zero
amplitude for propagating either forward in time or backward in time.31

Forward propagation occurs with positive energy +ωp while backward
propagation occurs with negative energy −ωp! This is the main differ-
ence between Eq. (1.84) and Eq. (1.11); in the non-relativistic case given
by Eq. (1.11) there are only positive energy terms and they propagate for-
ward in time; in the relativistic case given by Eq. (1.84) we have both
positive energy terms which propagate forward in time (for +ωp) and neg-
ative energy terms which propagate backward in time (for −ωp). It looks
as though the relativistic propagation amplitude simultaneously describes
two kinds of particles rather than one: Those with positive energy which
propagate forward and some other strange species with negative energies
which propagate backwards.

We saw earlier that, because G(x2;x1) is non-zero for spacelike sep-
aration, there can be an ambiguity when two observers try to interpret
emission and absorption of particles. The existence of propagation with
negative energy adds a new twist to it. To make the idea concrete, con-
sider a two-level system with energies E2, E1 with E ≡ E2 − E1 > 0. We
use one of these systems (call it A) to emit a particle and the second system
(call it B) to absorb the particle. To do this, we first get A to the excited
state and let it drop back to the ground state emitting a particle with pos-
itive energy; this particle propagates to B which is in the ground state and
gets excited on absorbing positive energy. But now consider what happens
when we allow for propagation of modes with negative energy. You can
start with system A in the ground state, emit a particle with negative en-
ergy (−E) and in the process get it excited to E2. If we had kept B at an
excited state, then it can absorb this particle with energy (−E) and come
down to the ground state. Someone who did not know about the negative
energy modes would have treated this as emission of a particle by B and
absorption by A, rather than the other way round. Clearly, the lack of
causal ordering between emission and absorption can be reinterpreted in
terms of the existence of negative energy modes. We will make this notion
sharper in Sect. 2.1.

1.5 Interpreting G(x2; x1) in Terms of a Field

All this is vaguely disturbing to someone who is accustomed to sensible
physical evolution which proceeds monotonously forward in time from t1 <
t2 < t3.... and hence it would be nice if we can reinterpret G(x2;x1) in such
a nice, causal manner.32 We have already seen that G(x2;x1) comes from
summing over paths which include the likes of the one in Figs. 1.2, 1.7. If
we say that a single particle has three degrees of freedom (in D = 3), then
we start and end (at x1 and x2) with three degrees of freedom in Fig. 1.7.
But if a path cuts a spatial slice at an intermediate time at k points (the
figure is drawn for k = 3), then we need to be able to describe 3k degrees
of freedom at this intermediate time. Since k can be arbitrarily large, we
conclude that if we want a description in terms of causal evolution going
from t1 to t2 then we need to use a mathematical description involving an

31Note that, in the relativistic case,
we cannot express the propagation am-
plitude G(x2; x1) as 〈x2|x1〉. This is
because, in the relativistic case, we no
longer have a |x1〉 = |t1,x1〉 which
is an eigenket of some sensible posi-
tion operator x̂(t1) with eigenvalue x1.
We do have such an eigenket in the
NRQM.

32Recall that the result for G(x2;x1)
in Eq. (1.75) or Eq. (1.84) is non-
negotiable! All that we are allowed
to do is to come up with some other
system and a calculational rule which
is completely causal and leads to the
same expression for G(x2; x1).
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33These are called fields.

y0

t

x

t1

t2

B

A

x1

x2

Figure 1.7: Path that represents 3
particles at t = y0 though there was
only one at t = t1.

34There is an ambiguity when t1 = t2
if A and B do not commute at equal
times. This turns out to be irrelevant
in the present case.

infinite number of degrees of freedom.33 Obviously, such a system must
be ‘hidden’ in G(x2;x1) because it knows about paths which cut the t =
constant surface an arbitrarily large number of times. Let us see whether
we can dig it out from G(x2;x1).

Since (i) the Fourier transform of a function has the same information as
the function and since (ii) the real difference between relativistic and non-
relativistic cases (see Eq. (1.85)) is in the manner in which propagation in
time is treated, it makes sense to try and understand the spatial Fourier
transform of G(x2;x1) from some alternate approach. This quantity is
given by (see Eq. (1.85))∫

d3x G(x2;x1)e
−ip·x =

1

2ωp

e−iωp|t| (1.117)

but incredibly enough, the same expression arises in a completely different
context. Consider a quantum mechanical harmonic oscillator with fre-
quency ωp and unit mass. If qp(t) is the dynamical variable characterizing
this oscillator, then it is trivial to verify that

〈0|T (qp(t2)q†p(t1)) |0〉 = 1

2ωp

e−iωp|t| (1.118)

where |0〉 is the ground state of the oscillator and T is a time-ordering
operator which arranges the variables within the bracket chronologically
from right to left.34 For example,

T [A(t2)B(t1)] ≡ θ(t2 − t1)A(t2)B(t1) + θ(t1 − t2)B(t1)A(t2) (1.119)

Usually, the dynamical variables qp(t) of a quantum mechanical oscilla-
tor will be Hermitian and hence q†p = qp; this is because we think of the
corresponding classical coordinate as real. Here we are just trying to con-
struct a mathematical structure which will reproduce the right hand side
of Eq. (1.117), so it is not necessary to impose this condition and we will
keep qp non-Hermitian. Let us briefly review how the usual results for a
harmonic oscillator translate to this case before proceeding further.

For this purpose, it is useful to begin with two harmonic oscillators with
the same frequency ω and unit mass, denoted by the dynamical variables
X(t) and Y (t). Defining a new variable q = (1/

√
2)(X + iY ) we can write

the Lagrangian for the oscillators as

L =
1

2

(
Ẋ2 + Ẏ 2

)
− 1

2
ω2
(
X2 + Y 2

)
= q̇q̇∗ − ω2qq∗ (1.120)

The usual quantum mechanical description of X(t) and Y (t) will proceed
by introducing the creation and annihilation operators for each of them so
that we can write

X(t) =
1√
2ω

(
αe−iωt + α†eiωt

)
; Y (t) =

1√
2ω

(
βe−iωt + β†eiωt

)
(1.121)

The commutation relations are [α, α†] = 1 = [β, β†] with all other commu-
tators vanishing. (In particular, α and α† commute with β and β†.) The
corresponding expansion for q is given by

q =
1√
2

1√
2ω

[
(α+ iβ) e−iωt +

(
α† + iβ†) eiωt

] ≡ 1√
2ω

(
ae−iωt + b†eiωt

)
(1.122)
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where we have defined

a =
1√
2
(α+ iβ) ; b =

1√
2
(α− iβ) (1.123)

It is easy to verify that

[a, b] = [a†, b†] = 0; [a, a†] = 1 = [b, b†] (1.124)

Thus we can equivalently treat a and b as the annihilation operators for two
independent oscillators.35 The variable q is made of two different oscillators
and is non-Hermitian unlike X and Y which were Hermitian. Classically,
this difference arises from the fact that q is a complex number with two
degrees of freedom compared to X or Y which, being real, have only one
degree of freedom each.

For our purpose we need to have one frequency ωp associated with
each momentum labeled p. Therefore we will introduce one q for each
momentum label with qp(t) now having the expansion in terms of creation
and annihilation operators given by

qp =
1√
2ωp

[
ape

−iωpt + b†−pe
iωpt
]
; q†p =

1√
2ωp

[
a†pe

+iωpt + b−pe
−iωpt

]
(1.125)

(We use b−p rather than bp in the second term for future convenience.)
With the continuum labels k,p etc., the standard commutator relations
become:

[ap, a
†
k] = (2π)3δ(p− k); [bp, b

†
k] = (2π)3δ(p− k) (1.126)

with all other commutators vanishing. The result in Eq. (1.118) now gen-
eralizes for any two oscillators, labeled by vectors k and p, to the form:

〈0|T (qk(t2)q†p(t1)) |0〉 = (2π)3
δ(k − p)

2ωp

e−iωp|t| (1.127)

We now see that our amplitude G(x2;x1) can be expressed in the form

G(x2;x1) =

∫
d3p

(2π)3

∫
d3k

(2π)3
〈0|T [qk(t2)q†p(t1)] |0〉ei(k·x2−p·x1)

≡ 〈0|T [φ(x2)φ
†(x1)]|0〉 (1.128)

where we have introduced a new set of operators φ(x) at every event in
spacetime given by

φ(x) ≡
∫

d3p

(2π)3
qp(t) e

ip·x ≡
∫

d3p

(2π)3
1√
2ωp

[
ape

−ipx + b†pe
ipx
]

(1.129)

where we have flipped the sign of spatial momentum in the second term
to get the b†pe

ipx factor. (This is why we called it b†−p in Eq. (1.125) with
a minus sign.) Since G is a Lorentz invariant scalar, Eq. (1.128) suggests
that φ(x) is a Lorentz invariant object. This is indeed true and can be seen
by introducing two rescaled operators Ap =

√
2ωpap, Bp =

√
2ωpbp and

writing Eq. (1.129) as

φ(x) =

∫
dΩp

[
Ape

−ipx +B†
pe

ipx
]

(1.130)

35It would have been more appropri-
ate to define a† as the annihilation op-
erator, given the obvious relationship
between daggers and annihilation. Un-
fortunately, the opposite notation has
already been adopted!
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36Why does this equality in
Eq. (1.131) hold? Nobody really
knows, in the sense that there is no
simple argument which will make
this equality self evident and obvious
without doing any extensive calcu-
lation. This probably means we do
not yet have a really fundamental
understanding of the quantum physics
of a relativistic free particle, but
most people would disagree and will
consider this equality as merely a very
convenient mathematical identity.

The Lorentz invariance of φ(x) requires the commutation rules for Ap etc.

to be Lorentz invariant. Since [ap, a
†
k] = (2π)3δ(p − k), it follows that

[Ap, A
†
k] = (2π)3(2ωp)δ(p − k). This commutator is Lorentz invariant

since (2ωp)δ(p−k) is Lorentz invariant. So φ(x) behaves as a scalar under
the Lorentz transformation. We will have more to say about Eq. (1.130) in
the next section.

This result is astonishingly beautiful when you think about it. To make
it explicit, what we have proved is the equality

t,x2∑
0,x1

exp

[
−im

∫ t2

t1

dt
√
1− v2

]
= G(x2;x1) = 〈0|T [φ(x2)φ

†(x1)]|0〉

(1.131)
On the left side is the propagation amplitude computed using sum over
paths for a single relativistic free particle. On the right is an expectation
value in some (fictitious) harmonic oscillator ground state for the time
ordered product of two field operators.36 No two systems could have been
a priori more different, but both can be used to compute the propagation
amplitude which is given in the middle!

This is the result we were looking for. It suggests that if we understand
the system described by these harmonic oscillators and the associated field
φ(x), we can provide an alternate interpretation for the G(x2;x1) in space-
time using fully causal evolution. The last part is not yet obvious but there
is cause for hope and we will see that it does work out.

1.5.1 Propagation Amplitude and Antiparticles

The decomposition in Eq. (1.130) allows us to separate φ(x) into two
Lorentz invariant scalar fields with φ(x) = A(x) +B†(x) where

A(x) ≡
∫

dΩpApe
−ipx; B(x) ≡

∫
dΩpBpe

−ipx (1.132)

We can then express G±(x2;x1), defined in Eq. (1.86), in terms of the
expectation values of fields by comparing Eq. (1.128) with Eq. (1.88). This
gives

〈0|φ(x2)φ
†(x1)|0〉 = 〈0|A(x2)A

†(x1)|0〉 =
∫

dΩpe
−ipx = G+(x2;x1)

〈0|φ†(x1)φ(x2)|0〉 = 〈0|B(x1)B
†(x2)|0〉 =

∫
dΩpe

+ipx = G−(x2;x1)

(1.133)

so that we have

G(x2;x1) = θ(t)〈0|A(x2)A
†(x1)|0〉+ θ(−t)〈0|B(x1)B

†(x2)|0〉 (1.134)

This expression is quite intriguing and let us try to understand its structure.
Let us begin with the case when x2 and x1 are separated by a timelike

interval so that the notion of t > 0 or t < 0 is Lorentz invariant. We see
from Eq. (1.134) that when t > 0 we have G(x2;x1) = 〈0|A(x2)A

†(x1)|0〉.
This corresponds to creation of an “a-type particle”, say, at x1 followed by
its annihilation at x2; so it makes sense to think of this as a propagation
of an a-type particle from x2 to x1. This interpretation can be made
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more specific along the following lines: Since |0〉 is the ground state of all
harmonic oscillators, it follows that

φ†(x)|0〉 = A†(x)|0〉 =
∫

dΩp eipxA†
p|0〉 ≡

∫
dΩp eipx|1p〉 (1.135)

where |1p〉 denotes the state in which the p-th oscillator is in the first
excited state with all other oscillators remaining in the ground state. If
we make a spacetime translation by xi → xi + Li, this state picks up
an extra factor exp(ipL) showing that this state has a four-momentum
pi = (ωp,p).

37 Therefore, it makes sense to think of eipxA†
p|0〉 as the state

|p〉〈p|x〉 and write

φ†(x1)|0〉 = A†(x1)|0〉 =
∫

dΩp|p〉〈p|x1〉;

〈0|φ(x2) = 〈0|A(x2) =

∫
dΩq〈x2|q〉〈q| (1.136)

and obtain

〈0|φ(x2)φ
†(x1)|0〉 = 〈0|A(x2)A

†(x1)|0〉 =
∫

dΩp

∫
dΩq〈x2|q〉〈q|p〉〈p|x1〉

(1.137)
Using the Lorentz invariant38 normalization 〈q|p〉 = (2π)3(2ωp)δ(q − p)
we reproduce the original result

〈0|φ(x2)φ
†(x1)|0〉 =

∫
dΩp〈x2|p〉〈p|x1〉 = G(x2;x1) (t > 0) (1.138)

This shows that one can possibly identify the state A†
p|0〉 with a one-particle

state of momentum p and energy ωp. The identity operator for the one-
particle states can be expanded in terms of |p〉 states by the usual relation

1 =

∫
d3p

(2π)3
1

2ωp
|p〉〈p| (1.139)

You can also easily verify that 〈p|φ0(0,x)|0〉 = e−ip·x. This relation looks
very similar to the standard relation in NRQM giving 〈p|x〉 = exp(−ip·x).
It is then rather tempting to think of φ(0,x) acting on |0〉 as analogous to
|x〉 corresponding to a particle “located at” |x〉. But, as we saw earlier, such
an interpretation is fraught with difficulties.39 In short, our field operator
acting on the ground state of some (fictitious) harmonic oscillators can
produce a state with a particle at x as indicated by Eq. (1.137).

Something similar happens for x0
2 < x0

1, i.e., t < 0, when we start with
φ(x)|0〉 in which the B†

p produces a particle. Now we get the propagation
of a “b-type particle” from x2 to x1 which is in the direction opposite to
the propagation indicated by G(x2;x1). This can be interpreted by saying
that when t < 0 the (backward in time) propagation of a particle from
x1 to x2 is governed by an amplitude for the forward propagation of an
antiparticle represented by B and B† operators. In this interpretation, we
call the b-type particle as the antiparticle of the a-type particle. (Note
that both a-type and b-type, i.e., the particle and the antiparticle, have
ω2
p = p2 + m2 with the same m.) As long as x2 and x1 are separated

by a timelike interval, the amplitude G(x2;x1) is contributed by a particle
propagating from x1 to x2 if t > 0 and is contributed by an antiparticle

37Treated as an eigenstate of the stan-
dard harmonic oscillator Hamiltonian,
the state |1p〉 has the energy ωp[1 +
(1/2)] = (3/2)ωp and we don’t know
how to assign any momentum to it. We
also have no clue at this stage what rel-
evance the harmonic oscillator Hamil-
tonian has to the relativistic free parti-
cle we are studying. For the moment,
we get around all these using the space-
time translation argument.

38The normalization here is par-
tially a question of convention just as
whether we use ap or Ap in the ex-
pansion of the field; see Eq. (1.129)
and Eq. (1.130). The latter has nicer
Lorentz transformation properties and
a Lorentz invariant commutator. Simi-
larly, the states produced by ap|0〉 and
Ap|0〉 will be normalized differently.
We choose to work with a Lorentz in-
variant normalization but final results
should not depend on this as long as
we do it consistently.

39Of course, there are many states in
the Hilbert space which satisfy 〈p|ψ〉 =
exp(−ip · x). Since 〈p| has non-zero
matrix elements only with the one-
particle state, adding two or zero parti-
cle states like φ2(0,x)|0〉 will still give
the same 〈p|ψ〉.
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t

x

〈0|A(Z)A†(0)|0〉

〈0|B(0)B†(Z)|0〉

Y (yi)

X(xi)

〈0|B(0)B†(Y )|0〉

OR

Z(zi)

〈0|A(X)A†(0)|0〉

Figure 1.8: Interpretation of G(x; y)
in terms of propagation of particles and
antiparticles.

40How come the path integral am-
plitude G(x2;x1) we computed is the
same for charged and neutral particles?
Recall that we used an action for a
free particle, so the maths knows noth-
ing about coupling to an electromag-
netic field and the particle’s charge is
irrelevant. Neutral and charged parti-
cles will behave the same if we ignore
electromagnetic interactions and treat
them as free. What is really curious is
that one can decipher this information
from the field approach. This is be-
cause we put in by hand the fact that
φ is not Hermitian.

propagating from x2 to x1 if t < 0. All these notions are Lorentz invariant
as long as x2 and x1 are separated by a timelike interval.

On the other hand, if x2 and x1 are separated by a spacelike interval,
then the notion of t > 0 or t < 0 is not Lorentz invariant. Then, if we are in
a Lorentz frame in which t > 0, the amplitude G(x2;x1) is contributed by
a particle propagating from x1 to x2; but if we transform to another frame
in which the same two events have t < 0, then the G(x2;x1) is contributed
by an antiparticle propagating from x2 to x1. Thus, in the case of events
separated by a spacelike interval, our interpretation of G(x2;x1) (which, of
course, is Lorentz invariant) in terms of particle or antiparticle propagation
depends on the Lorentz frame.

This situation is summarized in Fig. 1.8 which shows the propagation of
a particle from the origin to an event P for three different cases: (a) When
P is within the future light-cone of the origin, like the event X ; (b) When
P is within the past light-cone of the origin, like the event Y ; (c) When
P is outside the light-cone of the origin (like the event Z), in which case
one cannot talk of future and past in a Lorentz invariant way. The event
Z could be to the future of the origin in one Lorentz frame while it could
be at the past of the origin in another reference frame. The amplitude
G(x; 0) for the case (a) is given by 〈0|A(X)A†(0)|0〉 which represents the
creation of a particle at origin followed by its annihilation at the event X .
In case (b) this amplitude is given by 〈0|B(0)B†(Y )|0〉 which represents
the creation of an antiparticle at Y followed by its subsequent annihilation
at the origin. Note that the arrow in the figure refers to the propagation
amplitude G(y; 0) which, in this case, is a backward propagation in time.
This is given by the propagation of an antiparticle forward in time. In the
case (c), the amplitude could have been contributed either by creation of a
particle at the origin followed by its annihilation at Z (which is shown in
the figure) or by creation of an antiparticle at Z followed by its annihilation
at origin depending on the Lorentz frame in which we describe the physics.
The numerical value of the amplitude remains the same thanks to the
crucial result obtained in Eq. (1.89) which shows that these two amplitudes
are the same for spacelike separated events.

Since the field φ creates an antiparticle and destroys a particle (with
the field φ† doing exactly the opposite), it collectively captures the full

dynamics. The description uses the same ωp =
√
p2 +m2 with the same

m for both the particle and antiparticle; therefore, they must have the
same mass. But if we add a phase α to φ by changing φ → eiαφ, then φ†

changes by φ† → e−iαφ†. We will see in Sect. 3.1.5 that such phase changes
are related to the charges carried by the particle, and in particular to the
standard electric charge. The above behaviour shows that if the particle
has a positive charge then the antiparticle must have an equal and opposite
negative charge.40

The fact that the particle and antiparticle have opposite charges allows
us to make the notion of our propagation more precise. Let us consider
a physical process which increases the charge at the event x1 by Q and
decreases the charge at x2 by Q through particle propagation. We can
do this by creating a particle (which carries a charge +Q) at x1, allowing
it propagate to x2 and destroying it at x2 (thereby decreasing the charge
by Q). We can also produce the same effect by creating an antiparticle
(which carries a charge −Q) at x2, allowing it to propagate to x1 and
destroying it at x1 (thereby increasing the charge by Q). Which of these
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two processes we can use depends on whether x0
2 > x0

1 or x0
2 < x0

1 since
we need to create a particle or antiparticle before we can destroy it. If
x0
2 > x0

1 then we will use A†(x1) to create a particle at x1 and A(x2) to
destroy it at x2. This process has the amplitude θ(t)〈0|A(x2)A

†(x1)|0〉.
We cannot, however, use this process if we are in a Lorentz frame in which
x0
2 < x0

1. But in this case we can first create an antiparticle with B†(x2) at
x2 (thereby decreasing the charge by Q at x2 and then destroying it with
B(x1) at x1 (thereby increasing the charge by Q at x1). This process has
the amplitude θ(−t)〈0|B(x1)B

†(x2)|0〉. Thus the total amplitude for this
physical process (see Fig. 1.9) is given by

G(x2;x1) = θ(t2 − t1)〈0|A(x2)A
†(x1)|0〉+ θ(t1 − t2)〈0|B(x1)B

†(x2)|0〉
= θ(t2 − t1)〈0|φ(x2)φ

†(x1)|0〉+ θ(t1 − t2)〈0|φ†(x1)φ(x2)|0〉
= 〈0|T [φ(x2)φ

†(x1)]|0〉 (1.140)

As usual, the distinction between the two terms has a Lorentz invariant
meaning only when x2 and x1 are separated by a timelike interval. If not,
which of the terms contribute to the amplitude will depend on the Lorentz
frame. But in any Lorentz frame, we would have always created a particle
(or antiparticle) before destroying it which takes care of an elementary
notion of causality. This result is precisely what our path integral leads us
to; it is a net amplitude for the physical process taking into account the
existence of both particles and antiparticles.

This is also needed for consistency of causal description of the situation
at an intermediate time shown in Fig. 1.7, which is what we started with.
Armed with our new interpretation, we can think of a particle antiparticle
pair being created at A with the antiparticle traveling forward in time to
B (which is equivalent to our original particle traveling backward in time
from B to A), annihilating with our original particle at B. What we detect
at x2 is the particle created at A. Obviously, each of these propagations
can be within the light cone with x1 and x2 still being outside each other’s
light cone. The mechanism we set up for localized emission and detection
events at x1 and x2 for our relativistic particle must be responsible for
the pair creation as well. We, however, do not want conserved charges to
appear and disappear at intermediate times like t = y0. This requires the
antiparticle traveling from A to B to have a charge equal and opposite to
that carried by the particle traveling from A to x2.

Most of the previous discussion will also go through if we impose an
extra condition on the field φ(x) that it must be Hermitian. This is equiv-
alent to setting Ap = Bp for all p. In this case, the particle happens to be
its own antiparticle which can be a bit confusing when we are still trying
to figure things out.41 This also shows that our “association” of the field
with the relativistic particle in order to reproduce the amplitude G(x2;x1)
is by no means unique. In the simplest context we could have done it with
either a Hermitian scalar field or a non-Hermitian one.

1.5.2 Why do we Really Need Antiparticles?

If you were alert, you would have noticed that the field φ is actually made
of two Lorentz invariant, non-Hermitian fields (which do not talk to each
other) given by the two terms in Eq. (1.130). Since we can expressG(x2;x1)
by adding up these two, why are we dealing42 with φ(x) rather than with
A(x) and B(x)? This question is conceptually important because φ deals

x2

A†(x1)
B(x1)

x1

A(x2)

B†(x2)+Q

−Q

Figure 1.9: Interpretation of
G(x2;x1) in terms of particles and
antiparticles.

41Many textbooks, which begin with
a real classical scalar field (for which
the particle is the same as its antipar-
ticle) and its canonical quantization,
are guilty of beginning with this po-
tentially confusing situation!

42If we were using a Hermitian scalar
field, you could have given it as a
reason to prefer φ(x) to the non-
Hermitian bits of it, A(x) and B(x).
But since φ is not Hermitian either,
this does not give a strong motivation.
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43The Δ(x) is, of course, non-zero in-
side the light cone where x2 > 0 and
can be expressed in terms of Bessel
functions. Mercifully, we will almost
never need its exact form. The commu-
tator of the fields vanishes for space-
like separations but is non-zero oth-
erwise. This will be rather strange
if the commutators are honest-to-god
analytic functions of the coordinates!
This feat becomes possible only be-
cause the commutators are, mathemat-
ically speaking, distributions and not
functions.

Exercise 1.15: Prove this claim.

with both particles and antiparticles on an equal footing (that is, has both
negative frequency and positive frequency modes in it) while A(x), B(x)
are built from positive frequency modes alone. Why is it better to treat
particles and antiparticles together?

The answer is non-trivial and has to do with the nature of commuta-
tion relations these fields satisfy amongst themselves. To begin with, it is
obvious that

[A(x), A(y)] = 0; [B(x), B(y)] = 0; [A(x), B(y)] = 0 (1.141)

These follow from the fact that the corresponding annihilation operators
commute among themselves. The only nontrivial commutator we need to
evaluate is [A(x), A†(y)] which should be the same as [B(x), B†(y)]. We
see that

[A(x2), A
†(x1)] =

∫
dΩp

∫
dΩqe

−ipx2eiqx1 [Ap, A
†
q]

=

∫
dΩpe

−ipx = G+(x2;x1) (1.142)

This commutator does not vanish when (x2 − x1)
2) < 0, i.e., when the two

events are separated by a spacelike interval. This means that one cannot,
for example, specify independently the value of A(0,x1) and A†(0,x2) on
a t = 0 spacelike hypersurface since [A(0,x1), A

†(0,x2)] �= 0. An identical
conclusion holds for B(x).

In contrast, consider the corresponding commutators for φ(x). Again,
[φ(x1), φ(x2)] vanishes as long as φ is non-Hermitian, since in this case the
A’s commute with the B’s. The only nontrivial commutator, [φ(x2), φ

†(x1)],
is given by

[A(x2) +B†(x2), A
†(x1) +B(x1)] = [A(x2), A

†(x1)]− [B(x1), B
†(x2)]
(1.143)

The two terms differ only by the interchange of coordinates, x → −x, and
hence the commutator is given by

Δ(x) ≡ [φ(x2), φ
†(x1)] = G+(x2;x1)−G+(x1;x2); =

∫
dΩp[e

−ipx− e+ipx]

(1.144)
This is precisely the expression we evaluated in Eq. (1.89) and proved to
vanish43 when x2 < 0. So we see that φ(x1) commutes with φ†(x2) when
the events are spacelike. Therefore, unlike in the case of A(x) and B(x), we
can measure and specify the value of φ(0,x1) and φ†(0,x2) on a spacelike
hypersurface (without one measurement influencing the other) at t = 0
which is nice. From Eq. (1.143) you see clearly that the commutators
involving either A or B do not vanish outside the light cone but when we
combine them to form A(x) + B†(x) = φ(x), the two commutators nicely
cancel each other outside the light cone. This is why we use φ rather than
just A or B. Roughly speaking, the antiparticle contribution cancels the
particle contribution outside the light cone.

If we build observables from φ by using bilinear, Hermitian, combina-
tions of the form O(x) = φ(x)D(x)φ†(x) where D(x) is either a c-number
or a local differential operator, then a straightforward computation shows
that [O(x2),O(x1)] also vanishes when x1 and x2 are spacelike. When the
fields are injected with lives of their own later on, this will turn out to be a
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very desirable property, viz., that the measurement of bilinear observables
do not influence each other outside the light cone. It is this version of

causality which we will adopt in field theory rather than the vanishing of
the propagation amplitude G(x2;x1) when the two events are separated by
a spacelike interval.

Finally, once we have mapped the propagation of the relativistic parti-
cle to the physics of an infinite number of oscillators, it provides a strong
motivation to study the dynamics of the latter system. Since each (com-
plex) oscillator is described by a Lagrangian Lk = [|q̇k|2−ω2

k|qk|2], the full
system is described by the action

A =
∑
k

∫
dt[|q̇k|2 − ω2

k|qk|2] ⇒
∫

d3k

(2π)3

∫
dt[|q̇k|2 − ω2

k|qk|2] (1.145)

Converting back to spacetime by expressing qk(t) in terms of the field φ(x),
this action becomes44

A =

∫
d4x

(
∂aφ∂

aφ∗ −m2|φ|2) (1.146)

It is clear that this action describes a field with dynamics of its own if
we decide to treat this as a physical system. By ‘quantizing’ this field
(which is most easily done by decomposing it again into harmonic oscillators
and quantizing each oscillator), we will end up getting a description of
relativistic particles and antiparticles directly as the ‘quanta’ of the field.
This, of course, is the reverse route of getting the particles from the field
by what is usually called canonical quantization — a subject we will take
up45 in Chap. 3.

1.5.3 Aside: Occupation Number Basis in Quantum
Mechanics

Yet another way to understand the need for using the combination φ =
A+ B† rather than just φ = A is to compare it with a situation in which
just using φ = A is indeed sufficient. This example is provided by non-
relativistic quantum mechanics when we study many particle systems using
the occupation number basis. Let us briefly recall this approach in some
simple contexts.46

Think of a system made of a large number N of indistinguishable par-
ticles all located in some common external potential with energy levels
E1, E2, E3..... If you know the wave function describing the quantum state
of each particle, then the full wave function of the system can be obtained
by a suitable product of individual wave functions, ensuring that the sym-
metry (or antisymmetry) with respect to interchange of particles is taken
care of depending on whether the particles are bosons or fermions; let us
consider bosons for simplicity.

The quantum indistinguishability of the particles tells you that you
cannot really ask which particle is in which state but only talk in terms of
the number of particles in a given state. It is, therefore, much more natural
to specify the state of the system by giving the occupation number for each
energy level; that is, you use as the basis a set of states |n1, n2, ...〉 which
corresponds to a situation in which there are n1 particles in the energy
level E1 etc. Interactions will now change the occupation number of the

44We now think of qk(t) and φ(x) are
c-number functions, not as operators.

45Most textbooks follow the route of
introducing and studying a classical
field first and then quantizing it and,
lo and behold, particles appear. We
chose to postpone this to Chap. 3 be-
cause in that procedure it is never clear
how we would have arrived at the con-
cept of a field if we had started with
a single relativistic particle and quan-
tized it.

46Unfortunately, many textbooks use
the phrase “second quantization” to
describe the use of the occupation
number basis in describing quantum
mechanics. This is, of course, mislead-
ing. You don’t quantize a many body
system for the second time; you are
only rephrasing what you have after
the (first) quantization, in a different
basis.
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47This operator is completely analo-
gous to our A(x); both involve only
positive energy solutions and in fact
if you do a Taylor expansion of (p +
m2)1/2 in |p2/m2|, ignore the phase
due to rest energy and approximate
dΩp = [d3p/(2π)3] [1/2ωp] by dΩp 
[d3p/(2π)3 ] [1/2m], you will find that
ψ(t, x) ≈ 2mA(x).

different energy levels and all operators can be specified by giving their
matrix elements in the occupation number basis. In fact it is fairly easy to
construct a “dictionary” between the matrix elements of operators in the
usual, say, coordinate basis and their matrix elements in the occupation
number basis. To describe the change in the occupation numbers we only
need to introduce suitable annihilation and creation operators for each
energy level; their action will essentially make the occupation numbers of
the levels go down or up by unity.

For example, consider two non-relativistic, spin zero particles which in-
teract via a short range two-body potential V (x1 − x1). Suppose the two
particles are initially well separated, move towards each other and scatter
off to a final, well separated state. We specify the initial state of the par-
ticles by the momenta (p1,p2) and the final state by the final momenta
(k1,k2). One can study this process by writing down the Schrodinger
equation for the two particle system and solving it (possibly in some ap-
proximation) with specified boundary conditions. There is, however, a nicer
way to phrase this problem by using the occupation number basis. To do
this, we start with a fictitious state |0〉 of no particles and introduce a set
of creation (a†p) [and annihilation (ap)] operators which can act on |0〉 and
generate one-particle states with a given momentum. The corresponding
operator (not wave function) which describes a particle at x at the time
t = 0 can be taken to be

ψ(0,x) =

∫
d3p

(2π)3
ape

ip·x (1.147)

At a later time, the standard time evolution will introduce the phase factor
exp(−iωpt) with ωp = (p2/2m) leading to47

ψ(t,x) =

∫
d3p

(2π)3
ape

−ipx; px ≡ ωpt− p · x (1.148)

Our scattering problem can be restated in terms of the creation and
annihilation operators as follows: The scattering annihilates two particles
with momenta (p1,p2) through the action of ap1ap2 and then creates two

particles with momenta (k1,k2) through the action of a†k1
a†k2

with some
amplitude Vl which is just the Fourier transform of V (x) evaluated at
the momentum transfer. The whole process is described by an operator
H = a†k1

a†k2
Vl ap1ap2 which acts on the occupation number basis states.

In fact, any other interaction can be re-expressed in this language, often
simplifying the calculations significantly. As we said before, there is a one-
to-one correspondence between the matrix elements of the operators in the
usual basis and the matrix elements evaluated in occupation number basis.

So you can see that the usual, non-relativistic, quantum mechanics can
be translated into a language involving occupation numbers and changes in
occupation numbers corresponding to creation and annihilation of particles.
What makes quantum field theory different is therefore not the fact that we
need to deal with situations involving a variable number of particles. The
crucial difference is that just a single ψ(x) ∝ A(x), propagating forward

in time with positive energy, is inadequate in the relativistic case. We
need another B(x) to ensure causality which — in turn — leads to the
propagation of negative energy modes backward in time and the existence
of antiparticles. This is what combining relativity and quantum theory
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leads to — which has no analogue in non-relativistic quantum mechanics
even when we use a language suited for a variable number of particles.

Finally let us consider the NRQM limit of the relativistic field theory.
You might have seen textbook discussions of the Klein-Gordon equation
(and Dirac equation, which we will discuss in a later chapter) solved in
different contexts, like, for e.g., in the hydrogen atom problem. Obviously,
the scalar field φ(x) which we have introduced is an operator and cannot
be treated as a c-number solution to some differential equation. (We are
considering the Hermitian case for simplicity.) To obtain the NRQM from
quantum field theory, one needs to proceed in a rather subtle way. One
procedure is to define an NRQM “wave function” ψ(x) by the relation

ψ(x) ≡ 〈0|φ(t,x)|ψ〉 (1.149)

It then follows that

i∂tψ = i〈0|∂tφ(t,x)|ψ〉 = 〈0|
∫

d3p

(2π)3

√
p2 +m2

2ωp

(Ape
−ipx −A†

pe
ipx)|ψ〉

= 〈0|
∫

d3p

(2π)3

√
p2 +m2

2ωp

(Ape
−ipx)|ψ〉

= 〈0|
√
m2 −∇2φ(x)|ψ〉 (1.150)

where we have used the fact 〈0|A†
p = 0. So:

i∂tψ(x) =
√
m2 −∇2ψ(x) =

(
m− ∇

2

2m
+O

(
1

m2

))
ψ(x) (1.151)

The first term on the right hand side is the rest energy mc2 which has to be
removed by changing the phase of the wave function ψ. That is, we define
ψ(x) = Ψ(x) exp(−imt). Then it is clear that Ψ satisfies, to the lowest
order, the free particle Schrodinger equation given by

i∂tΨ(x) = −∇
2

2m
Ψ(x) (1.152)

The non-triviality of the operations involved in this process is yet another
reminder that the single particle description is not easy to incorporate in
relativistic quantum theory.

1.6 Mathematical Supplement

1.6.1 Path Integral From Time Slicing

In the Heisenberg picture, the amplitude for a particle to propagate from
x = xa at t = 0 to x = xb at t = T is given by

〈T,xb|0,xa〉 = 〈xb|e−iHT |xa〉 (1.153)

We now break up the time interval into N slices of each of duration ε and
write

e−iHT = e−iHε e−iHε e−iHε . . . e−iHε (N factors). (1.154)
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48To be rigorous we should evaluate f
at (1/2)[xk+xk+1] but we will get the
same final result.

We will next insert a complete set of intermediate states between each of
these factors and sum over the relevant variables. More formally, this is
done by introducing a factor unity expressed in the form

1 =

∫
dxk |xk〉 〈xk| (1.155)

between each of the exponentials so that we are left with (N − 1) factors
corresponding to k = 1, 2, ....(N − 1). To simplify the notation and include
xa and xb, we will define x0 ≡ xa and xN ≡ xb, so that we have a product
of factors involving the matrix element of e−iHε taken between |xk〉 and
〈xk+1| for k = 0, 1, ...N .

We are ultimately interested in the limit of ε → 0 and N → ∞ and
hence we can approximate the exponentials retaining only up to first order
in ε. Thus our problem reduces to evaluating matrix elements of the form

〈xk+1|e−iHε|xk〉 −−−→
ε→0

〈xk+1|1− iHε+ · · · )|xk〉 , (1.156)

taking their product, and then taking their appropriate limit. This task be-
comes significantly simple if H has the form A(p)+B(x) like, for example,
when H = p2/2m+ V (x). For any function of x, we have the result48

〈xk+1|f(x)|xk〉 = f(xk) δ (xk − xk+1) (1.157)

which we can write as

〈xk+1|f(x)|xk〉 = f (xk)

∫
dpk

(2π)D
exp [ipk · (xk+1 − xk)] (1.158)

Similarly, for any term which is only a function of momenta, we can write

〈xk+1|f(p)|xk〉 =
∫

dpk

(2π)D
f(pk) exp [ipk · (xk+1 − xk)] (1.159)

Therefore, when H contains only terms which can be expressed in the form
A(p) +B(x) the relevant matrix element becomes

〈xk+1|H(p,x))|xk〉 =
∫

dpk

(2π)D
H (xk, pk) exp [ipk · (xk+1 − xk)] (1.160)

so that

〈xk+1|e−iHε|xk〉 =

∫
dpk

(2π)D
exp [−iεH (xk, pk)]

× exp [ipk · (xk+1 − xk)] (1.161)

where we have switched back to the exponential form. Now multiplying all
the factors together, we get the result

〈T,xN |0,x0〉 =
∏
k

∫
dxk

∫
dpk

(2π)D
exp
[
i
(
pk · (xk+1 − xk)

−εH (xk, pk)
)]

(1.162)

There is one momentum integral for each value of k = 0, 1, 2, ...N − 1 and
one coordinate integral for each k = 1, 2, ...(N − 1). Switching back to a
continuum notation we have

〈T,xb|0,xa〉 =
∫

Dx(t)

∫
Dp(t) exp

[
i

∫ T

0

dt (p · ẋ−H(x,p))

]
(1.163)
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where the function x(t) takes fixed values at the end points while the func-
tions p(t) remain unconstrained. The measure in the functional integral is
now defined as the product of integrations in phase space

Dx Dp →
∫ ∏

k

dxk dpk

(2π)D
(1.164)

with suitable limits taken in the end. When H has a specific form H =
p2/2m+V (x), we can do the integrations over p using the standard result∫

dpk

(2π)D
exp

[
i

(
pk · (xk+1 − xk)− εp2

k

2m

)]
=

1

C(ε)
exp

[
im

2ε
(xk+1 − xk)

2

]
(1.165)

where C(ε) = (2πi�ε/m)1/2. Using this we can write the final expression
involving only the x integration:

〈T,xb|0,xa〉 = lim
ε→0

(
1

C(ε)

∏
k

∫
dxk

C(ε)

)
(1.166)

× exp

[
i

(
m

2

(xk+1 − xk)
2

ε
− εV (xk)

)]

which goes over to the original expression involving the sum over paths,
with each path contributing the amplitude exp(iA):

〈T,xb|0,xa〉 =
∫

Dx exp i

∫ T

0

dt

[
1

2
mẋ2 − V (x)

]
(1.167)

The time slicing gives meaning to this formal functional integral in this
case. As you can see, these ideas generalize naturally to more complicated
systems.

1.6.2 Evaluation of the Relativistic Path Integral

In Sect. 1.3.1 we evaluated G(x2;x1) for a relativistic particle using the
Jacobi action trick. The conventional action functional for a relativistic
particle is given by Eq. (1.67) and and we will now show how the path
integral with this action can be directly evaluated by a lattice regularization
procedure even though it is not quadratic in the dynamical variables.

We will work in the Euclidean space of D-dimensions, evaluate the path
integral and analytically continue to the Lorentzian space. We need to give
meaning to the sum over paths

GE(x2,x1;m) =
∑

allx(s)

exp−m�[x(s)] (1.168)

in the Euclidean sector, where

�(x2,x1) =

∫ s2

s1

ds

√
dx

ds
· dx
ds

(1.169)

is just the length of the curve x(s), parametrized by s, connecting x(s1) =
x1 and x(s2) = x2. Of course, the length is independent of the parametriza-
tion and the integral defining l is manifestly invariant under the reparam-
eterization s → f(s).
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49Purely from dimensional analysis,
we would expect the mass parameter
μ(ε) to scale inversely as lattice spac-
ing; in fact, we will see that this is what
happens.

Exercise 1.16: Prove this result. One
possible way is as follows: Consider a
path of length N (all lengths in units
of ε) with ri steps to the right and li
steps to the left along the i-th axis (i =
1, 2, ...D). If Q[N, ri, li] is the num-
ber of such paths connecting the ori-
gin to R = (n1, n2, ...nD), show that

(Σxi + Σyi)
N = ΣQ(N, ri, li)x

ri
i y

li
i ;

i.e., the left hand side is the generat-
ing function for Q. Next show that
we are interested in the case where
ri− li = ni is a given quantity for each
i and that the number of paths with
this condition can be obtained by set-
ting yi = (1/xi). Taking xi = exp(iki)
gives the result. Another (simpler)
way to prove the result is to note that a
path of length N which reaches R must
have come from the paths of length
N − 1 which have reached one of the
2D neighbouring sites in the previous
step. This allows you to fix the Fourier
transform of C(N ;R) through a recur-
sion relation.

The GE can be defined through the following limiting procedure: Con-
sider a lattice of points in a D-dimensional cubic lattice with a uniform
lattice spacing of ε. We will work out GE in the lattice and will then take
the limit of ε → 0 with a suitable measure. To obtain a finite answer, we
have to use an overall normalization factor M(ε) in Eq. (1.168) as well as
treat m (which is the only parameter in the problem) as varying with ε in a
specific manner; i.e. we will use a function μ(ε) in place of m on the lattice
and will reserve the symbol m for the parameter in the continuum limit.49

Thus the sum over paths in the continuum limit is defined by the limiting
procedure

GE(x2,x1;m) = lim
ε→0

[M(ε)GE(x2,x1;μ(ε))] (1.170)

In a lattice with spacing of ε, Eq. (1.168) can be evaluated in a straight-
forward manner. Because of the translation invariance of the problem,
GE can only depend on x2 − x1; so we can set x1 = 0 and call x2 =
εR where R is a D-dimensional vector with integral components: R =
(n1, n2, n3 · · ·nD). Let C(N,R) be the number of paths of length Nε con-
necting the origin to the lattice point εR. Since all such paths contribute
a term [exp−μ(ε)(Nε)] to Eq. (1.168), we get:

GE(R; ε) =

∞∑
N=0

C(N ;R) exp (−μ(ε)Nε) (1.171)

It can be shown from elementary combinatorics that the C(N ;R) satisfy
the condition

FN ≡ [eik1 + eik2 + · · · eikD + e−ik1 + · · · e−ikD
]N

=
∑
R

C(N ;R)eik.R

(1.172)
Therefore,

∑
R

eik.RGE(R; ε) =
∞∑

N=0

∑
R

C(N ;R)eik.R exp (−μ(ε)Nε)

=
∞∑

N=0

e−μ(ε)εNFN =
∞∑

N=0

[
Fe−μ(ε)ε

]N

=
[
1− Fe−μ(ε)ε

]−1

(1.173)

Inverting the Fourier transform, we get

GE(R; ε) =

∫
dDk

(2π)D
e−ik.R

(1− e−μ(ε)εF )

=

∫
dDk

(2π)D
e−ik.R

(1− 2e−μ(ε)ε
∑D

j=1 cos kj)
(1.174)

Converting to the physical length scales x = εR and p = ε−1k gives

GE(x; ε) =

∫
εDdDp

(2π)D
e−ip.x

(1− 2e−μ(ε)ε
∑D

j=1 cos pjε)
(1.175)

This is an exact result in the lattice and we now have to take the limit ε → 0
in a suitable manner to keep the limit finite. As ε → 0, the denominator
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of the integrand becomes

1− 2e−εμ(ε)

(
D − 1

2
ε2|p|2

)
= 1− 2De−εμ(ε) + ε2e−εμ(ε)|p|2 (1.176)

= ε2e−εμ(ε)

[
|p|2 + 1− 2De−εμ(ε)

ε2e−εμ(ε)

]

so that we get, for small ε,

GE(x; ε) �
∫

dDp

(2π)D
A(ε)e−ip.x

|p|2 +B(ε)
(1.177)

where

A(ε) = εD−2eεμ(ε)

B(ε) =
1

ε2

[
eεμ(ε) − 2D

]
(1.178)

The continuum theory has to be defined in the limit of ε → 0 with some
measure M(ε); that is, we want to choose M(ε) such that the limit

GE(x;m)|continuum = lim
ε→0

{M(ε)GE(x; ε)} (1.179)

is finite. It is easy to see that we only need to demand

lim
ε→0

[
1

ε2

(
eεμ(ε) − 2D

)]
= m2 (1.180)

and

lim
ε→0

[
M(ε)εD−2eεμ(ε)

]
= 1 (1.181)

to achieve this. The first condition implies that, near ε ≈ 0,

μ(ε) ≈ ln 2D

ε
+

m2

2D
ε ≈ ln 2D

ε
(1.182)

The second condition Eq. (1.181), allows us to determine the measure as

M(ε) =
1

2D

1

εD−2
(1.183)

With this choice, we get

lim
ε→0

GE(x; ε)M(ε) =

∫
dDp

(2π)D
e−ip.x

|p|2 +m2
(1.184)

which is the continuum propagator we computed earlier (see Eq. (1.99)).
This analysis gives a rigorous meaning to the path integral for the rela-
tivistic free particle.

The rest is easy. We write (|p|2 + m2)−1 as a integral over λ of
exp[−λ(|p|2 +m2)] and doing the p integration, we get

GE =

∫ ∞

0

dλ e−λm2

∫
dDp

(2π)D
eip·x−λp2

=

∫ ∞

0

dλ e−λm2

(
1

4λπ

)D/2

e−
|x|2

4λ

(1.185)
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When D = 4, this reduces to

GE =
1

16π2

∫ ∞

0

dλ

λ2
e−m2λ− |x|2

4λ (1.186)

To analytically continue from Euclidean to Lorentzian spacetime, we have
to change the sign of one of the coordinates in |x|2 and obtain |x|2− t2 and
set λ = is. This gives

GE = − i

16π2

∫ ∞

0

ds

s2
e−im2s+ i

4s (|x|2−t2) = − i

16π2

∫ ∞

0

ds

s2
e−im2s− i

4sx
2

(1.187)
which matches with the expression in Eq. (1.75).



Chapter 2

Disturbing the Vacuum

2.1 Sources that Disturb the Vacuum

We started our discussion in Sect. 1.1 with the amplitude for the process
A = D(x2)G(x2;x1)C(x1) involving creation, propagation and detection
(usually accompanied by destruction) of a particle and concentrated on the
middle partG(x2;x1). This analysis, however, dragged us into a description
in which φ†(x1)|0〉 could be interpreted as creating a particle from a no-
particle state |0〉. Similarly, φ(x2) acting on this state destroys this particle,
taking the state back to |0〉. We now want to study more carefully the
creation and destruction of the particle by external agencies and see what
it can tell us. Surprisingly enough, we can learn a lot from such a study
and even determine G(x2;x1) using some basic principles. This provides a
second perspective on G(x2;x1) and — what is more — it will again lead
to a description involving fields.

2.1.1 Vacuum Persistence Amplitude and G(x2; x1)

We will start by describing the notion of a source which is capable of creat-
ing or destroying a particle.1 We introduce the amplitude 〈1p|0−〉J ≡ iJ(p)
which describes the creation of a one-particle state, with on-shell momen-
tum p = (ωp,p), due to the action of a source (labeled by the superscript J)
from the no-particle state |0−〉 at very early (i.e., as t → −∞) times. The
i-factor is introduced on the right hand side of 〈1p|0−〉J ≡ iJ(p) for future
convenience. The corresponding amplitude for the destruction will have an
amplitude 〈0+|1p〉J where |0+〉 denotes the no-particle state at very late
(i.e., as t → +∞) times after all the sources have ceased to operate. This
state |0+〉, in general, could be different from |0−〉.

It is convenient to start with “weak sources”, the action of which only
leads to single particle, rather than multi-particle, intermediate states dur-
ing the entire evolution of the system from t = −∞ to t = ∞; i.e., we think
of the source as a mild perturbation on the no-particle state. We can then
easily show that 〈0+|1p〉J = iJ∗(p). To do this, we begin with the relation
〈0−|1p〉J=0 = 0 which represents the orthogonality of the one-particle and
no-particle states in the absence of sources and expand this relation by
introducing a complete set of states in the presence of the source. This will

1A purist will call the agency that
creates as the source and the one that
destroys as sink; we won’t be that
fussy.

45© Springer International Publishing Switzerland 2016 
T. Padmanabhan, Quantum Field Theory, Graduate Texts in Physics, DOI 10.1007/978-3-319-28173-5_2 
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2The matrix element 〈ψ|e−iHt|φ〉 to
the lowest order in t will have the
term −it〈ψ|H|φ〉. On the other hand,
the matrix element 〈φ|e−iHt|ψ〉 will
have −it〈φ|H|ψ〉. Though 〈ψ|H|φ〉 =
〈φ|H|ψ〉∗, we need to take into account
the extra i-factor in relating the two.
The origin of i-factor in 〈0+|1p〉J =
iJ∗(p) is similar.

3Originally due to J. Schwinger; in
fact, this entire description is adapted
from Schwinger’s Source theory, a pow-
erful alternative to conventional quan-
tum field theory, almost universally ig-
nored by particle physicists.

give

0 = 〈0−|1p〉J=0

= J=0〈0−|0+〉J J〈0+|1p〉J=0 +
∑
q

J=0〈0−|1q〉JJ〈1q|1p〉J=0 + · · ·

� 1× J〈0+|1p〉J=0 +
∑
q

(−iJ∗(q))δqp (2.1)

In arriving at the second equality, we have ignored multi-particle intermedi-
ate states (denoted by · · · ) because the source is weak. For the same reason
we can replace J=0〈0−|0+〉J by its value for J = 0, viz., 〈0−|0+〉J=0 = 1 to
leading order in J and replace J〈1q|1p〉J=0 by 〈1p|1q〉J=0 = δpq (which is
again the value for J = 0) and use 〈0−|1q〉J = 〈1q|0−〉∗ = −iJ∗(q). Equa-
tion (2.1) then leads to 〈0+|1p〉J = iJ∗(p). (This is why we kept an extra
i-factor2 in the definition of amplitudes so that J and J∗ describe creation
and annihilation amplitudes.)

It will be convenient to have a corresponding spacetime description of
the source. This can be achieved by introducing a real scalar function J(x)
and introducing the four dimensional Fourier transform

J(p) ≡
∫

d4x eip·xJ(x); J∗(p) =
∫

d4x e−ip·xJ(x) (2.2)

and identifying the on-shell amplitudes −i〈1p|0−〉J = J(p) = J(ωp,p) as
the on-shell values of the Fourier transform defined above. Note that we
are considering an arbitrary J(x) and a correspondingly arbitrary J(p)
[except for the condition J∗(p) = J(−p) ensuring the reality of J(x)]; but
the amplitude 〈1p|0−〉J only depends on the on-shell behaviour of J(p).

After these preliminaries, we will turn our attention to the amplitude
〈0+|0−〉J for the no-particle state to remain a no-particle state even after
the action of J(x), once as a source and once as a sink. (The 〈0+|0−〉J
is usually called the vacuum persistence amplitude.) Because the source
is assumed to be weak, this amplitude will differ from unity by a small
quantity: 〈0+|0−〉J = 1+F [J ]. Further since each action of J changes the
state only from a no-particle state to a one-particle state and vice-versa,
F [J ] must be a quadratic functional of J to the lowest order. Therefore,
the amplitude can be expressed in the form

〈0+|0−〉J = 1 + F [J ] ≡ 1− 1

2

∫
d4x2 d4x1 J(x2)S(x2 − x1)J(x1) (2.3)

where S(x2−x1) is a function, which can be taken to be symmetric without
loss of generality,

S(x2 − x1) = S(x1 − x2) (2.4)

that needs to be determined. It can depend only on x2 − x1 because
of translational invariance. (The −1/2 factor in Eq. (2.3) is introduced
for future convenience.) To determine its form, we can use the following
argument.3

Imagine that we divide the source J(x) into two parts J1(x) and J2(x)
(with J = J1+J2) such that J1 acts in the causal future of J2 in some frame
of reference. This is easily done by restricting the support for the functions
J1(x), J2(x) to suitable regions of spacetime. When J2(x) acts on the no-
particle state it will, most of the time, do nothing, while occasionally it will
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produce a particle with the amplitude 〈1p|0−〉J2 , so that we can assume

〈0+|0−〉J2 � 1 + F [J2] (2.5)

After J2 has ceased to operate, the resulting state (either no-particle or
one-particle state) will evolve undisturbed until J1 starts operating. If it
destroys the single particle state with the amplitude 〈0+|1p〉J1 , we would
have reached back to the no-particle state. The entire process is described
by the amplitude

〈0+|0−〉J1+J2 = 〈0+|0−〉J1〈0+|0−〉J2 +
∑
p

〈0+|1p〉J1〈1p|0−〉J2

= 1 + F [J1] + F [J2] +
∑
p

(iJ∗
1 (p))(iJ2(p)) (2.6)

We now demand that the expression for 〈0+|0−〉J1+J2 should not depend
individually on the manner in which J is separated into J1 and J2 but
should just be a functional of J alone, so that

〈0+|0−〉J1+J2 ≡ 〈0+|0−〉J = 1 + F [J ] = 1 + F [J1 + J2] (2.7)

where we have used Eq. (2.3). Substituting into Eq. (2.6), we get

F [J1 + J2]− F [J1]− F [J2] =
∑
p

(iJ∗
1 (p)) (iJ2(p)) (2.8)

Using the form of F in Eq. (2.3), the left hand side works out to be

−1

2

∫
d4x2 d

4x1 [J1(x1)J2(x2) + J2(x1)J1(x2)]S(x2 − x1)

= −
∫

d4x2 d
4x1J2(x2)J1(x1)S(x2 − x1) (2.9)

where we have used the symmetry of S(x). The right hand side of Eq. (2.8),
on the other hand, depends only on the on-shell value of J(p) and is given
by, for real sources,∑
p

(iJ∗
1 (p))(iJ2(p)) = −

∫
d4x2

∫
d4x1

∫
dΩpJ2(x2)J1(x1)e

−ip(x2−x1)

= −
∫

d4x2d
4x1J2(x2)

[∫
dΩpe

−ip(x2−x1)

]
J1(x1)

(2.10)

where we have converted the sum to an integral4 with the invariant measure
dΩp. Comparison of Eq. (2.9) and Eq. (2.10) allows us to read off the form
of S(x) to be

S(x) =

∫
dΩp e−ipx = G+(x2;x1) (for t > 0) (2.11)

To find the form of S(x) = S(t,x) for negative values of t = −|t|, we will
use the symmetry property S(−|t|,x) = S(+|t|,−x) and use Eq. (2.11) for
S(|t|,−x). This gives:

S(−|t|,x) = S(|t|,−x) =

∫
dΩpe

−iωp|t|−ip·x =

∫
dΩpe

iωpt−ip·x

=

∫
dΩpe

ipx = G−(x2;x1) (2.12)

4The summation over momenta on
the left hand side of the above equation
is an on-shell summation over the 3-
vector p and e−ip(x−x′) is evaluated
on-shell; therefore to maintain Lorentz
invariance it has to be converted to an
integral over dΩp.
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5We used the causal ordering of x2

and x1 to determine the form of S(x).
Such a causal ordering has a Lorentz
invariant meaning only when x1 and x2

are related by a timelike interval. But
we know that when these two events
are separated by a spacelike interval,
the numerical values of the expressions
in Eq. (2.11) and Eq. (2.12) are the
same; see Eq. (1.89). Therefore our
analysis determines S(x) everywhere
unambiguously.

In arriving at the third equality, we have used the fact that |t| = −t for
t < 0. Using the usual trick of flipping the sign of p, we can write the full
expression for S(x) as

S(x) =

∫
dΩpe

+ip·x e−iωp|t| = G(x2;x1) (2.13)

The identification of S(x) with G(x2;x1) allows us to write the amplitude
〈0+|0−〉J in the form5

〈0+|0−〉J = 1− 1

2

∫
d4x2d

4x1J(x2)S(x2 − x1)J(x1)

= 1− 1

2

∫
d4x2d

4x1J(x2)G(x2;x1)J(x1) (2.14)

This has an obvious and nice interpretation of a particle being created at
x1 due to the action of the source, followed by its propagation from x1 to x2

and its destruction by the source acting for the second time. The fact that
the propagation amplitude G(x2;x1) — originally found using the path
integral for a relativistic particle — emerges from a completely different
perspective (of sources perturbing the no-particle state, thereby creating
and destroying particles) shows that we are on the right track in our in-
terpretation. If we now write the amplitude G(x2;x1) using Eq. (1.86),
separating out propagation with positive and negative energies, the inte-
gral in Eq. (2.14) will also separate into two terms allowing interpretation
in terms of particles and antiparticles.

So far, we have been discussing a weak source in which J(x) should
actually be thought of as a small perturbation. In the case of a strong
source, the situation becomes more complicated. But it can be handled,
essentially by exponentiating the result in Eq. (2.3) if we consider particles
to be non-interacting with each other. In this case, the source can create
and destroy more than one particle but each pair of creation and destruc-
tion events is treated as independent. This assumes that: (i) parts of the
source which participate in the creation and destruction of particles do not
influence each other and (ii) the propagation amplitude for any given par-
ticle is not affected by the presence of other particles. Then the amplitude
〈0+|0−〉J is given by the product of amplitudes for individual events and
we get

〈0+|0−〉J = exp−1

2

∫
d4x2 d

4x1J(x2)G(x2;x1)J(x1) (2.15)

To understand this result, let us again consider a situation when J = J1+J2
with J1 acting in the future of J2. On substituting J = J1+J2 in Eq. (2.15),
it separates into a product of three terms expressible as

〈0+|0−〉J = 〈0+|0−〉J1 exp

[
−
∫

d4xd4x′ J1(x)G(x;x′)J2(x′)
]
〈0+|0−〉J2

(2.16)
The first and the last factors are easy to understand as the effect of individ-
ual components, while the middle factor describes the creation of particles
by J2 followed by their destruction etc. (This is just the exponential form
of the result in Eq. (2.9).) Expressing the argument of the exponential
in Fourier space as

∑
p(iJ

∗
1 (p))(iJ2(p)) (see Eq. (2.10)) and expanding the
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exponential:

exp

[∑
p

(
iJ∗

1p

)
(iJ2p)

]
=

∏
p

exp
[
iJ∗

1piJ2p
]

=
∏
p

∑
np=0

(iJ∗
1p)

np

(np!)1/2
(iJ2p)

np

(np!)1/2
(2.17)

we find that the entire amplitude in Eq. (2.16) can be written in the form

〈0+|0−〉J =
∑
{n}

〈0+|{n}〉J1〈{n}|0−〉J2 (2.18)

where we have defined

〈{n}|0−〉J = 〈0+|0−〉J
∏
p

(iJp)
np

(np!)1/2
; 〈0+|{n}〉J = 〈0+|0−〉J

∏
p

(iJ∗
p )

np

(np!)1/2

(2.19)
and the summation in Eq. (2.18) is over sets of all integers labeled by mo-
menta. The expression in Eq. (2.18) has a straightforward interpretation:
The source J2 creates a set of particles labeled by the occupation numbers
np in the momentum state p with amplitude 〈{n}|0−〉 which are subse-
quently destroyed by J1 with amplitude 〈0+|{n}〉. The Eq. (2.19) shows
that each of these amplitudes is made of the source and sink acting inde-
pendently to produce multiple particles indicated by the factor J

np
p etc.

The (np!)
1/2 factor in the amplitude gives rise to (np!) in the probability,

taking care of the indistinguishability of created particles. The standard
translational invariance argument now shows that the factor J

np
p gives the

state |{n}〉 the four-momentum P a =
∑

p npp
a as expected. Thus, our ex-

ponentiated result in Eq. (2.15) correctly describes a set of non-interacting
particles produced and destroyed by the source J .

The result Eq. (2.15) can also be obtained more formally along the
following lines: Consider a strong source J divided up into a large number
of small, uncorrelated and independent weak sources such that J =

∑
α Jα

where α = 1, 2, · · ·N with very large N . The independence of each weak
component is characterized by the condition∫

d4x d4x′Jα(x)G(x;x′)Jβ(x′) = 0 (for α �= β) (2.20)

In that case, the net amplitude 〈0+|0−〉J is given by the product over the
individual amplitudes produced by each part of the source:

〈0+|0−〉J =
∏
α

(
1− 1

2

∫
d4x2 d

4x1Jα(x2)G(x2;x1)Jα(x1)

)

= exp−1

2

∑
α

∫
d4x2 d

4x1Jα(x2)G(x2;x1)Jα(x1)

= exp−1

2

∑
αβ

∫
d4x2 d

4x1Jα(x2)G(x2;x1)Jβ(x1)

= exp−1

2

∫
d4x2 d

4x1J(x2)G(x2;x1)J(x1) (2.21)

The second equality follows from the fact that for small x we can write
(1 + x) ≈ ex in order to convert products into sums in the exponential.

Exercise 2.1: Make sure you under-
stand the notation and the validity of
interchange of products and summa-
tions in these expressions.
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6Eventually this will translate into
what is called free-field theory coupled
to an external, c-number source, in
contrast to an interacting field theory.

Exercise 2.2: Write Eq. (2.21) in mo-
mentum space and use (z + iε)−1 =
P(z−1) + iπδ(z) (where P denotes the
principal value) to get the result in
Eq. (2.24) faster.

The third equality follows from Eq. (2.20). Thus, even in the case of a
strong source we can express the amplitude 〈0+|0−〉 entirely in terms of
G(x2;x1) as long as we ignore the interaction between the particles.6

2.1.2 Vacuum Instability and the Interaction Energy
of the Sources

The above result allows us to extract some interesting conclusions regard-
ing the effect of external sources on the vacuum (that is, no particle) state.
In general, the complex number 〈0+|0−〉 will have a modulus and phase
and physical consistency requires that |〈0+|0−〉|2 should contain informa-
tion about the creation of real, on-shell, particles from the vacuum by the
action of the external source. This, in turn, imposes two constraints on
this quantity: First, we must have |〈0+|0−〉|2 < 1 for probabilistic inter-
pretation. Second, it can only depend on the on-shell behaviour of J(p).

We will now verify that these conditions are met and — in the process
— obtain an expression for the mean number of particles produced by the
action of the source. From Eq. (2.21) we find that |〈0+|0−〉|2 is given by

|〈0+|0−〉|2 = exp−1

2

∫
d4x2 d

4x1J(x2)J(x1)[G(x2;x1) +G∗(x2;x1)]

(2.22)
where

G(x2;x1) +G∗(x2;x1) =

∫
dΩp

(
eip·x−iωp|t| + e−ip·x+iωp|t|

)
(2.23)

=

∫
dΩpe

ip·x
(
e−iωp|t| + e+iωp|t|

)
= 2

∫
dΩpe

ip·x cos(ωp|t|)

= 2

∫
dΩpe

ip·x cos(ωpt) =

∫
dΩp

(
e−ipx + eipx

)
In arriving at the second equality, we have done the usual flipping of vector
p in the second term; in arriving at the fourth equality we have used the
fact that the cosine is an even function; and finally we have flipped the
vector p again in the second term to get the last expression. Therefore

1

2

∫
d4x2 d

4x1J(x2)J(x1)[G(x2;x1) +G∗(x2;x1)]

=
1

2

∫
d4x2 d

4x1J(x2)J(x1)

∫
dΩp

(
e−ipx + eipx

)
=

∫
d4x2 d

4x1J(x2)J(x1)

∫
dΩp e

−ip(x2−x1)

=

∫
dΩp|J(ωp,p)|2 (2.24)

In arriving at the second equality we have used the fact that the product
J(x1)J(x2) is symmetric in x1 and x2. This allows us to retain only the
e−ipx term and multiply the result by the factor 2. Substituting Eq. (2.24)
in Eq. (2.22), we find:

|〈0+|0−〉|2 = exp−
∫

d3p

(2π)3
1

2ωp

|J(ωp,p)|2 (2.25)
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The result (which is gratifyingly less than unity) shows that one can in-
terpret (1/2ωp)|J(ωp,p)|2 as the probability density for the creation of a
particle with momentum p. As expected, the result depends only on the
on-shell behaviour J(ωp,p) of J(p). Since ωp ≥ m, this probability can
be non-zero only if the Fourier component J(ωp,p) is non-zero, suggesting
that a static source cannot produce any particles.7

Going back to the notation in which the integration over dΩp is replaced
by a summation over momenta on-shell, we can write the same result in an
intuitively understandable manner as

|〈0+|0−〉|2 = exp−
∫

dΩp|J(ωp,p)|2 = exp−
∑
p

(iJp)(iJp)
∗

=
∏
p

exp
(−|〈1p|0−〉|2

)
(2.26)

Thus, |〈0+|0−〉|2 is determined by the probability for production of single
particles from the initial vacuum state which is the (only) input we started
out with. The production of particles is essentially governed by a Poisson
distribution of the form λne−λ/n! with λ = |〈1p|0−〉|2 in each mode. The
total probability is given by the product over all the modes. When the
argument of the exponent is small, corresponding to a weak source, this
result reduces to

|〈0+|0−〉|2 ≈ 1−
∑
p

|〈1p|0−〉|2 (2.27)

which is essentially a statement of probability conservation. Thus every-
thing makes sense. This is the first non-trivial application of the formalism
we have developed so far; it gets better.

The above analysis concentrated on the probability |〈0+|0−〉|2 which, of
course, loses the information about the phase of 〈0+|0−〉. As it turns out,
the phase also contains valuable information about the physical system.
To unravel this, let us consider another extreme example of a source J(x)
which is static. Obviously, we do not expect any real particle production to
take place in this context and we must have |〈0+|0−〉|2 = 1. What we are
interested in is the phase of the complex amplitude 〈0+|0−〉. For a static
source,8 the argument of the exponent occurring in 〈0+|0−〉 is given by:

−1

2

∫
d3x1d

3x2J(x1)J(x2)

∫ ∞

−∞
dt1

∫ ∞

−∞
dt2

∫
dΩpe

ip·xe−iωp|t2−t1|

= −1

2

∫
d3x1d

3x2

∫
dΩpJ(x1)J(x2)e

ip·(x2−x1)

×
∫ ∞

−∞
dt1

∫ ∞

−∞
dt2e

−iωp|t2−t1| (2.28)

To do the time integrals, introduce the variables T = (1/2)(t1 + t2), t =
t2−t1 so that dt1dt2 = dTdt. The integral over T is of course divergent but
we will deal with it later on; the integral over t leads to a factor (−2i/ωp)
making the argument of the exponent to be:

i

∫ ∞

−∞
dT

∫
d3x1d

3x2J(x1)J(x2)

∫
d3p

(2π)3
1

2ω2
p

eip·(x2−x1) ≡ −i

∫ ∞

−∞
dT E
(2.29)

7This ‘obvious’ result is not always
true, as we will see in later chapters! It
depends on the nature of the coupling.

Exercise 2.3: Compute the probabil-
ity for the source to produce n particles
with momentum p and show that it is
indeed given by a Poisson distribution.

8More precisely, we are talking about
a source which varies very little over a
timescale L/c where L is the spatial
extent of the source; but we will be a
little cavalier about this precise defini-
tion and take J(t,x) = J(x).
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9The integral in Eq. (2.31) is es-
sentially the Fourier transform of the
propagation amplitude in the static
case — obtained by setting p0 = 0
in the Fourier transform of the prop-
agator. So we find that the spatial
Fourier transform of the propagation
amplitude gives the effective interac-
tion potential of the theory. This turns
out to be a fairly general feature.

10The fact that “like” sources at-
tract while interacting through a scalar
field — which is what our G(x2;x1)
was reinterpreted as in Sect. 1.5 —
is related to its Lorentz transforma-
tion properties. We will see later (see
Sect. 3.6.2) that if the sources were vec-
tor fields Ja(x) interacting via a corre-
sponding vector field, then like sources
will repel each other (as in the case of
electromagnetism). If the sources were
second rank symmetric tensor fields
Tab(x) then like sources will again at-
tract; the corresponding field in that
case is called gravity, but we don’t un-
derstand it.

where

E ≡ 1

2

∫
d3x d3yJ(x)V (x− y)J(y) (2.30)

with

V (x) = −
∫

d3p

(2π)3
eip·x

p2 +m2
= −e−m|x|

4π|x| (2.31)

So we can express Eq. (2.28) as:

〈0+|0−〉 = exp

(
−i

∫ ∞

−∞
dT E

)
(2.32)

Thus all that the static source has done is to increase the phase of the
amplitude 〈0+|0−〉 at a steady rate of E for infinite duration. This suggests
interpreting E as the energy due to the presence of the static source J(x).
(This also agrees with the interpretation based on Eq. (1.40) generalized
to the field theory context.)9

The expression in Eq. (2.31) shows that E is negative, indicating that
the sources attract each other. Further, the explicit form of V (x) allows us
to interpret the resulting force of attraction as due to a Yukawa potential
of mass m. It is as though the exchange of particles of mass m between the
two sources governed by the amplitude G(x2;x1) appears in the Fourier
space as an effective potential of interaction between the sources which
are capable of exchanging these particles. This is remarkable when you
remember that the amplitude G(x2;x1) in real space shows no hint of such
varied dynamical properties.10 All that remains is to bring out the fields
which are hiding inside these expressions. This task, as you will see, turns
out to be somewhat easier now.

2.2 From the Source to the Field

We have found earlier in Sect. 1.5 that G(x2;x1) can be reinterpreted in
terms of a field φ(x), which in turn, is made of infinite number of har-
monic oscillators each labeled by a momentum vector p. In that inter-
pretation, G(x2;x1) was related to the expectation value of the operator
T [φ(x2)φ

†(x1)] in the ground state of all oscillators. Somewhat intrigu-
ingly, we also found that the first excited state of the oscillator labeled by
p corresponds to a one-particle state with momentum p.

In Sect. 2.1 we approached the problem from a different perspective by
explicitly introducing sources J(x) which can create or destroy a particle.
Consistency of the formalism demands that we should be able to recover
the field φ(x), as well as the harmonic oscillators it is made of, from the
expression for GJ(x2;x1). (This is exactly in the same spirit as our ‘dis-
covering’ the fields from the expression for G(x2;x1) in Sect. 1.5). As
you might have guessed, both these goals can indeed be achieved, thereby
connecting the discussion in Sect. 2.1 with that in Sect. 1.5.

We will first discuss, in the next section, how one can obtain the field
φ(x) and its action functional from the expression for GJ (x2;x1). In Sect.
2.2.3, we will show how to relate this expression to individual harmonic
oscillators (which turns out to be a lot easier).
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2.2.1 Source to Field: Via Functional Fourier Trans-
form

To motivate the connection between 〈0+|0−〉J and the fields in spacetime,
we start with the expression for the vacuum persistence amplitude:

〈0+|0−〉J = exp−1

2

∫
d4xd4yJ(x)G(x; y)J(y) (2.33)

which depends both on the nature of the source J(x) as well as the prop-
agation amplitude G(x; y), and ask how we can extract the information
contained in G(x; y) without having to bother about the source J(x). To
do this we will rewrite Eq. (2.33) in a suggestive form as

〈0+|0−〉J → G(J) ≡ exp−1

2

∑
x,y

JxMxyJy = exp−1

2
(JTMJ) (2.34)

where M(x− y) ≡ G(x; y) is treated as a symmetric matrix with elements
denoted by Mxy and J(y) is treated as a column vector with elements
denoted by Jy. This is a discretised representation of the spacetime con-
tinuum in which the integrals over d4x and d4y (suitably discretized in
a dimensionless form) become summation over the discrete indices. It is
now obvious that we can express Mxy as the second derivative of 〈0+|0−〉J
evaluated at J = 0:

Mxy = G(x; y) = −∂2〈0+|0−〉J
∂Jx∂Jy

∣∣∣∣
J=0

(2.35)

On the other hand, we know from earlier analysis (see Eq. (1.128)) that
G(x; y) = 〈0|T [φ(x)φ(y)]|0〉 where we have taken the field φ to be Hermitian
for simplicity. This gives the identification

−∂2〈0+|0−〉J
∂Jx∂Jy

∣∣∣∣
J=0

= G(x; y) = 〈0|T [φ(x)φ(y)]|0〉 (2.36)

Such a result is reminiscent of generating functions related to probability
distributions. The right hand side of Eq. (2.36) is the expectation (‘mean’)
value of the time-ordered φ(x)φ(y) which could be compared to the cor-
relation function of a stochastic variable. The 〈0+|0−〉J in the left hand
side then becomes analogous to the generating function for the probability
distribution. Recall that the generating function G(λi) (given in terms of a
set of variables λ1, λ2...λN ) and the corresponding probability distribution
P(qi) (given in terms of some variables q1, q2...qN ) are related11 by:

P(qi) ≡
∫ ⎛⎝ N∏

j=1

dλje
−iλjqj

⎞
⎠ G(λj); G(λi) =

∫ ⎛⎝ N∏
j=1

dqje
iλjqj

⎞
⎠P(qj)

(2.37)
so that

∂2G
∂λi∂λj

∣∣∣∣
λ=0

= −
∫ ( N∏

k=1

dqk

)
P(qk) qiqj ≡ −〈qiqj〉 (2.38)

If the generating function is a Gaussian, G(λi) = exp−(1/2)
∑

ij λiMijλj ,

then, we will have −Mij = [∂2G/∂λi∂λj ]|λ=0 leading to

〈qiqj〉 = Mij (2.39)

11Usually one uses the Laplace trans-
form for greater convergence but with
a suitable contour in the complex
plane, one can also work with the
Fourier transforms; in any case, we are
only doing some formal manipulation
here.
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Exercise 2.4: Prove Eq. (2.40) by di-
agonalizing the matrix M .

12The expression P(0) ∝
(detM)−1/2 actually contains in-
teresting physics which we will soon
come back to.

This is completely analogous to what we have in Eq. (2.36) suggesting that
we can think of 〈0+|0−〉J as the analogue of a generating function and
look for the corresponding probability distribution P(qi). Since Eq. (2.36)
tells us that the generating function leads to the mean value of φ(x)φ(y),
it makes sense to think of φ(x) as the analogue of the qi. So we should
compute the Fourier transform of 〈0+|0−〉J with respect to J by introducing
a conjugate variable φx which is the discretised version of some field φ(x)
in spacetime.

For evaluating this Fourier transform we need a preliminary result. In
the case of a finite N -dimensional matrix we know that

P(φ) ≡
∫

dDJ exp

(
−1

2
JTMJ − iφT J

)
(2.40)

= (2π)D/2(detM)−1/2 exp

(
−1

2
φTM−1φ

)
≡ P(0)e−

1
2φ

TM−1φ

where M−1 is the inverse of the matrix M . We are interested in the case of
an infinite dimensional matrix where the indices are continuous variables.
In that case we can think of the integration dDJ as a functional integral
DJ over the functions J(x). The prefactor (2π)D/2(detM)−1/2 can become
ill-defined for an infinite continuous matrix, but it is independent of φ; so,
for the moment12 we can just call it P(0). What remains is to give meaning
to the expression

φTM−1φ =
∑
x,y

φx(M
−1)xyφy ⇒

∫
d4x d4y φ(x)D(x − y)φ(y) (2.41)

so that we can write the final result of the functional Fourier transform as:

P(φ) = P(0) exp−1

2
(φTM

−1φ)

⇒ P(0) exp−1

2

∫
d4x d4y φ(y)D(x − y)φ(x) (2.42)

So, in the continuum limit, we need to find some operator D(x− y) which
will play the role of the inverse matrix. This requires giving a meaning
to the relation M−1M = 1 for a matrix with continuous indices by the
relation:∑

z

(M−1)xzMzy = δxy ⇒
∫

dz D(x− z)M(z − y) = δ(x− y) (2.43)

To find the form of D(x− y) from this integral relation, we express the left
hand side in Fourier space obtaining∫

d4p

(2π)4
D(p)M(p)e−ip(x−y) = δ(x − y) (2.44)

which is satisfied ifD(p) = 1/M(p). From Eq. (1.92), we know thatM(p) =
i(p2 −m2 + iε)−1 and hence D(p) = −i(p2 −m2 + iε). In position space,
the expression for D(x− y) is given by the Fourier transform:

D(x− y) = −i

∫
d4p

(2π)4
(p2 −m2 + iε) e−ip(x−y) (2.45)

= i

∫
d4p

(2π)4
(�x +m2 − iε) e−ip(x−y)

= i(�x +m2 − iε) δ(x− y)
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Obviously this is a somewhat singular operator but it leads to meaningful
results when substituted into Eq. (2.41). We get∫

d4x

∫
d4y φ(x)D(x − y)φ(y)

= i

∫
d4x

∫
d4y φ(x)(�x +m2 − iε)δ(x− y)φ(y)

= i

∫
d4x φ(x)(�x +m2 − iε)

∫
d4y δ(x − y)φ(y)

= i

∫
d4x φ(x)(�x +m2 − iε)φ(x) (2.46)

Substituting back into Eq. (2.42), we get the final result to be

P(φ) = P(0) exp− i

2

∫
d4x φ(x)(� +m2 − iε)φ(x) (2.47)

This is the first example of functional integration and functional Fourier
transforms which we have come across and — as you can guess — many
more will follow. All of them require (i) some kind of discretisation followed
by (ii) using a result for a finite dimensional integral and finally (iii) taking a
limit to the continuum. Most of the time this will involve finding the inverse
of either an operator or a symmetric function in two variables acting as a
kernel to a quadratic form. The procedure we use in all these cases is the
same. The inverses of the operators are defined in momentum space as just
reciprocals (of algebraic expressions) and can be Fourier transformed to
give suitable results in real space. In this particular example, the relation

−i(p2 −m2 + iε)
i

(p2 −m2 + iε)
= 1 (2.48)

in momentum space translates into the result

i(�x +m2 − iε)G(x; y) = δ(x− y) (2.49)

in real space. One can, of course, directly verify in real space that Eq. (2.49)
does hold.

The term φ(x)�φ(x) = φ(x)[∂a∂
aφ(x)] occurring in Eq. (2.47) can be

expressed in a different form using the result∫
V
d4xφ�φ =

∫
V
d4x∂a(φ∂

aφ)−
∫
V
d4x∂aφ∂

aφ

=

∫
∂V

d3xna φ∂
aφ−

∫
V
d4x∂aφ∂

aφ (2.50)

where the integration is over a 4-volume V with a boundary ∂V which has
a normal na. If we now assume that, for all the field configurations we
are interested in, we can ignore the boundary term,13 then one can replace
(∂aφ∂

aφ) by (−φ�φ). So, an equivalent form for P(φ) is given by

P(φ) = P(0) exp
i

2

∫
d4x
[
∂aφ ∂aφ− (m2 − iε)φ2

] ≡ P(0)eiA[φ] (2.51)

where A is given by

A =
1

2

∫
d4x

(
∂aφ∂

aφ−m2φ2
)

(2.52)

Exercise 2.5: Prove this result us-
ing the expression in Eq. (1.128) for
G(x; y).

13The cavalier attitude towards
boundary terms is a disease you might
contract if not immunized early on
in your career. Most of the time
you can get away with it; but not
always, so it is good to be cautious.
In this case, the equivalence (in the
momentum space) arises from two
ways of treating p2|φ(p)|2 either as
φ∗(p)p2φ(p) and getting −φ(x)�φ(x)
or writing it as [pφ(p)][p∗φ∗(p)]
leading to [−i∂aφ][i∂aφ] = ∂aφ∂aφ.
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14This analogy gets better in the Eu-
clidean space. The factor e−AE does
make sense as a probability for a field
configuration in many contexts.

15The P[(0)] stands for P[φ = 0]
while Z[(0)] is Z[J = 0]. But since
both are just constants, this notation
is unlikely to create any confusion.

which is essentially the action functional for the field φ(x) we constructed
from the oscillators — see Eq. (1.146) and note that we are now dealing
with a real φ(x). (It is understood that m2 should be replaced by (m2− iε)
when required; we will not display it explicitly all the time.) Our entire
analysis can therefore be summarized by the equation:∫

DJ 〈0+|0−〉J exp−i

[∫
J(x)φ(x)d4x

]
= P(0)eiA[φ] (2.53)

This relation tells you that the (functional) Fourier transform of the vacuum
persistence amplitude leads to the action functional for the field. If we
think of 〈0+|0−〉J as a generating function, then eiA[φ] is the corresponding
probability amplitude distribution.14

Clearly all the information about our propagation amplitude G(x2;x1)
is contained in A and, in fact, we can extract it fairly easily. This is because
A can be thought of as an action functional for a real scalar field which —
in turn — can be decomposed, in Fourier space, into a bunch of harmonic
oscillators. Then the action decomposes into a (infinite) sum of actions
for individual oscillators as in Eq. (1.145). The dynamics of the system
(either classical or quantum) is equivalent to that of an infinite number
of harmonic oscillators, each labeled by a vector p and frequency ωp. To
study the quantum theory, one can introduce the standard creation and
annihilation operators for each oscillator. It is now obvious that we will
be led to exactly the same field operator which we introduced earlier in
Eq. (1.129). The ground state will now be the ground state of all the
oscillators and the amplitude G(x2;x1) can again be constructed as the
ground state expectation value of the time ordered product as done in
Eq. (1.128).

In this (more conventional) approach, one will be interested in obtaining
〈0+|0−〉J starting from a theory specified by a given action functional. This
is given by the inverse Fourier transform of Eq. (2.53):

[P(0)]−1〈0+|0−〉J =

∫
Dφ exp

[
iA[φ] + i

∫
J(x)φ(x)d4x

]
≡ Z[J ] (2.54)

where the last equality defines Z[J ]. Given the fact that 〈0+|0−〉J=0 = 1,
we also have the relation15

[P(0)]−1 = Z(0) =

∫
Dφ eiA[φ] (2.55)

which essentially gives (detM)−1/2 as a functional integral. (We will come
back to this term soon.). From the explicit expression of 〈0+|0−〉J given
by Eq. (2.33), it is also obvious that

Z(J) = Z(0) exp−1

2

∫
d4x2 d

4x1J(x2)G(x2;x1)J(x1) (2.56)

This result can be expressed in a slightly different form which makes
clear some of the previous operations related to functional integrals. In
the Eq. (2.54) — which expresses the vacuum persistence amplitude in the
presence of a source J in terms of a functional Fourier transform — we will
ignore a surface term in A and write exp(iA) in the form

eiA = exp− i

2

∫
d4x φ(x)(� +m2 − iε)φ(x) = exp−1

2

∫
d4x φ(x)Dφ(x)

(2.57)
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where D is the operator D ≡ i(�+m2− iε). We also know from Eq. (2.49)
that G(x2;x1) can be thought of as a coordinate representation of the in-
verse D−1 of this operator. Comparing these results, we see that Eq. (2.56)
can be expressed16 in the form

Z(J) =

∫
Dφ exp

[
−1

2

∫
d4x φ(x)Dφ(x) + i

∫
J(x)φ(x)d4x

]

= Z(0) exp

[
−1

2

∫
d4x2 d

4x1J(x2)D
−1J(x1)

]
(2.58)

with D−1 → G(x2;x1) in coordinate representation. In our approach, we
first obtained the right hand side of this equation from physical considera-
tions and then related it to the left hand side by a functional Fourier trans-
form thereby obtaining Eq. (2.54). Alternatively, we could have started
with the expression for A, calculated the functional Fourier transform of
exp iA in the left hand side and thus obtained the right hand side — which
is what usual field theory text books do.

In such an approach, we can obtain an explicit expression for G(x2;x1)
in terms of the functional derivatives17 of Z(J) which generalizes the
derivatives with respect to Jx etc which we started out in the discretised
version in Eq. (2.35) and Eq. (2.36). On calculating the functional deriva-
tives of the right hand side of Eq. (2.58) we have the result‘:

1

Z(0)

(
i

δ

δJ(x1)

)(
i

δ

δJ(x2)

)
Z[J ]

∣∣∣
J=0

= G(x2;x1) (2.59)

which is in direct analogy with Eq. (2.36). On the other hand, we can
also explicitly evaluate the functional derivatives on the left hand side of
Eq. (2.58), bringing down two factors of φ. Further, we know that the
G(x2;x1) arising from the right hand side is expressible as the vacuum
expectation value of the time ordered product (see Eq. (1.128)) of the
scalar fields. This leads to the relation:

1

Z(0)

(
i

δ

δJ(x2)

)(
i

δ

δJ(x1)

)
Z[J ]

∣∣∣
J=0

=

∫
Dφφ(x2)φ(x1) exp

[
−1

2

∫
d4x φ(x)Dφ(x)

]
= 〈0|T [φ(x2)φ(x1)]|0〉 (2.60)

This relation will play a key role in our future discussions.18 The fact
that you reproduce a ground state expectation value in Eq. (2.60) shows
that these path integrals are similar to the ones discussed in Sect. 1.2.3.
We usually assume that the time integral in d4x is from −∞ to ∞ with
t interpreted as t(1 − iε). Therefore the functional integrals automatically
reproduce ground state expectation values.

2.2.2 Functional Integral Determinant: A First Look
at Infinity

It is now time to look closely at the expression for Z(0) which we promised
we will come back to. From the discussion around Eq. (2.40), we see that

P(0) ∝ (detM)−1/2 ∝ (detD)1/2 = Z[0]−1 ⇒ Z(0) ∝ (detD)−1/2 (2.61)

16Mnemonic: We have −(1/2)Dφ2 +
iJφ = −(1/2)D[(φ − iJ/D)2 +
J2/D2] on completing the square.
The Gaussian integral then leads to
exp[−(1/2)D−1J2].

17Mathematical supplement
Sect. 2.3.1 describes the basic
mathematics behind functional differ-
entiation and other related operations.
This is a good time to read it up
if you are in unfamiliar territory.
Fortunately, if you do the most
obvious thing you will be usually right
as far as functional operations are
concerned!

18Note that we need a time order-
ing operator in the expectation value
〈0|T [φ(x2)φ(x1)]|0〉 expressed in the
Heisenberg picture while we don’t need
to include it explicitly in the path inte-
gral expression. The reason should be
clear from the way we define the path
integral — by time slicing, as discussed
in Sect. 1.6.1. Depending on whether
x0
1 > x0

2 or the other way around, the
time slicing will put the two operators
in the time ordered manner when we
evaluate the path integral. Make sure
you understand how this happens be-
cause the time ordering — which is vi-
tal in our discussion — is hidden in the
path integral.
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19If you think of exp(−AE [φ]) as anal-
ogous to a probability, the path inte-
gral obtained by summing over all φ
is analogous to the partition function
in statistical mechanics. (In fact, the
notation Z is a reminder of this.) We
know that the physically useful quan-
tity is the free energy F , related to the
partition function by Z = exp(−βF ).
The effective action Aeff bears the
same relation to our Z as free energy
does to partition function in statistical
mechanics.

Exercise 2.6: Prove this.

where we have used Eq. (2.55) and the fact that D and M are inverses of
each other. This result expresses a relation which will also play a crucial
role in our later discussions:

Z(0) =

∫
Dφ exp

[
−1

2

∫
d4x φ(x)Dφ(x)

]
∝ (Det D)−1/2 (2.62)

It should be obvious from our discussions leading up to Eq. (2.40) that this
result is independent of the nature of the operator D. In later chapters we
will have to evaluate this for different kinds of operators and we will now
develop a few tricks for evaluating the determinant of an infinite matrix or
operator.

Let us work in the Euclidean sector to define the path integral in
Eq. (2.62). It is then physically meaningful to write Z(0) as exp(−Aeff)
where Aeff is called the effective action.19 In many situations — like the
present one — it is possible to write Aeff as a spacetime integral over an
effective Lagrangian Leff . In this particular case one can provide a direct
interpretation of Leff as vacuum energy density along the following lines:
When the Euclidean time integrals go from −∞ to +∞ we know that (see
Sect. 1.2.3) the path integral will essentially give exp(−TE0) where T is
the formally infinite time interval and E0 is the ground state energy. If the
energy density in space is H, then we would expect the exponential factor
to be exp(−TVH) where V is the volume of the space. In other words we
expect the result

Z(0) ∝ exp

(
−
∫

d4xE H
)

= exp

(
−
∫

d4xE LE
eff

)
(2.63)

where LE
eff is the effective Lagrangian in the Euclidean sector and H should

be some kind of energy density; the last equality arises from the fact that,
in the Euclidean sector, H = LE

eff in the present context. If we analytically
continue to the Lorentzian spacetime by tE = it, d4xE = id4x, this relation
becomes:

Z(0) ∝ exp

(
−i

∫
d4xH

)
= exp

(
−i

∫
d4xLE

eff

)
≡ exp

(
i

∫
d4xLM

eff

)
(2.64)

where LM
eff is the effective Lagrangian in the Lorentzian (‘Minkowskian’)

spacetime. The first proportionality clearly shows that H leads to the
standard energy dependent phase while the last equality defined the ef-
fective Lagrangian in the Lorentzian spacetime. From H = LE

eff = −LM
eff

we see that the effective Lagrangians in Lorentzian and Euclidean sectors
differ by a sign.

Let us work this out explicitly and see what we get. We will work in
the Euclidean sector and drop the superscript E from LE

eff for simplicity of
notation. We begin by taking the logarithm of Eq. (2.62) and ignoring any
unimportant additive constant:

lnZ[0] = −
∫

d4xE Leff = ln(detD)−
1
2 = −1

2
Tr ln D (2.65)

where we have used the standard relation ln det D = Tr lnD. There are
several tricks available to evaluate the logarithm and the trace, which we
will now describe.
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The simplest procedure is to introduce a (fictitious) Hilbert space with
state vectors |x〉 on which D can operate, and write:

−1

2
Tr ln D = −1

2

∫
d4xE < x| ln D|x >= −

∫
d4xE Leff (2.66)

so that Leff = (1/2) < x| ln D|x >. Going over to the momentum repre-
sentation in which D is diagonal, and working in n spatial dimensions for
future convenience, this result becomes:

Leff =
1

2
< x| ln D|x >=

1

2

∫
dn+1p

(2π)n+1
〈x|p〉 lnD(p)〈p|x〉

=
1

2

∫
dn+1p

(2π)n+1
lnD(p) (2.67)

In our case, the form of the operator D in the Euclidean space is

D = (−∂a∂
a +m2)E = −

(
d2

dt2E
+∇2

)
+m2 = −�E +m2 (2.68)

so that D(p) = p2 +m2, giving Leff to be:

Leff =
1

2

∫
dn+1p

(2π)n+1
ln(p2 +m2) (2.69)

The expression is obviously divergent20 and we will spend considerable ef-
fort in later chapters to interpret such divergent expressions. In the present
case, we can transform this (divergent) expression to another (divergent)
expression which is more transparent and reveal the fact that Leff is indeed
an energy density.

For this purpose, we first differentiate Leff with respect to m2 and
then separate the dn+1p as a n-dimensional integral dnp (which will cor-
respond to real space) and an integration over dp0 (which is the analytic
continuation of the zeroth coordinate to give the Euclidean sector from
the Lorentzian sector) and perform the dp0 integration. These lead to the
result (with our standard notation ω2

p = p2 +m2):

∂Leff

∂m2
=

1

2

∫
dn+1p

(2π)n+1

1

(p2 +m2)
=

1

2

∫
dnp

(2π)n

∫ ∞

−∞

dp0

(2π)

1

((p0)2 + ω2
p)

=
1

2

∫
dnp

(2π)n
1

2ωp

(2.70)

which is gratifyingly Lorentz invariant, though divergent21. If we now
integrate both sides with respect to m2 between the limits m2

1 and m2
2 we

will get the difference between the Leff for two theories with masses m1

and m2. We will instead perform one more illegal operation and just write
the formal indefinite integral of both sides with respect to m2. Then we
find that Leff has the nice, expected form

Leff =
1

2

∫
dnp

(2π)n

√
p2 +m2 =

∫
dnp

(2π)n

(
1

2
�ωp

)
(2.71)

The Z(0) factor is now related to an energy density which is the sum of the
zero point energies of an infinite number of harmonic oscillators each having

20.... not to mention the fact that we
are taking the logarithm of a dimen-
sionful quantity. It is assumed that fi-
nally we need to only interpret the dif-
ference between two Leff ’s, say, with
two different masses, which will take
care of these issues.

21This is the same expression as
Eq. (1.105); the right hand side is just
(1/2)

∫
dΩp — the Lorentz invariant,

infinite, on-shell volume in momentum
space.
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22There is a singularity at s = 0 in
this integral; in all practical calcula-
tions we will use this expression to
evaluate ln(F/F0) for some F0 when
the expression becomes well defined.
As we said before, it is also civil to
keep arguments of logarithms dimen-
sionless.

23This is the same analysis as the one
we did to arrive at Eq. (1.104) which
provides the physical meaning of the
effective Lagrangian. In the conven-
tional descriptions, the (1/s) factor in
the effective Lagrangian, Eq. (2.73) ap-
pears to be a bit of a mystery. But we
saw that if we first define an amplitude
P(x;E) for the closed loop to have
energy E and then integrate over all
E, the (1/s) factor arises quite natu-
rally. This is the proper interpretation
of Leff in terms of closed loops of vir-
tual particles. More importantly, now
we know the oscillators behind G(x;x).

24It is amusing that the functional in-
tegral over the field configurations is
related to the coincidence limit of a
path integral involving particle trajec-

tories. The coincidence limit of the lat-
ter path integral gives the propagation
amplitude for the (fictitious?) particle
to start from an event xi and end up
at the same event xi after the lapse of
proper time s corresponding to a closed
curve in spacetime.

a frequency ωk. Once again we see the fields and their associated harmonic
oscillators making their presence felt in our mathematical expressions —
this time through a functional determinant.

In more complicated situations, the operator D can depend on other
fields or external sources. In that case the ground state energy will be
modified compared to the expression obtained above and the difference in
the energy can have observable consequences. In the case discussed above,
Leff is real, and hence — when we analytically continue to the Lorentzian
sector — it will contribute a pure phase to 〈0+|0−〉 of the form:

Z(0) ∝ exp

(
−i

∫
d4xH

)
; H = Leff =

∫
d3k

(2π)3

(
1

2
�ωk

)
(2.72)

which is similar to the situation we encountered in Sect.2.1.2 (see Eq. (2.32)).
In some other contexts Leff can pick up an imaginary part which will lead
to the vacuum persistence probability becoming less than unity, which will
be interpreted as the production of particles by other fields or external
sources.

Most part of the above discussion can be repeated for such a more gen-
eral D which we will encounter in later chapters. With these applications
in mind, we will now derive some other useful formulas for the effective
Lagrangian and discuss their interpretation.

One standard procedure is to use an integral representation22 for lnD
and write:

Leff =
1

2
< x| ln D|x >= −1

2

∫ ∞

0

ds

s
< x| exp−sD|x >

≡ −1

2

∫ ∞

0

ds

s
K(x, x; s) (2.73)

where K(x, x; s) is the coincidence limit of the propagation amplitude for a
(fictitious) particle from yi to xi under the action of a (fictitious) “Hamil-
tonian” D: That is,

K(x, y; s) =< x|e−sD|y > (2.74)

Thus our prescription for computing Z(0) is as follows. We first consider
a quantum mechanical problem for a quantum particle under the influence
of a Hamiltonian D and evaluate the path integral propagator K(x, y; s)
for this particle. (The coordinates xi

E describe a 4-dimensional Euclidean
space with s denoting time. So this is quantum mechanics in four dimen-
sional space.) We then integrate23 the coincidence limit of this propagator
K(x, x; s) over (ds/s) to find Leff which, in principle, can have a surviv-
ing dependence on xi. The functional determinant is then given by the
expression in Eq. (2.66). We thus have the result

Z(0) =

∫
Dφ exp−AE(φ) =

∫
Dφ exp−1

2

∫
d4xEφDφ (2.75)

= exp−
∫

d4xE Leff = exp−
∫

d4xE

[
−1

2

∫ ∞

0

ds

s
〈x|e−sD|x〉

]

We will use this result extensively in the next chapter.24

If we are working in the Lorentzian (‘Minkowskian’) sector, Eq. (2.62)
still holds but we define the LM

eff with an extra i-factor as∫
Dφ exp i

∫
(−φDφ)d4x ∝ (Det D)−1/2 = exp i

∫
d4x LM

eff (2.76)
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with

LM
eff =

i

2
〈x| lnD|x〉 = − i

2

∫ ∞

0

ds

s
〈x|e−isD |x〉 (2.77)

In this form,25 it is obvious that D acts as an effective Schrodinger Hamil-
tonian. (In the specific case of a massive scalar field, the operator in the
Euclidean sector is given by Eq. (2.68) which is a Schrodinger Hamiltonian
for a quantum mechanical particle of mass (1/2) in 4-space dimensions in a
constant potential (−(1/2)m2). With future applications in mind, we will
switch to (n+ 1) Euclidean space.) The coincidence limit of the propaga-
tion amplitude for this quantum mechanical particle can be immediately
written down and substituted into Eq. (2.73) and Leff can be evaluated.

We also often need a general approach that allows handling the diver-
gences in the integrals defining Leff in a more systematic manner. This
is obtained by again introducing a complete set of momentum eigenstates
in the d ≡ (1 + n) Euclidean space and interpreting the action of −� in
momentum space as leading to the +p2 factor. Then, we get:

Leff = −1

2

∫ ∞

0

ds

s
〈x|e−s(−�+m2)|x〉 = −1

2

∫ ∞

0

ds

s

∫
ddp

(2π)d
e−s(p2+m2)

(2.78)
The p-integration can be easily performed leading to the result

Leff = −1

2

∫ ∞

0

ds

s(4πs)d/2
e−m2s = −1

2

∫ ∞

0

dλ

λ(2πλ)d/2
e−

1
2m

2λ (2.79)

where λ = 2s. (On the other hand, if we had done the s integral first,
interpreting the result as the logarithm, we would have got the result we
used earlier in Eq. (2.69)). This integral is divergent for d > 0 at the lower
limit and needs to be ‘regularized’ by some prescription.26

The simplest procedure will be to introduce a cut-off in the integral at
the lower limit and study how the integral behaves as the cut-off tends to
zero, in order to isolate the nature of the divergences. For example, the
integral for Leff in n = 3, d = 4 dimensions is given by

Leff = − 1

8π2

∫ ∞

0

dλ

λ3
e−

1
2m

2λ (2.80)

This integral is quadratically divergent near λ = 0. If we introduce a cut-off
at λ = (1/M2) where M is a large mass (energy) scale27, then the integral
is rendered finite and can be evaluated by a standard integration by parts.
We then get:

Leff = − 1

8π2

∫ ∞

M−2

dλ

λ3
e−

1
2m

2λ (2.81)

= − 1

16π2

[
M4 − m2M2

2

]
+

1

64π2
m4 ln

m2

2M2
+

1

64π2
γEm

4

where γE is Euler’s constant, defined by

γE ≡ −
∫ ∞

0

e−x ln x dx (2.82)

To separate out the terms which diverge when M → ∞ from the finite
terms, it is useful to introduce another arbitrary but finite energy scale

25Note that 〈x, s|y, 0〉 ≡ 〈x|e−isD |y〉
in the Lorentzian spacetime be-
comes i times the corresponding Eu-
clidean expression 〈x, s|y, 0〉E . That
is, 〈x, s|y, 0〉 = i〈xE , sE |yE , 0〉 if
we analytically continue by t =
−itE , s = −isE . This is clear
from, for e.g., Eq. (1.71), which
displays an explicit extra i factor.
Hence LM

eff ≡ (i/2)〈x| lnD|x〉 =

−(1/2)〈xE | lnDE |xE〉 = −LE
eff as it

should.

26In the specific context of a free field
with a constant m2, there is not much
point in worrying about this expres-
sion. But we will see later on that
we will get the same integral when we
study, e.g., the effective potential for a
self-interacting scalar field. There, it is
vital to know the m2 dependence of the
integral. This is why we are discussing
it at some length here.

27Note that the λ → 0 limit corre-
sponds to short distances and high en-
ergies. Such a divergence is called a
UV divergence.
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28This procedure is called dimen-

sional regularization and is usually
more useful in computation, though
its physical meaning is more abstract
compared to that of evaluating the ex-
pression with a cut-off. You never
know what you are subtracting out
when you use dimensional regulariza-
tion!

29You need to use the fact that
Γ(ε) ≈ −ε−1 + γE + O(ε) in this
limit. Expand both (m2/4π)d/2 and
the (d/2)(d/2 − 1) factors correct to
linear order in ε, using (m2/4π)2−ε ≈
m4[1− ε ln(m2/4π)] etc.

μ and write m/M = (m/μ)(μ/M) in the logarithmic term in Eq. (2.81).
Then we can write it as:

Leff = − 1

16π2

[
M4 − m2M2

2
+

1

4
m4 ln

M2

μ2

]

+
1

64π2
m4 ln

m2

2μ2
+

1

64π2
γEm

4 (2.83)

When we take the M → ∞ limit, the terms in the square bracket diverge
while the remaining two terms — proportional to m4 and m4 lnm2 — stay
finite. Among the divergent terms, the first term, proportional to M4,
can be ignored since it is just an infinite constant independent of m. So
there are two divergences, one which is quadratic (scaling as M2m2) and
the other which is logarithmic (scaling as m4 logM2). In any given theory
we need to interpret these divergences or eliminate them in a consistent
manner before we can take the limit M → ∞. Even after we do it, the
surviving, finite, terms will depend on an arbitrary scale μ we introduced
and we need to ensure that no physical effect depends on μ. We shall see
in later chapters how this can indeed be done in different contexts.

Another possibility28 — which we will use extensively in the later chap-
ters — is to evaluate the last integral in d ≡ n+ 1 “dimensions”, treating
d as just a parameter and analytically continue the result to d = 4. In d-
dimensions, we have:

Leff = −1

2

∫ ∞

0

dλ

λ(2πλ)d/2
e−

1
2m

2λ = −1

2

Γ(−d/2)

(4π)d/2
(m2)d/2 (2.84)

The last expression is an analytic continuation of the integral after a for-
mal evaluation in terms of Γ functions. As it stands, it clearly shows the
divergent nature of the integral for d = 4 since Γ(−2) is divergent. In this
case, one can isolate the divergences by writing 2ε ≡ 4 − d and taking the
ε → 0, d → 4 limit. It is again convenient to introduce an arbitrary but
finite energy scale μ and write (m2)d/2 = μd(m2/μ2)d/2. Then the limit
gives: 29

Leff = −1

2

Γ(−d/2)

(4π)d/2
μd

(
m2

μ2

)d/2

= −1

2

1
d
2

(
d
2 − 1

) Γ
(
2− d

2

)
(4π)d/2

μd

(
m2

μ2

)d/2

� −1

4

m4

(4π)2

(
2

ε
− γE − ln

m2

4πμ2
+

3

2

)
(2.85)

where γE is the Euler’s constant defined earlier in Eq. (2.82). We now
need to take the limit of ε → 0 in this expression. We see that the finite
terms in Eq. (2.85) again scales as m4 and m4 ln(m2/4πμ2) which matches
with the result obtained in Eq. (2.83). On the other hand, the divergence
in Eq. (2.85) has a m4/ε structure which is different from the quadratic
and logarithmic divergences seen in Eq. (2.83). That is, the divergent
terms in Eq. (2.83) had a m4 and m2 dependence while the divergent
term Eq. (2.85) has only a m4 dependence. This is a general feature of
dimensional regularization about which we will comment further in a later
section.
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We thus have several equivalent ways of expressing Leff which can be
summarized by the equation

Leff =
1

2

∫
dnk

(2π)n

√
k2 +m2 =

1

2

∫
dn+1p

(2π)n+1
ln(p2 +m2)

= −1

2

∫ ∞

0

dλ

λ(2πλ)
1
2 (n+1)

e−
1
2m

2λ = −1

2

Γ(−d/2)

(4π)d/2
(m2)d/2 (2.86)

where d ≡ n+ 1. Each of these expressions are useful in different contexts
and allow different interpretations, some of which we will explore in the
later chapters.

2.2.3 Source to the Field: via Harmonic Oscillators

It is also obvious that we should also be able to interpret the amplitude
〈0+|0−〉J in Eq. (2.21) completely in terms of the harmonic oscillators in-
troduced earlier directly. In particular, if these ideas have to be consistent,
then we should be able to identify the no-particle states |0±〉 with the
ground state of our (so far hypothetical!) oscillators and the one-particle
state |1p〉 generated by the action of J(x) with the first excited state of the
p-th oscillator. We will briefly describe, for the sake of completeness, how
this can be done.

The key idea is to again write G(x2;x1) in terms of spatial Fourier
components using Eq. (1.117). Doing this in Eq. (2.21) allows us to write
it as

〈0+|0−〉J = exp−1

2

∫
d4x2 d

4x1J(x2)G(x2;x1)J(x1)

=
∏
p

exp

[
−1

2

∫ ∞

−∞
dt

∫ ∞

−∞
dt′J∗

p(t)

(
e−iωp|t−t′|

2ωp

)
Jp(t

′)

]

≡
∏
p

e−Rp (2.87)

The amplitude splits up into a product of amplitudes — one for each Fourier
mode Jp. What is more, the individual amplitude e−Rp arises in a com-
pletely different context in usual quantum mechanics. To see this, let us
again consider an oscillator with frequency ωp and let a time-dependent
external force Jp(t) act on it by adding an interaction term30

A
(p)
I =

1

2

∫
dt
[
Jp(t)q

∗
p(t) + J∗

p(t)qp(t)
]

(2.88)

to the individual term in the action given by Eq. (1.145). The effect of such
an external, time-dependent force is to primarily cause transitions between
the levels of the oscillator. In particular, if we start the oscillator in the
ground state |0,−∞〉 at very early times (t → −∞, when we assume that
Jp(t) is absent), then the oscillator might end up in an excited state at
late times (t → +∞, when again we assume the external force has ceased
to act). The amplitude that the oscillator is found in the ground state
|0,+∞〉 at late times can be worked out using usual quantum mechanics.
This is given by exactly the same expression we found above. That is,

〈0,+∞|0,−∞〉 = e−Rp (2.89)

= exp

[
−1

2

∫ ∞

−∞
dt

∫ ∞

−∞
dt′J∗

p(t)

(
e−iωp|t−t′|

2ωp

)
Jp(t

′)

]

30Usually qp(t) will be
real/Hermitian for an oscillator
and hence we take Jp(t) to be
real/Hermitian as well. But we saw
in Sect. 1.5 that the oscillators which
are used to interpret G(x2;x1) are not
Hermitian; hence we explicitly include
two terms in the action AI .

Exercise 2.7: Compute this prob-
ability amplitude for an oscillator in
NRQM (which is most easily done us-
ing path integral techniques).



64 Chapter 2. Disturbing the Vacuum

31This also means the dimension of
(δF/δφ) is not the dimension of (F/φ)
— unlike in the case of partial deriva-
tives — because of the d4x factor.

Further, for weak perturbations, it is easy to see from the form of the
linear coupling in Eq. (2.88) that the oscillator makes the transition to the
first excited state. These facts allow us to identify the state |0−〉 with the
ground state of all oscillators at early times and |0+〉 with the corresponding
ground state of the oscillators at late times. Similarly we can identify the
state |1p〉 with the first excited state of the p-th oscillator.

It is now clear that the action of source J(x) on the no-particle state can
be represented through an interaction term in Eq. (2.88) for each oscillator.
If we add up the interaction terms for all the oscillators we get the total
action — which can be expressed entirely in terms of spacetime variables
J(x) and φ(x) by an inverse Fourier transform. An elementary calculation
gives

AI =
∑
p

A
(p)
I ⇒

∫
d3p

(2π)3

∫
dtRe

[
Jp(t)q

∗
p(t)
]

=
1

2

∫
d4x
[
J(x)φ†(x) + J†(x)φ(x)

]
(2.90)

So, once again, the physics can be described in terms of a field φ(x) now
interacting with an externally specified c-number source.

2.3 Mathematical Supplement

2.3.1 Aspects of Functional Calculus

A functional F (φ) is a mapping from the space of functions to real or com-
plex numbers. That is, F (φ) is a rule which allows you to compute a real or
complex number for every function φ(x) which itself could be defined, say,
in 4-dimensional spacetime. The functional derivative (δF [φ]/δφ(x)) tells
you how much the value of the functional (i.e, the value of the computed
number) changes if you change φ(x) by a small amount at x. It can be
defined through the relation31

δF [φ] =

∫
d4x

δF [φ]

δφ(x)
δφ(x) (2.91)

Most of the time we will encounter functional derivatives when we vary an
integral involving the function φ and the above definition will be the most
useful one. One can also define the functional derivatives exactly in analogy
with ordinary derivatives. If we change the function by δφ(x) = εδ(x− y),
then the above equation tells you that

δF [φ] = F [φ+ εδ(x− y)]−F [φ] =

∫
d4x

δF [φ]

δφ(x)
εδ(x−y) = ε

δF

δφ(y)
(2.92)

This allows us to define the functional derivative as

δF [φ]

δφ(y)
= lim

ε→0

F [φ+ εδ(x− y)]− F [φ]

ε
(2.93)

(To avoid ambiguities, we assume that the limit ε → 0 is taken before
any other possible limiting operation.) Note that the right hand side is
independent of x in spite of the appearance.
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From the above definition one can immediately prove that the product
rule of differentiation works for functional derivatives. The chain rule also
works, leading to

δ

δφ(y)
F [G[φ]] =

∫
d4x

δF [G]

δG(x)

δG[φ]

δφ(y)
(2.94)

From the definition in Eq. (2.93), it is easy to obtain the functional deriva-
tives of several simple functionals. For example, we have:

F [φ] =

∫
d4x (φ(x))

n
;

δF [φ]

δφ(y)
= n (φ(y))

n−1
(2.95)

This result can be generalized to any function g[φ(x)] which has a power
series expansion, thereby leading to the result

δ

δφ(y)

∫
d4x g(φ(x)) = g′(φ(y)) (2.96)

where prime denotes differentiation with respect to the argument. Next, if
x is one dimensional, we can prove:

F [φ] =

∫
dx

(
dφ(x)

dx

)n

;
δF [φ]

δφ(y)
= −n

d

dx

(
dφ

dx

)n−1 ∣∣∣∣
y

(2.97)

which again generalizes to any function h[∂aφ] in the form

δ

δφ(y)

∫
dx h[∂aφ] = −∂a

∂h

∂ (∂aφ)

∣∣∣∣∣
y

(2.98)

Very often we will have expressions in which F is a functional of φ as well
as an ordinary function of another variable. Here is one example:

F [φ; y] =

∫
d4x′ K(y, x′)φ(x′);

δF [φ; y]

δφ(x)
= K(y, x) (2.99)

Finally, note that sometimes F is intrinsically a function of x through its
functional dependence on φ like e.g. when F (φ, x) = ∇φ(x), or, even more
simply, F [φ;x] = φ(x); then the functional derivatives are:

F [φ;x] = φ(x);
δF [φ;x]

δφ(y)
= δ(x− y) (2.100)

and

F (φ, x) = ∇φ(x);
δFx[φ]

δφ(y)
= ∇x δ(x − y) (2.101)

This is different from the partial derivative ∂F/∂φ which is taken usually
at constant ∇φ, leading to (∂∇φ/∂φ) = 0. The results in the text can be
easily obtained from the above basic results of functional differentiation.



Chapter 3

From Fields to Particles

In the previous chapters we obtained the propagation amplitude G(x2;x1)
by two different methods. First we computed it by summing over paths
in the path integral for a free relativistic particle. Second, we obtained
G(x2;x1) by studying how an external c-number source creates and de-
stroys particles from the vacuum state. Both approaches, gratifyingly, led
to the same expression for G(x2;x1) but it was also clear — in both ap-
proaches — that one cannot really interpret this quantity in terms of a
single, relativistic particle propagating forward in time. These approaches
strongly suggested the interpretation of G(x2;x1) in terms of a system with
an infinite number of degrees of freedom, loosely called a field.

In the first approach, we were led (see Eq. (1.131)) to the result:

t,x2∑
0,x1

exp

[
−im

∫ t2

t1

dt
√
1− v2

]
= G(x2;x1) = 〈0|T [φ(x2)φ(x1)]|0〉 (3.1)

expressing G(x2;x1) in terms of the vacuum expectation value of the time
ordered product of two φs. (For simplicity, we have now assumed that φ is
Hermitian.) In the second approach, we were again led (see Eq. (2.54)) to
the relation∫

DJ Z(J) exp

[
−i

∫
J(x)φ(x)dx

]
= exp

[
i

∫
d4x

1

2

(
∂aφ∂

aφ−m2φ2
)]

(3.2)
which expresses the functional Fourier transform of the vacuum persistence
amplitude [Z(J)/Z(0)] = 〈0+|0−〉J in the presence of a source J(x), in
terms of a functional of a scalar field given by:

A =
1

2

∫
d4x

(
∂aφ∂

aφ−m2φ2
)

(3.3)

We also saw that this functional can be thought of as the action functional
for the scalar field (see Eq. (1.146)) and could have been obtained as the
sum of the action functionals for an infinite number of harmonic oscillators
which were used to arrive at the interpretation of Eq. (3.1). Given the fact
that Z(J) ∝ 〈0+|0−〉J in the left hand side of Eq. (3.2) contains G(x2;x1),
this relation again links it to the dynamics of a field φ. More directly, we
found that

G(x2;x1) = 〈0|T [φ(x2)φ(x1)]|0〉 =
∫

Dφφ(x2)φ(x1) exp (iA[φ]) (3.4)
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1Some textbooks attempt to “intro-
duce” field theory after some mumbo-
jumbo about mattresses or springs
connected to balls etc. which, if any-
thing, confuses the issue. The classi-
cal dynamics of a field based on an ac-
tion functional is a trivial extension of
classical mechanics based on the action
principle, unless you make it a point to
complicate it.

thus expressing the propagation amplitude entirely in terms of a path in-
tegral average of the fields.

In this chapter we shall reverse the process and obtain the relativistic
particle itself as an excitation of a quantum field. In the process, we will
re-derive Eq. (3.1) and other relevant results, starting from the dynamics
of a field described by the action functionals like the one in Eq. (3.3). Part
of this development will be quite straightforward since we have already
obtained all these results through one particular route and we only have
to reverse the process and make the necessary connections. So we will
omit the obvious algebra and instead concentrate on new conceptual issues
which crop up.

3.1 Classical Field Theory

Let us assume that someone has given you the functional in Eq. (3.3) and
has told you that this should be thought of as the action functional for a
real scalar field φ(t,x). You are asked to develop its quantum dynamics
and you may very well ask ‘why’. The reason is that one can eventually get
relativistic particles and their propagators out of such a study and more

importantly, field theory provides a simple procedure to model interactions

between the particles in a Lorentz invariant, quantum mechanical, manner.

This is far from obvious at this stage but you will be able to see it before
the end of this chapter.

So we want to study the (classical and) quantum dynamics of fields and
the easiest procedure is to start with action principles. We will recall the
standard action principle in the case of classical mechanics and then make
obvious generalizations1 to proceed from point mechanics to relativistically
invariant field theory.

3.1.1 Action Principle in Classical Mechanics

The starting point in classical mechanics is an action functional defined as
an integral (over time) of a Lagrangian:

A =

∫ t2,q2

t1,q1

dt L(q̇, q) (3.5)

The Lagrangian depends on the function q(t) and its time derivative q̇(t)
and the action is defined for all functions q(t) which satisfy the boundary
conditions q(t1) = q1, q(t2) = q2. For each of these functions, the action
A will be a pure number; thus the action can be thought of as a func-

tional of q(t). Very often, the limits of integration on the integral will not
be explicitly indicated or will be reduced to just t1 and t2 for notational
convenience.

Let us now consider the change in the action when the form of the
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function q(t) is changed from q(t) to q(t) + δq(t). The variation gives

δA =

∫ t2

t1

dt

[
∂L

∂q
δq +

∂L

∂q̇
δq̇

]

=

∫ t2

t1

dt

[
∂L

∂q
− d

dt

(
∂L

∂q̇

)]
δq +

∫ t2

t1

dt
d

dt

(
∂L

∂q̇
δq

)

=

∫ t2

t1

dt

[
∂L

∂q
− dp

dt

]
δq + pδq

∣∣∣∣
t2

t1

(3.6)

In arriving at the second equality we have used δq̇ = (d/dt)δq and have
carried out an integration by parts. In the third equality we have defined
the canonical momentum by p ≡ (∂L/∂q̇). Let us first consider those
variations δq which preserve the boundary conditions, so that δq = 0 at
t = t1 and t = t2. In that case, the pδq term vanishes at the end points.
If we now demand that δA = 0 for arbitrary choices of δq in the range
t1 < t < t2, we arrive at the equation of motion[

∂L

∂q
− dp

dt

]
= 0 (3.7)

It is obvious that two Lagrangians L1 and L1 + (df(q, t)/dt), where f(q, t)
is an arbitrary function, will lead to the same equations of motion.2

The Hamiltonian for the system is defined by H ≡ pq̇ − L with the
understanding that H is treated as function of p and q (rather than a
function of q̇ and q). By differentiating H with respect to time and using
Eq. (3.7) we see that (dH/dt) = 0.

It is also useful to introduce another type of variation which allows us
to determine the canonical momentum in terms of the action itself. To do
this, we shall treat the action as a function of the upper limits of integration
(which we denote simply as q, t rather than as q2, t2) but evaluated for a
particular solution qc(t) which satisfies the equation of motion in Eq. (3.7).
This makes the action a function of the upper limits of integration; i.e.,
A(q, t) = A[q, t; qc(t)]. We can then consider the variation in the action
when the value of q at the upper limit of integration is changed by δq. In
this case, the first term in the third line of Eq. (3.6) vanishes and we get
δA = pδq, so that

p =
∂A

∂q
(3.8)

From the relations

dA

dt
= L =

∂A

∂t
+

∂A

∂q
q̇ =

∂A

∂t
+ pq̇ (3.9)

we find that

H = pq̇ − L = −∂A

∂t
(3.10)

This description forms the basis for the Hamilton-Jacobi equation in clas-
sical mechanics. In this equation we can express H(p, q) in terms of the
action by substituting for p by ∂A/∂q thereby obtaining a partial differen-
tial equation for A(q, t) called the Hamilton-Jacobi equation:

∂A

∂t
+H

(
∂A

∂q
, q

)
= 0 (3.11)

all of which must be familiar to you from your classical mechanics course.

2Note that f can depend on q and t
but not on q̇.

Exercise 3.1: Make sure you under-
stand why ∂A/∂t is not just L but
−H. That is, why there is an ex-
tra pq̇ term and a sign flip. Also
note that these relations can be writ-
ten in the “Lorentz invariant” form
pi = −∂iA though classical mechanics
knows nothing about special relativity.
Figure out why.



70 Chapter 3. From Fields to Particles

3This generalizes the notion in classi-
cal mechanics in which integration over
time is in some interval t1 ≤ t ≤ t2.
We stress that, in this action, the dy-
namical variable is the field φ(t,x) and
xi = (t,x) are just parameters.

4This is identical in spirit to work-
ing with a Lagrangian L(qi, q̇i) where
i = 1, 2, ...K denotes a system with K
generalized coordinates.

3.1.2 From Classical Mechanics to Classical Field The-
ory

Let us now proceed from classical mechanics to classical field theory. As
you will see, everything works out as a direct generalization of the ideas
from point mechanics as highlighted in Table. 3.1 for ready reference. Let
us review some significant new features.

In classical mechanics, the action is expressed as an integral of the La-
grangian over a time coordinate with the measure dt. In relativity, we want
to deal with space and time at an equal footing and hence will generalize
this to an integral over the spacetime coordinates with a Lorentz invari-
ant measure d4x in any inertial Cartesian system. The Lagrangian L now
becomes a scalar so that its integral over d4x leads to another scalar.

Further, in classical mechanics, the Lagrangian for a closed system de-
pends on the dynamical variable q(t) and its first time derivative q̇(t) ≡
∂0q. In relativity, one cannot treat the time coordinate preferentially in a
Lorentz invariant manner; the dynamical variable describing a field, φ(xi),
will depend on both time and space and the Lagrangian will depend on the
derivatives of the dynamical variable with respect to both time and space,
∂iφ. Hence, the action for the field has the generic form

A =

∫
V
d4xL(∂aφ, φ) (3.12)

The integration is over a 4-dimensional region V in spacetime, the boundary
of which will be a 3-dimensional surface,3 denoted by ∂V .

At this stage, it is convenient to introduce several fields (or field com-
ponents) into the Lagrangian and deal with all of them at one go.4 We
will denote by φN (t,x) a set of K fields where N = 1, 2, ...K. In fact, we
can even use the same notation to denote different components of the same
field when we are working with a vector field or tensorial fields. In the ex-
pressions below we will assume that we sum over all values of N whenever
the index is repeated in any given term. The action now becomes

A =

∫
V
d4xL(∂aφN , φN ) (3.13)

To obtain the dynamics of the field, we need to vary the dynamical
variable φN . Performing the variation, we get (in a manner very similar to
the corresponding calculation in classical mechanics):

δA =

∫
V
d4x

(
∂L

∂φN
δφN +

∂L

∂(∂aφN )
δ(∂aφN )

)

=

∫
V
d4x

[
∂L

∂φN
− ∂a

(
∂L

∂(∂aφN )

)]
δφN

+

∫
V
d4x ∂a

[
∂L

∂(∂aφN )
δφN

]
(3.14)

In obtaining the second equality, we have used the fact that δ(∂aφN ) =
∂a(δφN ) and have performed an integration by parts. The last term in the
second line is an integral over a four-divergence, ∂a[π

a
N δφN ] where πa

N ≡
[∂L/∂(∂aφN )]. This quantity πa

N generalizes the expression [∂L/∂(∂0q)] =
[∂L/∂q̇] from classical mechanics and can be thought of as the analogue of
the canonical momentum. In fact, the 0-th component of this quantity is
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Property Mechanics Field theory

Independent variable t (t,x)

Dependent variable qj(t) φN (t,x)

Definition of Action A =
∫

dtL A =
∫
d4xL

Form of Lagrangian L = L(∂0qj , qj) L = L(∂iφN , φN )

Domain of integration t ∈ (t1, t2) xi ∈ V
1-dimensional interval 4-dimensional region

Boundary of integration two points; t = t1, t2 3D surface ∂V

Canonical Momentum pj =
∂L

∂(∂0qj)
πj
N =

∂L

∂(∂jφN )

General form of δA =
∫ t2
t1

dtE [qj ]δqj δA =
∫
V d4xE [φN ]δφN

the variation +
∫ t2
t1

dt∂0(pjδqj) +
∫
V d4x∂j(π

j
NδφN )

Form of E E [qj ] = ∂L

∂qj
− ∂0pj E [φN ] =

∂L

∂φN
− ∂jπ

j
N

Boundary condition to δqj = 0 at the δφN = 0 at the
get equations of motion boundary boundary

Equations of motion E [qj ] = ∂L

∂qj
− ∂0pj = 0 E [φN ] =

∂L

∂φN
− ∂jπ

j
N=0

Form of δA when δA = (pjδqj)
∣∣t2
t1

δA =
∫
∂V d3σj(π

j
N δφN )

E = 0 gives momentum

Energy E = pj∂0qj − L T a
b = [πa

N∂bφN − δabL]

Table 3.1: Comparison of action principles in classical mechanics and field theory
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x

y
R

t = t1 spacelike surface

t = t2 spacelike surface

t

[As R → ∞ this

r = R
time-like surface

spatial infinity]
surface goes to

Figure 3.1: Divergence theorem in the
spacetime.

5In classical mechanics, the corre-
sponding analysis leads to pδq at the
end points t = t1 and t = t2. Since
the integration is over one dimension,
the “boundary” in classical mechanics
is just two points. In the relativistic
case, the integration is over four di-
mensions leading to a boundary term
which is a 3-dimensional integral.

indeed π0
N = [∂L/∂φ̇N ], as in classical mechanics. We now need to use the

4-dimensional divergence theorem,∫
V
d4x ∂iv

i =

∫
∂V

d3σi v
i (3.15)

where V is a region of 4-dimensional space bounded by a 3-surface ∂V and
d3σi is an element of the 3-surface. You might recall the Fig. 3.1 from
your special relativity course which explains the usual context in which
we use this result: We take the boundaries of a 4-dimensional region V to
be made of the following components: (i) Two 3-dimensional surfaces at
t = t1 and t = t2 both of which are spacelike; the coordinates on these
surfaces being the regular spatial coordinates (x, y, z) or (r, θ, φ). (ii) One
timelike surface at a large spatial distance (r = R → ∞) at all time t
in the interval t1 < t < t2; the coordinates on this 3-dimensional surface
could be (t, θ, φ). In the right hand side of Eq. (3.15) the integral has to
be taken over the surfaces in (i) and (ii). If the vector field vj vanishes at
large spatial distances, then the integral over the surface in (ii) vanishes
for R → ∞. For the integral over the surfaces in (i), the volume element
can be parametrized as dσ0 = d3x. It follows that∫

V
d4x ∂iv

i =

∫
t2

d3x v0 −
∫
t1

d3x v0

with the minus sign arising from the fact that the normal has to be always
treated as outwardly directed. If ∂iv

i = 0 then the integral of v0 over all
space is conserved in time.

In our case, we can convert the total divergence term in the action into
a surface term

δAsur ≡
∫
V
d4x∂a(π

a
NδφN ) =

∫
∂V

dσa πa
NδφN →

∫
t=cons

d3x π0
NδφN

(3.16)
where the last expression is valid if we take the boundary to be the spacelike
surfaces defined by t = constant and assume that the surface at spatial
infinity does not contribute.5 We see that, we can obtain sensible dynamical
equations for the field φN by demanding δA = 0 if we consider variations
δφN which vanish everywhere on the boundary ∂V . (This is similar to
demanding δq = 0 at t = t1 and t = t2 in classical mechanics.) For such
variations, the demand δA = 0 leads to the field equations

∂a

(
∂L

∂(∂aφN )

)
= ∂aπ

a
N =

∂L

∂φN
(3.17)

Given the form of the Lagrangian, this equation determines the classical
dynamics of the field.

We can also consider the change in the action when the field configura-
tion is changed on the boundary ∂V assuming that the equations of motion
are satisfied. In classical mechanics this leads to the relation p = (∂A/∂q)
where the action is treated as a function of its end points. In our case,
Eq. (3.16) can be used to determine different components of πa

N by choos-
ing different surfaces. In particular, if we take the boundary to be t =
constant, we get π0

N = (δA/δφN ) on the boundary, where (δA/δφN ) is
the functional derivative and is defined through the second equality in
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Eq. (3.16). This provides an alternative justification for interpreting πa
N as

the canonical momentum.
Another useful quantity which we will need is the energy momentum

tensor of the field. In classical mechanics, if the Lagrangian has no explicit
dependence on time t, then one can prove that the energy defined by E =
(pq̇)−L is conserved. By analogy, when the relativistic Lagrangian has no
explicit dependence on the spacetime coordinate xi, we expect to obtain a
suitable conservation law. In this case, we expect q̇ to be replaced by ∂iφN

and p to be replaced by πa
N . This suggests considering a generalization of

E = (pq̇)− L to the second rank tensor

T a
i ≡ [πa

N (∂iφN )− δai L] (3.18)

Again, we see that the component T 0
0 = π0

N φ̇N −L is identical in structure
to E in classical mechanics, making T00(= T 0

0 ) the energy density. To check
its conservation, we calculate ∂aT

a
i treating L as an implicit function of xa

through φN and ∂iφN . We get:

∂aT
a
i = (∂iφN )(∂aπ

a
N ) + πa

N∂a∂iφN − ∂L

∂φN
∂iφN − πa

N∂i∂aφN

= (∂iφN )

[
∂aπ

a
N − ∂L

∂φN

]
= 0 (3.19)

In arriving at the second equality, we have used ∂i∂aφN = ∂a∂iφN to cancel
out a couple of terms and the last equality follows from the equations of
motion, Eq. (3.17). It is obvious that the quantity T a

i is conserved when the
equations of motion are satisfied. (It is also obvious that if we accept the
expression for T a

i given in Eq. (3.18), then demanding ∂aT
a
i = 0 will lead

to the equations of motion for the scalar field.) Integrating the conservation
law ∂aT

a
i = 0 over a four-volume and using the Gauss theorem in Cartesian

coordinates, we find that the quantity

P i =

∫
dσkT

ki =

∫
d3x T 0i (3.20)

is a constant which does not vary with time. We will identify P i with the
total four-momentum of the field.6 [One difficulty with our definition of
the energy momentum tensor through Eq. (3.18) is that — in general —
it will not be symmetric; there are alternative definitions which will tackle
this problem, which we will describe later.]

In addition to symmetries related to spacetime, the action can have
some symmetries related to the transformation of fields, which can also
lead to conservation laws. A simple example is provided by a set of K fields
φN with N = 1, 2, ....K with the Lagrangian being invariant under some
infinitesimal transformation φN → φN + δφN . (That is, the Lagrangian
does not change under such a transformation without our using the field
equations.) This allows us to write

0 = δL =
∂L

∂φN
δφN + πj

N∂j(δφN ) =

(
∂L

∂φN
− ∂jπ

j
N

)
δφN + ∂j(π

j
NδφN )

(3.21)
If we now further assume that the field equations hold, then the first term
on the right hand side vanishes and we get a conserved current

J i ∝ πi
N δφN ∝

∑
N

∂L
∂(∂iφN )

δφN

δα
(3.22)

6The absence of xi in the Lagrangian
is equivalent to the 4-dimensional
translational invariance of the La-
grangian. We see that the symme-
try of 4-dimensional translational in-
variance leads to the conservation of
both energy and momentum at one go.
In classical mechanics, time transla-
tion invariance leads to energy conser-
vation and spatial translation invari-
ance leads to momentum conservation,
separately. But since Lorentz transfor-
mation mixes space and time coordi-
nates, the conservation law in relativ-
ity is for the four-momentum.
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7This equation is called the Klein-
Gordon equation though it was first
written down by Schrodinger, possibly
because he anyway has another equa-
tion named after him! We will come
across several such naming conventions
as we go along.

8We write B(−k) rather than the
natural B(k) in Eq. (3.25) for future
convenience.

Exercise 3.2: Find the solution
φ(t,x) to the Klein-Gordon equation
explicitly in terms of the initial condi-
tions φ(t0,x) and φ̇(t0,x) at an earlier
time t0.

where the second relation is applicable if the changes δφN were induced by
the change of some parameter α so that δφN = (∂φN/∂α)δα. This result
will be needed later.

3.1.3 Real Scalar Field

All these work for any action functional. If we specialize to the action in
Eq. (3.3), then the Lagrangian, in explicit (1 + 3) form, becomes

L =
1

2
[∂aφ∂

aφ−m2φ2] =
1

2
φ̇2 − 1

2
(∇φ)

2 − 1

2
m2φ2 (3.23)

The field equation7 reduces to

(
∂a∂a +m2

)
φ = 0;

(
∂2

∂t2
−∇2 +m2

)
φ = 0 (3.24)

The general solution to the Klein-Gordon equation can be easily determined
by Fourier transforming the equation in the spatial variables. We find that

φ(t,x) =

∫
d3k

(2π)3
1

2ωk

eik·x
(
A(k)e−iωkt +B(−k)eiωkt

)
(3.25)

where ωk ≡ √
k2 +m2 and A(k) and B(k) are arbitrary scalar functions

satisfying A∗(k) = B(k) to ensure that φ is real.8 It is clear that the
solution represents a superposition of waves with wave vector k and that
the frequency of the wave is given by the dispersion relation ω2

k = k2 +m2

corresponding to a four-vector ki with kiki = m2. Flipping the sign of
k in the second term of Eq. (3.25), we can write it in manifestly Lorentz
invariant form:

φ(x) =

∫
dΩk

[
A(k)e−ikx +A∗(k)eikx

]
(3.26)

The existence of two arbitrary real functions in the solution (in the form
of one complex function A(k)) is related to the fact that Klein-Gordon
equation is second order in time; to find φ(t,x) you need to know both
φ(t0,x) and φ̇(t0,x).

The canonical momentum corresponding to the field φ is given by πa =
∂aφ, and in particular

π(t,x) ≡ ∂L

∂φ̇(t,x)
= φ̇(t,x) (3.27)

The energy momentum tensor Tab and the energy density H = T00 are
given by

T a
b = ∂aφ∂bφ− δabL; H =

1

2

[
φ̇2 + (∇φ)2

]
+

1

2
m2φ2 (3.28)

The Hamiltonian density H can also be found from the expression πφ̇−L.
This leads to the Hamiltonian when we integrate H over all space:

H =

∫
d3xH =

∫
d3x

[
1

2
π2 +

1

2
(∇φ)2 +

1

2
m2φ2

]
(3.29)

The energy momentum tensor in Eq. (3.28) happens to be symmetric
but this is a special feature of the Lagrangian for a scalar field. The energy
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momentum tensor as defined in Eq. (3.18), Tai, will involve πA
a ∂iφN and

hence — in general — need not be symmetric; as we said before this is
a serious difficulty with the definition in Eq. (3.18). (The problem arises
from the fact that angular momentum will not be conserved if Tab is not
symmetric; but we will not pause to prove this.) There are tricks to get
around this difficulty in an ad-hoc manner but the only proper way to
address this question is to ask for the physical meaning of Tab. Since we
expect the energy momentum tensor to be the source of gravity, the correct
definition of the energy momentum tensor must involve aspects of gravity.
We will now briefly describe how such a definition emerges; as a bonus
we will also understand how to do field theory in arbitrary curvilinear
coordinates and in curved spacetime.

Let us consider the action in Eq. (3.3) and ask how one would rewrite
it in an arbitrary curvilinear coordinate system. We know that when one
transforms from the Cartesian coordinates xα ≡ (x, y, z) in 3-dimensional
space to, say, spherical polar coordinates x̄α ≡ (r, θ, φ), we need to use a
general metric gαβ rather than δαβ because the line interval changes from
d�2 = δαβdx

αdxβ to d�2 = gαβdx̄
αdx̄β . The dot products between vectors

etc. will now involve gαβv
αuβ instead of δαβv

αuβ in Cartesian coordinates.
Moreover, transforming from xα to x̄α will also change the volume element
of integration d3x to d3x̄

√
g where g is the determinant of gαβ.

Exactly the same sort of changes occur when we go from 3-dimensions
to 4-dimensions. If we decide to use some set of curvilinear coordinates x̄i

instead of the standard Cartesian inertial coordinates xi, the expression for
the spacetime interval will change from ds2 = ηikdx

idxk to ds2 = gikdx̄
idx̄k

and the volume element9 will become d4x
√−g. The raising and lowering

of indices will be now done with gab rather than ηab with gab defined as the
inverse of the matrix gab.

With these modifications the action in Eq. (3.3) can be expressed in
any curvilinear coordinate system in the form

A =

∫
d4x

√−g

[
1

2
gab∂aφ∂bφ− V (φ)

]
(3.30)

where we have promoted the term (1/2)m2φ2 to an arbitrary potential
V (φ) for future convenience. Using the principle of equivalence — which
may be broadly interpreted as saying that physics in curvilinear coordinates
should be the same as physics in a gravitational field in a sufficiently small
region of spacetime — one can make a convincing case10 that the above
expression should also hold in arbitrary curved spacetime described by a
line interval ds2 = gikdx

idxk.
With these modifications, we have obtained a generally covariant ver-

sion of the action principle for the scalar field, given by Eq. (3.30), which re-
tains its form under arbitrary coordinate transformations. This action now
has two fields in it, φ(x) and gab(x). Varying φ(x) will give the generaliza-
tion of the field equations in Eq. (3.24), valid in a background gravitational
field described by the metric tensor gab:

1√−g
∂a
(√−g gab∂bφ

)
= −V ′(φ) (3.31)

where the operator (|g|)−1/2∂a[|g|1/2 gab∂b] is the expression for Laplacian
in curvilinear coordinates or curved spacetime.11 On the other hand, the

9We write
√−g rather than

√
g be-

cause we know that the determinant
will be negative definite in spacetime
due to the flip of sign between space
and time coordinates.

10This is, of course, not a course on
GR so we will not spend too much time
on these aspects; fortunately, this is all
you need to know to get by for the mo-
ment. At the first available opportu-
nity, do learn GR if you are not already
familiar with it!

11It is the same maths as the one in-
volved in writing ∇2 in spherical po-
lar coordinates, except for some sign
changes and promotion from D = 3 to
D = 4.
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12Sometimes textbooks — even good
ones — claim that ‘since A is a
scalar δA = 0’ which is mislead-
ing. Since δL = −ξa∂aL and
δ
√
g = −∂a(

√
gξa) we actually have

δ[L
√

(g)] = −∂a[
√
gLξa] which is a

total divergence that vanishes if (and
only if) ξa vanishes on the boundary.

Exercise 3.3: Prove Eq. (3.36) by
varying detM = exp(Tr lnM).

13In general the prescription gives the
Tab in a general curved spacetime. For
us, who pretend to live in flat space-
time, the introduction of gab is just a
trick to get Tab and we can set gab =
ηab at the end.

variation of the action with respect to the metric tensor will have the generic
structure

δA ≡ 1

2

∫
d4x

√−g Tab δgab (3.32)

where the right hand side defines some second rank symmetric tensor
Tab. When we study gravity we will start with a total action Atot =
Ag(g) +Am(φ, g) which is the sum of the action for the gravitational field
Ag depending on the metric and the action for the matter source depend-
ing on the matter variables (like the scalar field φ) and the metric, as in
Eq. (3.30). The variation of the total action will give the field equations of
gravity with the variation of the matter action with respect to gab providing
the source. This justifies using the symbol Tab and identifying the tensor
which appears in Eq. (3.32) as the energy momentum tensor of matter.

It is also easy to see that the conservation law for this tensor Tab arises
from the fact that our action functional is now a scalar with respect to ar-
bitrary coordinate transformations xa → x̄a. The infinitesimal coordinate
transformation would correspond to x̄a = xa + ξa(x) with the functions
ξa(x) treated as a first order infinitesimal quantity that vanishes on the
boundary ∂V of the spacetime region V of interest. The metric tensor in
the new coordinates will be

gab = ηij ∂ix̄
a ∂j x̄

b = ηij (δai + ∂iξ
a)
(
δbj + ∂jξ

b
) ≈ ηab + ∂aξb + ∂bξa

(3.33)
so that δgab = ∂aξb + ∂bξa ≡ ∂(aξb). For such a variation of the metric
arising from an infinitesimal coordinate transformation, δA = 0 in the
left hand side of Eq. (3.32) when ξa vanishes on the boundary.12 Using
δgab = ∂(aξb) on the right hand side, we get

0 =
1

2

∫
V
d4x

√−g Tab ∂(aξb) =

∫
V
d4x

√−g T ab ∂aξb

=

∫
V
d4x

√−g
[
∂a(T

abξb)− ξb∂aT
ab
]

(3.34)

In arriving at the second equality we have used the symmetry of Tab and to
get the third equality we have done an integration by parts. This leads to
a surface term containing T abξb on the surface ∂V which vanishes because
ξb = 0 on ∂V . We then get the conservation law ∂aT

ab = 0, reinforcing the
physical interpretation of Tab as energy momentum tensor of matter.

Usually, we only have to deal with matter Lagrangians in which the
dependence on gab is either linear or quadratic (apart from the

√−g factor)
and in this case one can write down a general formula for Tab. If the matter
action has the form:

A =

∫
d4x

√−g L =

∫
d4x

√−g
[
− V + Uijg

ij +Wijklg
ijgkl

]
(3.35)

where V, Uij ,Wijkl are functionals of the matter field variables and are
independent of the metric, then we can carry out the variation of the action
A with respect to gij in a straight forward manner using the result

δ
√−g =

1

2

√−g gabδgab = −1

2

√−g gab δg
ab (3.36)

and obtain:13

Tab = −ηabL+ 2Uab + 4Wabklη
kl (3.37)
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where we have set gab = ηab at the end of the calculation. In the case of
the scalar field, Wijkl = 0, Uab = (1/2)∂aφ∂bφ, thus giving:

Tab = ∂aφ∂bφ− ηab L (3.38)

which tells you that we get back the same expression14 in Eq. (3.28).
There is another natural conserved quantity for a system described by

the equation Eq. (3.24) which will acquire some significance later on. If
φ1 and φ2 are any two solutions to Eq. (3.24) (which could, in general, be
complex even though we are dealing with a real scalar field), then it is easy
to show that the current

Ja ∝ i (φ∗
1∂aφ2 − φ2∂aφ

∗
1) ≡ iφ∗

1

←→
∂a φ2 (3.39)

is conserved in the sense that ∂aJ
a = 0. (The constant i in front of the

definition is included to ensure Ja is real.) If we write this conservation
law in the form (∂ρ/∂t) +∇ · J = 0 with Ja = (ρ,J), then we can obtain
a conserved charge by integrating the density ρ over all space. In this
particular context, one can use this fact to define a conserved scalar product

between any two solutions. This is denoted by the symbol (φ1, φ2) and
defined by

(φ1, φ2) ≡ i

2

∫
d3x φ∗

1

←→
∂t φ2 =

i

2

∫
d3x

[
φ∗
1φ̇2 − φ2φ̇

∗
1

]
(3.40)

One can verify explicitly that (i) ∂(φ1, φ2)/∂t = 0 and that (ii) ρ need not

be positive definite for a general solution.

3.1.4 Complex Scalar Field

The above analysis generalizes in a straightforward manner for a complex
scalar field φ — which, in fact, can be thought of as being made of two
real scalar fields with φ = (φ1 + iφ2)/

√
2 — with the number of degrees of

freedom doubling up. The action is now given by

A =

∫
d4x

(
∂aφ

∗∂aφ−m2φ∗φ
)

(3.41)

where we treat φ and φ∗ as independent variables while varying the ac-
tion.15 This will lead to the Klein-Gordon equations with the same mass
m for both φ and φ∗. The canonical momentum πa

(φ) conjugate to φ is
∂aφ∗, and the one conjugate to φ∗ is ∂aφ.

There is an important new feature which emerges from the action in
Eq. (3.41). The Lagrangian is now invariant under the transformation

φ(x) → e−iθ φ(x); φ∗(x) → eiθ φ∗(x) (3.42)

where θ is a constant. This symmetry will lead to a conserved current which
actually can be interpreted as the electromagnetic current associated with
the complex scalar field. To find the conserved current we note that the
above symmetry transformation reduces to δφ = −iθφ, δφ∗ = iθφ∗ in the
infinitesimal form, to first order in θ. Using these in Eq. (3.22), taking
φN = (φ, φ∗), πN = (∂aφ∗, ∂aφ), we get the conserved current to be

Jm ∝ i (φ∂mφ∗ − φ∗∂mφ) = −iφ∗ ←→∂m φ (3.43)

14But the effort is not wasted because
we will need this procedure to find the
correct Tab of the electromagnetic field
later on. Besides, this is a physically
meaningful way to obtain Tab.

Exercise 3.4: Prove these state-
ments.

15If you do not want to think of φ∗ as
being independent of φ, go back to φ1

and φ2 and vary them; it amounts to
the same thing.
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16We have subtracted out the rest en-
ergy mc2 = m by separating the phase
e−imt. The normalization is a relic
of (1/

√
2ωk) which becomes (1/

√
2m)

when c → ∞.

Exercise 3.5: This is a bit nontrivial;
convince yourself that we are retaining
terms of O(c3) and O(c) and ignoring
terms ofO(1/c).

Exercise 3.6: (a) Convince yourself
that this is not an artificiality due to
our normalization in Eq. (3.45) and
will arise for arbitrary normalization.
(b) Write ψ =

√
ρ exp(iθ) and re-

express the Lagrangian in terms of ρ
and θ. Show that when we quantise
this system, we will be led to [N, θ] = i
where N is the integral of ρ over all
space. In many condensed matter ap-
plications this leads to a conjugate re-
lationship between the number of par-
ticles in a condensate and the phase of
the wave function.

Exercise 3.7: Prove this.

with the corresponding charge being

Q ∝
∫

d3x j0 = i

∫
d3xφ∗ ←→∂0 φ (3.44)

This is essentially the same conserved scalar product introduced earlier in
Eq. (3.40). We will see in the next section that this conserved charge plays
an important role.

The non-relativistic limit of this system and, in particular, of the La-
grangian, is also of some interest. It can be obtained by writing16

φ =
1√
2m

e−imt ψ (3.45)

and expressing the Lagrangian in terms of ψ. We note that |∇φ|2 =
(|∇ψ|2/2m) and, to the leading order,

|φ̇|2 =
1

2m

(
ψ̇ − imψ

)(
ψ̇∗ + imψ∗

)
≈ 1

2
m|ψ|2 + i

2
(ψ∗∂0ψ − ψ∂0ψ

∗)

(3.46)
Hence, in the action in Eq. (3.41), the m2|φ|2 = (1/2)m|ψ|2 term is can-

celled out by the first term in the above expression! Further, doing an
integration by parts over the time variable, we can combine the last two
terms in Eq. (3.46). This reduces the Lagrangian in Eq. (3.41) to the form

L = iψ∗ ∂0 ψ − 1

2m
|∇ψ|2 (3.47)

The variation of this Lagrangian will lead to the Schrodinger equation
iψ̇ = −(1/2m)∇2ψ for a free particle of mass m. It is amusing to see that
the mass term m2|φ|2 does not survive in the non-relativistic limit and that
the (1/2m) factor in the Schrodinger equation has a completely different
origin in the action.

3.1.5 Vector Potential as a Gauge Field

Once you have a complex scalar field, there is a very natural way of “discov-
ering” the existence of an electromagnetic field. This approach forms the
corner-stone of gauge field theories, one of the most successful paradigms
in particle physics.

To see how this comes about, let us recall that the Lagrangian for the
complex scalar field in Eq. (3.41) is invariant under the transformation
φ → e−iθφ ≡ e−iqαφ where we have put θ = qα with q and α being
real constants, for future convenience. On the other hand, if α = α(x)
is a function of spacetime coordinates (with q constant), the action is not
invariant because the derivatives ∂iφ are not invariant and will pick up ∂iα
terms.

We now want to modify the action for the complex scalar field such
that it is invariant even under the local transformation with α = α(x).
One way to do this is to replace the ordinary partial derivative ∂iφ by
another quantity Diφ [called the gauge covariant derivative] involving an-
other vector field Ai [called the gauge field ] and arrange matters such that
this invariance is maintained.

Let us postulate an ansatz for the gauge covariant derivative to be
Di = ∂i + iqAi(x). We now demand that, when φ → φ′ = e−iqα(x)φ,
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the Ai transforms to A′
i such that D′

iφ
′ = e−iqα(x)Diφ. [That is, Diφ

transforms just like φ.] A simple calculation shows that this is achieved if
Ai transforms as

A′
i = Ai + ∂iα (3.48)

That is, if we modify the action for complex scalar field to the form17

S =

∫
d4x
[
Diφ [Diφ]∗ −m2|φ|2]

=

∫
d4x
[
(∂i + iqAi(x))φ (∂i − iqAi(x))φ∗ −m2|φ|2] (3.49)

then the action remains invariant under the simultaneous transformations:

φ → φ′ = e−iqα(x)φ; A′
i = Ai + ∂iα (3.50)

Thus, we can construct an action for φ which has local gauge invariance if
we couple it to a vector field Ai and postulate that both fields change as
in Eq. (3.50).

The gauge covariant derivative has the structure Dj = ∂j + iqAj(x)
(where Ai = (A0,A)), so that −iDα = −i∂α + qAα(x) = −i∂α − qAα.
So this is equivalent to replacing p by p − qA. This is precisely what
happens when we couple a particle of electric charge q to an electromagnetic
vector potential A. It makes sense to identify q with the charge of the
quanta of the scalar field (which is also consistent with the fact that for the
transformation φ → φ′ = e−iqαφ with constant α, the conserved charge will
scale with q) and Aj with the standard electromagnetic vector potential.
We have discovered electromagnetism.

A couple of points are worth remembering about this Lagrangian. First,
note that while the Lagrangian has both (Dmφ)∗ and (Dmφ) in which the
complex conjugation changes Dm = ∂m + iqAm to D∗

m = ∂m − iqAm. The
field equations resulting from, say, varying φ∗ in the Lagrangian, have the
form

DmDmφ+m2φ = −
[
(i∂ − qA)

2 −m2
]
φ = 0 (3.51)

involving only Dm without the complex conjugate. The variation of φ, of
course, leads to the complex conjugate version of the above equation with
D∗

mDm∗. Second, one can rewrite the Lagrangian in the form φ∗Mφ by
ignoring a total divergence term just as in the case of the real scalar field.
In this case, we use the identity

D∗
jφ

∗Djφ = ∂j
(
φ∗Djφ

)− φ∗DjD
jφ (3.52)

and ignore the first term (which is a total divergence) to obtain

L = (Dmφ)∗Dmφ−m2φ∗φ ⇒ φ∗
[
(i∂ − qA)

2 −m2
]
φ (3.53)

which will turn out to be quite useful in future.
The action in Eq. (3.49) now depends on two fields, Ai as well as φ. The

variation of the action with respect to φ and φ∗ leads to the field equation
in Eq. (3.51) and its complex conjugate. But now we can also vary the
action with respect to Ai. This is identical in spirit to our varying the
metric tensor in the action for the scalar field in Eq. (3.32) to define the
energy momentum tensor Tab. Just as we discovered the source of gravity
by this procedure, varying Ai in the action for the complex scalar field

17We denote the action by S (rather
than A) for notational clarity vis-a-vis
Ai.

Exercise 3.8: Show that [Dm,Dl]φ =
iqFmlφ where Dm = ∂m + iqAm and
Flm = ∂lAm−∂mAl. So gauge covari-
ant derivatives do not commute.
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18Mnemonic: The sign is chosen
such that, with our signature, the La-
grangian has a −ρφ term in an electro-
static field.

19That is, the invariance of the La-
grangian under a global transforma-
tion leads to a conserved current.
When we gauge the global transfor-
mation making it local, the resulting
gauge field couples to this conserved
current.

will lead us to the source for electromagnetism, viz., the current vector J i

through

δS ≡ −
∫

d4x JiδA
i (3.54)

This is a very general definition for the current J i to which the vector field
Ai couples.18 Further, just as we obtained the conservation law for Tab by
considering the δgab arising from coordinate transformations in Eq. (3.34),
we can obtain the conservation law ∂iJ

i = 0 for the current from the gauge
invariance of the action A. Under a gauge transformation, δAi = ∂iα and
δS = 0. Using these in Eq. (3.54), doing an integration by parts we get

0 =

∫
d4x J i∂iα =

∫
d4x
[
∂i(J

iα)− α∂iJ
i
]

(3.55)

As usual, the surface contribution resulting from the first term can be made
to vanish by a suitable choice of α, thereby leading to the conservation law
∂iJ

i = 0.
Using the specific form of the action in Eq. (3.49), and varying Ai, we

find the current to be

Ji = −iq [φ(Diφ)
∗ − φ∗(Diφ)] = −iq [φ∂iφ

∗ − φ∗∂iφ]− 2q2|φ|2Ai (3.56)

which reduces to current obtained earlier in Eq. (3.43) (except for an overall
factor) when Ai = 0. In the presence of Ai, we get an extra term 2q2|φ|2Ai

which might appear a bit strange. However, it is not only needed for gauge
invariance but also plays a crucial role in superconductivity and Higgs
phenomena.

There is another, equivalent, way of identifying the current in Eq. (3.56).
The action in Eq. (3.49) does not change under the global transformation
φ → e−iqαφ, φ∗ → eiqαφ∗ even if we do not change Ai. For this transfor-
mation, δφ/δα = −iqφ and δφ∗/δα = iqφ∗. Therefore, Eq. (3.22) tells us
that there is a conserved current given by

Jm =
∑
N

∂L
∂(∂mφN )

δφN

δα
= −iq(φ∂mφ∗ − φ∗∂mφ) − 2q2Amφ∗φ (3.57)

which matches with Eq. (3.56).
More generally, consider any Lagrangian L(φ, ∂φ) that remains invari-

ant when you change the dynamical variables by δεφ ≡ εf(φ, ∂φ) where ε is
an infinitesimal constant parameter. Given this symmetry, let us ask what
happens if we make ε a function of coordinates, ε → ε(x), and look at the
form of δL for δεφ → ε(x)f(φ, ∂φ). Since δL = 0 for constant ε, we must
have δL scaling linearly with ∂aε now. Therefore δL must have the form
δL = Ja∂aε for some Ja. Let us now consider these variations around an
extremum of the action; i..e when the equations of motion hold. Then δS
has to be zero for any variation including the one, δεφ → ε(x)f(φ, ∂φ), we
are studying. Writing Ja∂aε = ∂a(J

aε)− ε∂aJ
a, and noting that the first

term — being a total divergence — does not contribute to δS, we find that
δS = 0 implies ∂aJ

a = 0. So, whenever you upgrade a global symmetry
(constant ε) to a local symmetry (ε dependent on x) you get a current Ja

which will be conserved on-shell; i.e. when the equations of motion hold.19

Finally, you need to be aware of the following point which sometimes
causes a bit of confusion. The expanded form of the Lagrangian is now
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given by

L = (Dmφ)∗Dmφ−m2φ∗φ (3.58)

= ∂mφ∂mφ∗ + iqAm(φ∂mφ∗ − φ∗∂mφ) + q2|φ|2AmAm −m2φ∗φ

in which there is a coupling term of the form −AmKm where Km = Jm +
q2|φ|2Am. So the current Km we identify from the coupling term −AmKm

in the Lagrangian is not quite the genuine conserved current Jm which acts
as the source for the vector field. The Am independent parts of Km and
Jm are identical but the terms involving Am differ by a factor 2. This is
because the Lagrangian in Eq. (3.58) has a quadratic term in Am which,
under variation [used to define Jm through Eq. (3.54)], will give an extra
factor 2. The current that is gauge invariant and conserved is Jm and not
Km.

3.1.6 Electromagnetic Field

The action resulting from Eq. (3.58) contains the scalar field, its derivatives
and the vector field but not the derivatives of the vector field. This cannot
be the whole story because an external field like Ai(x) can exchange energy
and momentum with the scalar field φ (thereby violating conservation of
energy etc.) without any dynamics for Ai itself. What we lack is a term
in the action containing the derivatives of Ai in order to complete the
dynamics. Only then will we have a closed system, with conserved energy,
momentum, etc. with two interacting fields φ and Ai. We will address this
issue next.

The term in the action leading to the dynamics of the field Ai will be ex-
pressible as an integral over the four-volume d4x of some scalar Lagrangian
(density) L = L(Ai, ∂jA

i), which could be a function of Ai and its first
derivative.20 We have seen earlier that the equations of motion for the
scalar field and the coupling of Ai and φ respect the gauge transformation:
A′

i = Ai + ∂if . Therefore, it makes sense to demand that the action for
the field should also be invariant under the gauge transformation. Clearly,
the “kinetic energy” term for Ai must have the structure M ijkl∂iAj∂kAl

whereM ijkl is a suitable fourth rank tensor which has to be built out of the
only two covariant tensors: ηij and the completely antisymmetric21 tensor
in 4-dimensions εijkl . One obvious choice, of course, is M ijkl = εijkl. To
determine the terms that can be constructed from ηij , we note that there
are essentially three different ways of pairing the indices in ∂iAj∂kAl with
a product of two η’s. One can contract: (1) i with j and k with l; (2) i
with k and j with l; (3) i with l and j with k. Adding up all these possible
terms with arbitrary coefficients leads to a Lagrangian of the form

L = c1ε
ijkl∂iAj∂kAl + c2(∂iA

i)2 + c3(∂iAj∂
iAj) + c4(∂iAj∂

jAi) (3.59)

It is convenient at this stage to express ∂iAj as (1/2)[Fij+Sij ] where Sij is
the symmetric tensor Sij ≡ ∂iAj+∂jAi which complements the information
contained in the antisymmetric part Fij = ∂iAj − ∂jAi. We will call Fij

the electromagnetic field tensor, which is obviously gauge invariant.22 The
last three terms in Eq. (3.59) can be expressed in terms of these two tensors
and, using the fact that FijS

ij = 0, one can easily work out the Lagrangian

20In the case of electromagnetism, ex-
periments show that electromagnetic
fields obey the principle of superpo-

sition, viz. that the field due to two
independently specified currents is the
sum of the fields produced by each of
them in the absence of the other. For
this to be true, the differential equa-
tions governing the dynamics have to
be linear in the field; alternatively, the
Lagrangian can be at most quadratic
in the field variable. We will assume
this is the case in determining the form
of the action.
21In case you haven’t seen this be-
fore, revise the relevant part of ten-
sor analysis. We define εijkl as being
completely antisymmetric in all indices
with ε0123 = 1 (so that ε0123 = −1) in
Cartesian coordinates. You should be
able to verify that such a structure is
Lorentz invariant.

22Notation: We take Ai = (A0,A) =
(φ,A) with the Cartesian components
of A denoted by a superscript as Aα.
Then Ai = (φ,−A) and F0α = ∂0Aα−
∂αA0. This corresponds to the relation
E = −Ȧ−∇φ.
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23As an aside, we mention that the
integrand in Eq. (3.62) is essentially
A ·B; it is usually called the Chern-

Simons term.

24It is important to realize that only

the spatial derivatives of the field vari-
ables remain fixed at the t = constant
boundary surface and not the time
derivatives. In this particular case, we
do not have surviving time derivative
terms on the boundary and hence ig-
noring this term is acceptable. When
this does not happen, as in the case
of action for gravity, you need to work
much harder, or be a little dishonest to
throw away boundary terms.

25Another system of units uses a fac-
tor 1/16π instead 1/4, differing by a 4π
factor. We will try to be consistent.

Exercise 3.9: The electromagnetic
Lagrangian F ikFik is clearly invariant
under the gauge transformation Ai →
Ai + ∂iα. Show that this symmetry
does not lead to a new conserved cur-
rent. How come we don’t get a con-
served current from this symmetry?

to be of the form

4L = 4c1ε
ijkl∂iAj∂kAl + c2(S

k
k )

2 (3.60)

+c3(FikF
ik + SikS

ik) + c4(SikS
ik − FikF

ik)

= 4c1ε
ijkl∂iAj∂kAl + c2(S

k
k )

2 + (c3 − c4)FikF
ik + (c3 + c4)SikS

ik

In the first term with c1, we can replace ∂iAj∂kAl by FijFkl since the εijkl
assures that only the antisymmetric part contributes. Therefore, this term
is clearly gauge invariant. But we can also write this term as

εijkl∂iAj∂kAl = ∂i[ε
ijklAj∂kAl] + εijklAj∂i∂kAl = ∂i[ε

ijklAj∂kAl] (3.61)

where the second equality arises from the fact that ∂i∂kAl is symmetric
in i and k but εijkl is completely antisymmetric, making the contraction
vanish. The surviving term in Eq. (3.61) is a four-divergence which —
when integrated over all space, with the usual assumption that all fields
vanish at spatial infinity — will contribute only at the two boundaries at
t = (t1, t2). So we need to deal23 with the surface terms of the kind:∫

d4x∂i[ε
ijklAj∂kAl] =

∫
t=cons

d3x[ε0jklAj∂kAl]

=

∫
t=cons

d3x[ε0αβμAα∂βAμ] (3.62)

In the variational principle we use to get the equations of motion, we will
consider variations with Aμ fixed at the t = t1, t2 surfaces. If Aμ is fixed
everywhere on this surface, its spatial derivatives are also fixed and hence
the term in Eq. (3.62) will not vary. Hence this term does not make a
contribution.24

Among the remaining three terms in Eq. (3.60), the term with (c3− c4)
also remains invariant under a gauge transformation but the other two
terms do not. Hence, if we want the Lagrangian to be gauge invariant we
must have c3 = −c4 = a1, say, and c2 = 0. Thus, only the scalar FikF

ik

survives as a possible choice for the Lagrangian of the electromagnetic field
and the action will be proportional to the integral of this term over d4x. It
is conventional to write this part of the action as

Sf = −1

4

∫
FikF

ikd4x =
1

2

∫ (
E2 −B2

)
d4x. (3.63)

The magnitude of the constant in front is arbitrary and merely decides
the units used for measuring the electromagnetic field. We have taken this
prefactor to be a dimensionless numerical factor (1/4), thereby making the
field Ai have the dimensions of inverse length in natural units25. (From
Di = ∂i + iqAi, we see that q is dimensionless in natural units. In normal
units, q stands for q/(c�)1/2.) The sign is chosen so that the term (∂A/∂t)2

has a positive coefficient in Sf . This is needed to ensure that the energy
of the plane wave solutions should be positive. The second equality in
Eq. (3.63) allows us to identify the Lagrangian for the field as the integral
over d3x of the quantity L ≡ (1/2)(E2 − B2). This is the action for the
electromagnetic field which should be familiar to you from a course on
electrodynamics.

The above analysis simplifies significantly, if we work with the action
expressed in the Fourier space in terms of the Fourier transform of Aj(x)
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which we will denote by Aj(k). The partial differentiation with respect
to coordinates becomes multiplication by ki in Fourier space. The most
general quadratic action in Fourier space must have the formM ij(k, η)AiAj

where M ij is built from km and ηab. Since the Lagrangian is quadratic in
first derivatives of Ai(x), the expression M ij(k, η)AiAj must be quadratic
in ki. Hence, MijA

iAj must have the form [αkikj + (βk2 + γ)ηij ]A
iAj ,

where α, β, and γ are constants. The gauge transformation has the form
Aj(k) → Aj(k) + kjf(k) in the Fourier space. Demanding that MijA

iAj

should be invariant under such a transformation — except for the addition
of a term that is independent of Ai(k) — we find that α = −β, γ = 0.
Therefore, the action in the Fourier space will be

Sf ∝
∫

d4k

(2π)4
Ai[k

ikj − k2ηij ]Aj ∝
∫

d4k

(2π)4
[kjAi − kiAj ]

2 (3.64)

which reduces to Eq. (3.63) in real space.26

The field equations for the gauge field can now be obtained by varying
L = −(1/4)F 2 + Lm(φ,Am) with respect to Am. Using Eq. (3.54) and
ignoring the total divergence term in

−(1/4)δ(FlmF lm) = −(1/2)Flm(2∂lδAm) = (∂lFlm)δAm − ∂l(FlmδAm)
(3.65)

we get the field equation to be

∂lFlm = Jm (3.66)

The antisymmetry of F lm again ensures the conservation of Jm. In the
case of the source being the complex scalar field, we get

∂lF
lm = Jm = −iq [φ∂mφ∗ − φ∗∂mφ]− 2q2|φ|2Am (3.67)

Incidentally, you are just one step away from discovering a more gen-
eral class of (non-Abelian) gauge fields by proceeding along similar lines.27

Consider an N−component field φA(x) with A = 1, 2, ...N which is a vector
in some N−dimensional linear vector space and a “rotation” in the internal
symmetry space is generated through a matrix transformation of the type

φ′ = Uφ; U = exp(−iτAα
A) (3.68)

where φ is treated as a column vector, U is a unitary matrix (i.e., U †U = 1),
αA is a set of N parameters and τA are N matrices which satisfy the
commutation rules [τA, τB] = iCJ

AB τJ where CJ
AB are constants. In the

standard context, one considers a theory based on a gauge group, say,
SU(N), in which case the CJ

AB will be the structure constants of the group.
Consider now a field theory for φA based on a Lagrangian of the form

L = −1

2

[
∂iφ

† ∂iφ+ μ2φ† φ
]

(3.69)

where φ† is the Hermitian conjugate. This Lagrangian is clearly invariant
under the transformations φ′ = Uφ with constant parameters αA.

Consider now the “local rotations” with αA = αA(x) depending on
spacetime coordinates. You can easily see that above Lagrangian is no
longer invariant under such transformations. As before, introduce an N
component gauge field AK

i (x) with i = 0, 1, 2, 3 being a spacetime index

26Originally, the complex scalar field
had a single parameter m which we in-
terpreted as its mass through the rela-
tion ω2 = p2 +m2. Writing the phase
of the transformation as eiqα and in-
troducing a q we have attributed a sec-
ond parameter to the complex scalar
field. So, can we have different com-
plex scalar fields with arbitrary values
for (i) mass m, (ii) charge q? The an-
swer to (i) is “yes” while the answer to
(ii) is “no”. The electric charges of all
the particles which exist in unbound
state (which excludes quarks) seem to
be in multiples of a quantum of charge.
Nobody really knows why; so we don’t
usually talk about it.

27We will not study non-Abelian
gauge theories in this book except for
this brief discussion.

Exercise 3.10: Prove this.
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Exercise 3.11: Prove these claims
about Eq. (3.70) – Eq. (3.73) and de-
termine the field equations of the the-
ory.

28There is a subtlety here. Because
Ai = Ajgij etc. we cannot assume
both Aj and Aj are independent of the
metric, while varying the action with
respect to gab. Here we assume the
Ai and consequently Fij are indepen-
dent of the metric. This is related, in
turn, to the fact that A is actually a
one-form and F is a two-form; but if
you haven’t heard of such things, just
accept the result.

Exercise 3.12: Compute T00, T0α

and Tαβ in terms of the electric and
magnetic fields and identify the result-
ing expressions with more familiar con-
structs.

and K = 1, 2, 3, ....N being an internal space index. Let the Ai ≡ τJA
J
i

denote a set of matrices corresponding to the gauge field. You can then
show that our Lagrangian can be made invariant under the local rotations
if: (i) we replace partial derivatives by gauge covariant derivatives

Di = ∂i + iAi (3.70)

where the first term is multiplied by the unit matrix and (ii) we assume
that the gauge field transforms according to the rule:

A′
i = UAiU

−1 − i U∂iU
−1 (3.71)

This is a natural generalization of the Abelian gauge field (which is a fancy
name for the electromagnetic field). Continuing as before, you can now
introduce a field tensor by

Fik = ∂iAk − ∂kAi + i[Ai, Ak] (3.72)

in which each term is interpreted as an N × N matrix, which is gauge
covariant. That is, when Ai changes as in Eq. (3.71), the Fik changes to
UFikU

−1. This allows us to construct a Lagrangian for the gauge field
which is gauge covariant

L = −1

4
Tr
(
FikF

ik
)

(3.73)

which is the generalization of the electromagnetic Lagrangian.
Let us get back to the electromagnetic field. We can compute the

canonical momenta πi(j) corresponding to Aj (where the bracket around
j denotes which component of the field we are considering) and try to
determine the energy momentum tensor by the procedure laid down in
Eq. (3.18). Since

πi(j) =
∂L

∂(∂iAj)
= −1

4
F ij × 4 = −F ij (3.74)

we get
Tab = −ηabL+ π(j)

a ∂bAj = −ηabL− Faj∂bA
j (3.75)

which is not symmetric. This is the difficulty we mentioned earlier about
using Eq. (3.18). On the other hand, we can easily determine28 the energy
momentum tensor by introducing a gab in to the electromagnetic action
and varying with respect to it. Since F 2 = gabgcdFacFbd, we now find, on
using Eq. (3.35) with V = Uab = 0,Wabcd = −(1/4)FacFbd that:

Tab = −ηabL− FakF
k

b (3.76)

which is clearly symmetric and gauge invariant.
The fact that electromagnetic interactions are gauge invariant has some

important consequences when we attempt to quantize it. As a preamble to
this topic which we will take up in Sect. 3.6 we will describe some of these
features at the classical level where they are easier to understand.

To begin with, gauge invariance demands that Ai should be coupled
to a current J i which is conserved. This is because we want to keep the
coupling term to be gauge invariant under the transformation Ai → Ai +
∂iα. We have already seen how the current J i defined through Eq. (3.54)
is conserved when the action is gauge invariant.
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Second, note that when the Lagrangian in Eq. (3.63) is expressed in
terms of the vector potential, we get

L =
1

2

[(
∇φ+ Ȧ

)2
− (∇×A)

2

]
(3.77)

which shows that the momentum associated with A is (∂L/∂Ȧ) = −E
while the canonical momentum associated with φ vanishes.29 This, in
turn, implies that the equation of motion obtained by varying φ in the
electromagnetic Lagrangian will have the form (δL/δφ) = 0 which cannot
contain any second derivatives with respect to time. Such an equation
(called a constraint equation) puts a constraint on the initial data which
we give for evolving the system forward in time. The existence of such
constraint equations usually creates mathematical difficulties in quantizing
the system which we will come across when we study the quantum theory
of electromagnetic field.

Third, gauge invariance tells you that a description in terms of Ai is
actually redundant in the sense that Ais can be modified by gauge trans-
formations without affecting the physical consequences. This raises the
question as to what are the true degrees of freedom contained in the set of
four functions Ai. This question can be answered differently depending on
what exactly we want to do with the electromagnetic field. For our purpose
we are interested in determining the propagating degrees of freedom con-
tained in the set Ai. These are the degrees of freedom which propagate in
spacetime at the speed of light in the case of electromagnetic interactions.
It turns out that these degrees of freedom are contained in the transverse
part of A; that is, if we write30 A = A⊥+A‖ where ∇·A⊥ = 0 = ∇×A‖,
then the propagating degrees of freedom are contained in A⊥. Hence a nat-
ural gauge choice which isolates the propagating degrees of freedom will be
the two conditions A0 = 0 and A‖ = 0. The second condition is, of course,
equivalent to imposing ∇ ·A = 0. (This is called the radiation gauge and
we will use it to quantize the electromagnetic field in Sect. 3.6.)

The simplest way to see that such a gauge condition can indeed be
imposed is to proceed through two successive gauge transformations. Let
us first consider a gauge transformation from Ai to Āi ≡ Ai + ∂iα such
that Ā0 = 0. This is easily achieved by choosing α to be

α(t,x) = −
∫

dtA0(t,x) + F (x) (3.78)

Such a transformation will also change the originalA to some other Ā(t,x).
This function, however, satisfies the condition

∂

∂t
(∇ · Ā) = ∇ ·

(
∂Ā

∂t

)
= −∇ ·E = 0 (3.79)

since we are dealing with source-free electromagnetic fields. This result
shows that ∇ · Ā is independent of time. We now make another gauge
transformation with a gauge function f changing Ā to A′ = Ā+∇f such
that ∇ · A′ = 0. This leads to the condition ∇2f = −∇ · Ā with the
solution:

f(x) =
1

4π

∫
d3y

1

|x− y| (∇ ·A)(y) (3.80)

Since ∇ · Ā is independent of t, the gauge function f is also independent
of t and hence this transformation does not change the value Ā0 = 0 which

29One can also see this from
Eq. (3.74); the momentum conjugate
to Aj is π0(j) = −F 0j which is clearly
zero for j = 0.

30This separation is possible for any
vector field V α(t, xμ). This “the-
orem” is rather trivial because the
spatial Fourier transform V α(t, kμ)
can always be written as a sum
of a term parallel to k [given
by (kαkβ/k2)Vβ(t, k

μ)] and a term
perpendicular to k [given by the
rest V α(t, kμ) − (kαkβ/k2)Vβ(t, k

μ)].
Obviously, these two terms will
Fourier transform back to curl-free and
divergence-free vectors.
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31In general, you cannot use the equa-
tions of motion in the Hamiltonian to
change its form. Here we could do
this only because the equation ∇2A0 =
−J0 is not a dynamical equation —
i.e.., it has no time derivatives — but
a constraint equation which relates A0

at some time t to J0 at the same time
t. Since there are no propagating de-
grees of freedom, we can eliminate A0

from the Hamiltonian by this process.

we had already achieved. Thus with these two transformations, we have
successfully gone to a gauge with A0 = 0,∇ ·A = 0.

Of the two conditions which define the Coulomb gauge, viz., ∇ ·A = 0
and φ = A0 = 0, the second condition cannot be imposed in the presence of
external sources because it will lead to trouble with ∇·E = 4πρ condition.
This Coulomb’s law, however, has no dynamic content because it has no
time derivative. Therefore one would expect that the Hamiltonian, for the
electromagnetic field interacting with the source, should decouple into one
involving transverse components of A and the one involving the Coulomb
part. To see how this comes about, let us decompose the electric field into a
transverse (divergence-free)E⊥ and longitudinal (curl-free) E‖ components
given by E⊥ = −∂0A, E‖ = −∇A0 (with ∇ ·A = 0). In the free part of
the electromagnetic Lagrangian, the E2 term will pick up the squares of
these two parts; the cross term

E‖ ·E⊥ = −(∇A0) ·E⊥ = −∇· (A0E
⊥)+A0∇·E⊥ = −∇· (A0E

⊥) (3.81)

is a total divergence and can be discarded. The canonical momentum
corresponding to A (which, of course, is transverse since ∇·A = 0) is given
by π⊥ = E⊥. Using this, you can compute the corresponding Hamiltonian
to be

Hem =
1

2

(
E⊥2 +B2

)− 1

2
E‖2 = H0 +H‖ (3.82)

The part H‖ combines in a natural manner with the interaction Hamil-
tonian JiA

i which couples the vector potential to the external current.
Writing

H =
(
H0 +H‖

)
+Hint = H0 +H′

int (3.83)

where
H′

int = H‖ +Hint = H‖ − Lint (3.84)

we can express the Hamiltonian arising from integrating the interaction
term as

H ′
int =

∫
d3x

(
−1

2
∇A0 · ∇A0 + J0A

0 − J ·A
)

=

∫
d3x

(
1

2
A0∇2A0 + J0A

0 − J ·A
)

(3.85)

where we have done one integration by parts and discarded the surface
term. Using the Poisson equation∇2A0 = −J0, the first two terms combine
to give the Coulomb interaction energy:

Hcoul =

∫
d3x

1

2
J0A

0 =
1

2

∫
d3x d3x′ J0(x, t)

1

4π|x− x′| J0(x
′, t) (3.86)

leaving the remaining interaction term as31

H ′
int = −

∫
d3x J(x, t) ·A(x, t) (3.87)

which only couples A to the transverse part of J. Therefore, after removing
the non-dynamical interaction energy term Hcoul, we are essentially left
with the transverse part of (E2 + B2) and J ·A which are the physical
degrees of freedom one would deal with in the quantum theory.
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3.2 Aside: Spontaneous Symmetry Breaking

A real scalar field described by the action in Eq. (3.30) with V (φ) =
(1/2)m2φ2 describes excitations with the dispersion relation ω2 = k2 +m2

which can be thought of as relativistic free particles with mass m. We have
already seen that such a simple system has an equivalent description in
terms of G(x2;x1) obtained either from a path integral or from studying
the action of sources and sinks on the vacuum. The scalar field theory
comes alive only when we go beyond the free particles and introduce inter-
actions, requiring a V (φ) which is more general than a simple quadratic.

In classical field theory one could have introduced any V (φ) (except
possibly for the condition that it should be bounded from below) but we
will see later that meaningful quantum field theories exist only for very
special choices of V (φ). One such example, of considerable importance,
is a V (φ) which has both quadratic and quartic terms with the structure
V (φ) = αφ2+βφ4. We definitely need β > 0 for the potential to be bounded
from below at large φ. But we now have the possibility of choosing α with
either sign. When α > 0 and β > 0, one can think of the theory as
describing particles with mass m =

√
2α which are interacting through the

potential βφ4. We will study this extensively in Chapter 4 as a prototype
of an interacting field theory.

But when α < 0 and β > 0, we are led to a completely different kind of
theory which exhibits one of the most beautiful and unifying phenomena in
physics called spontaneous symmetry breaking, albeit in the simplest form.
Obviously we cannot now think of the αφ2 term as describing the mass
of the scalar field since α has the wrong sign. In this case, by adding a
suitable constant to the potential, we can re-express it in the form

V (φ) =
1

4
λ
[
φ2 − v2

]2
(3.88)

which is shown in Fig. 3.2. The potential has two degenerate32 minima at
φ = ±v and a maximum at φ = 0. This implies that the ground state with,
say, 〈φ〉 = ±v will break the symmetry under φ → −φ present in the action.
Thus, physical phenomena arising in this system will not exhibit the full
symmetry of the underlying Hamiltonian because the ground state breaks
the symmetry; this situation is called spontaneous symmetry breaking.

Condensed matter physics is full of beautiful examples in which this
occurs. Consider, for example, a ferromagnet which exhibits non-zero mag-
netization M below a critical temperature Tc thereby breaking the rota-
tional invariance. Observations show that the magnetization varies with
temperature in the form M ∝ (T − Tc)

μ where 0 < μ < 1. Such a non-
analytic dependence on (T − Tc) has puzzled physicists until Ginzburg
and Landau came up with an elegant way of describing such phenomena.
They suggested that the effective potential energy V (M, T ) (more precisely
the free energy of the system) describing the magnetization has the form
V (M, T ) = a(T )M2 + b(T )M4 + .... with the conditions: (i) a(Tc) = 0
while (ii) b(T ) is smooth and non-zero around Tc. Expanding a(T ) in a
Taylor series around Tc and writing a(T ) ≈ α(T −Tc) with α > 0, one sees
that the nature of V (M, T ) changes drastically when we go from T > Tc

to T < Tc. In the high temperature phase, the minimum of the potential
is at M = 0 and the system exhibits no spontaneous magnetization. But
when T < Tc, the potential takes the shape in Fig.3.2 and the minimum

�2 �1 0 1 2
Φ

0.5

1.0

1.5

2.0

V �Φ�

Figure 3.2: The shape of the poten-
tial V (φ) which produces spontaneous
symmetry breaking.

32The behaviour of such a system is
quite different in quantum field the-

ory compared to quantum mechanics.
In quantum mechanics the tunneling
probability between the two minima is
nonzero which breaks the degeneracy
and leads to a sensible ground state.
In quantum field theory, the tunneling
amplitude between the minima van-
ishes because an infinite number of
modes have to tunnel; mathematically,
the tunneling amplitude will be of the
form exp(−Γ) where Γ will involve an
integration over all space of a constant
factor, making the amplitude vanish.
Thus, in field theory, we have genuine
degeneracy of the two vacua.
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33As you can guess, the inter-
relationship between field theory and
condensed matter physics is very
strong and the concepts in each clar-
ify and enrich the understanding of the
other. The third term in Eq. (3.89)
is analogous to adding the external
source term J(x)φ(x) in the case of the
scalar field theory; you should be able
to see the parallels in what follows.

Exercise 3.13: (a) Show that, in the
(1+1) spacetime, there exist static, fi-
nite energy field configurations φ(x)
which are solutions to the field equa-
tion with the double-well potential.
These solutions, with energy density
concentrated in a finite region of space,
are examples of solitons. (b) Show that
such solutions cannot exist in (1 + D)
spacetime with D ≥ 2. This is called
Derrick’s theorem. [Hint: Study the
scaling behaviour of the total kinetic
energy and the potential energy for a
static solution under x → λx and use
the fact that the total energy should be
a minimum with respect to λ at λ = 1
for any valid solution.]

Figure 3.3: The shape of the potential
V (φ) that leads to a zero mass particle.

of the potential is now at M2 = (α/2b)(Tc − T ) thereby exhibiting the
non-analytic dependence M ∝ (T − Tc)

μ with μ = 0.5.
In fact, this phenomenological model can also be used to describe the

response of the system to externally imposed magnetic field H, thereby
explaining the behaviour of the correlation length and magnetic suscepti-
bility of the system. In this context, one could use a phenomenological
Hamiltonian of the form33

H =
1

2
(∂αM) · (∂αM) + V (M)−H ·M (3.89)

Taking V ≈ a(T )M2 ≈ α(T − Tc)M
2 as the leading behaviour for T > Tc

and minimizing this Hamiltonian, we get the equation

−∇2M+ aM = H (3.90)

which leads to the Yukawa potential solution for the induced magnetic field
M(x) in terms of the applied magnetic field H(y) in the form

M(x) =

∫
d3y H(y)

1

4π

1

|x− y| e
−√

a|x−y| (3.91)

The effect of the applied magnetic field is felt essentially over a distance
(called the correlation length) of the order of ξ = (1/

√
a) ∝ (T − Tc)

−1/2.
The correlation length is finite at T > Tc but diverges as T → Tc indicating
the development of long range order in the system. Further, for a constant
applied field H we can integrate over y in Eq. (3.91) and get the resulting
magnetization to be M = χH, where the magnetic susceptibility χ ∝ ξ2 ∝
(T−Tc)

−1. Thus, the simple model of spontaneous symmetry breaking also
predicts that the magnetic susceptibility diverges as T → Tc, all thanks
to the behaviour a(T ) ∝ (T − Tc) which, in turn, is the root cause of
spontaneous symmetry breaking.

Back to field theory. Since the ground state is at non-zero φ, it makes
sense to shift the field φ in order to study excitations around the true ground
state. If we take the ground state to be at φ = v and define ψ ≡ φ − v,
then the potential takes the form

V (φ) =
λ

4

[
φ2 − v2

]2
= λv2ψ2 +

[
λ

4
ψ4 + λvψ3

]
(3.92)

We now see that the theory describes excitations with a well defined mass
mψ = v

√
2λ for the ψ field with a self-interaction described by the terms

(λ/4)ψ4+λvψ3. This will provide a description of a sensible quantum field
theory in terms of the shifted field ψ. In this particular case, the situation
is fairly simple since there is only one degree of freedom to deal with in the
φ or ψ field.

Let us next consider a complex scalar field, having a potential with
quadratic and quartic terms, which exhibits spontaneous symmetry break-
ing. This happens if we replace the m2|φ|2 term in Eq. (3.41) by

V (|φ|) = λ

4

[
|φ|2 − v2

]2
(3.93)

The situation now is, however, qualitatively different from the case of the
real scalar field because of the existence of two degrees of freedom φ1 and φ2

in the complex scalar field φ ≡ φ1+ iφ2. The potential now has a minimum
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on the circle φ2
1 + φ2

2 = v2 in the φ1 − φ2 plane (see Fig. 3.3). The φ field
can roll along the circle in the angular direction without changing the
potential energy while any radial oscillations about the minimum will cost
potential energy. Since the mass of the field gives the natural frequency
of oscillations, it follows that we will have one massless degree of freedom
(corresponding to the mode that rolls along the valley of the potential) and
one massive degree of freedom (corresponding to the radial oscillations).

This is easily verified by writing φ(x) = ρ(x) exp[iθ(x)/v] and working
with the two fields ρ(x) and θ(x). The kinetic term in the action now
becomes

∂a φ∂a φ∗ = ∂a ρ ∂a ρ+
ρ2

v2
∂a θ ∂

a θ (3.94)

while the potential energy term becomes, in terms of the field ψ ≡ (ρ− v)
defined with respect to the minimum,

V =
λ

4

[
ψ(2v + ψ)

]2
= λv2ψ2 +

λ

4
ψ4 + vλψ3 ≡ λv2ψ2 + U(ψ) (3.95)

where the first term is the mass term for ψ and the rest represent the
self-interaction of the field. Putting them together, we can express the
Lagrangian in the form

L = ∂aψ ∂aψ −m2
ψψ

2 − U(ψ) + ∂aθ ∂aθ +

[
ψ2

v2
+ 2

ψ

v

]
∂aθ ∂aθ (3.96)

with mψ = v
√
λ. This form of the Lagrangian shows that our system

decomposes to one ψ field with mass mψ (and self-interaction described
by U(ψ)) one field θ with zero mass, with the remaining terms describing
the interaction between these two fields. The emergence of a zero mass
field in such systems with spontaneous symmetry breaking is a universal
feature and we will provide a general proof of this result when we discuss
the quantum structure of this theory, at the end of Sect. 3.5.

Finally, let us consider what happens when we couple the charged scalar
field to the gauge field. In the absence of the gauge field, when we wrote
φ(x) as ρ(x) exp[iθ(x)/v] we found that that θ(x) became a massless scalar
field. But when we have a gauge field present, we can eliminate the θ(x) by
a gauge transformation! This allows us to go from the 3 real fields (ρ, θ, Aj)
to two new (real) fields (ρ, 0, Bj) with Bj ≡ Aj + (1/qv)∂jθ. Since Djφ is
gauge invariant, it now becomes ∂jρ + iqBjρ; similarly, since Fij is gauge
invariant it can be expressed in terms of Bj. With these modifications, the
relevant Lagrangian will now become:

L = −1

4
F 2 + |Dφ|2 − λ

4
[|φ|2 − v2]2

= −1

4
F 2 + |∂mρ+ iqBmρ|2 − λ

4
(ρ2 − v2)2

= −1

4
F 2 + (∂ρ)2 + q2ρ2B2 − λ

4
(ρ2 − v2)2 (3.97)

As usual we now introduce a shifted field ψ by ψ = ρ− v to get:

L =
[
− 1

4
F 2+ q2v2BjB

j
]
+
[
(∂ψ)2−λv2ψ2−U(ψ)

]
+2vq2ψB2+ q2ψ2B2

(3.98)
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34The phenomenon, which is of con-
siderable importance in condensed
matter physics and particle physics,
was discovered, in one form or an-
other, by (in alphabetical order) An-
derson, Brout, Englert, Guralnik, Ha-
gen, Higgs and Kibble; hence it is usu-
ally called the Higgs mechanism.

35Recall that, in the Heisenberg pic-
ture in which we are working, these
commutation relations hold only when
the operators are evaluated at the same
time; [qα(t), qα(t′)] need not vanish
when t 	= t′.

Exercise 3.14: How do you know
that the commutation rules are consis-
tent with the Hamiltonian evolution?
That is, if you impose the commuta-
tion rules at t = t0 and evolve the sys-
tem using a Hamiltonian, you better
make sure the commutation rules hold
at t > t0. Is this a worry?

The terms in the first square bracket describe a massive vector field Bj with
mass mB =

√
2qv; the second square bracket represents a massive scalar

field ψ with mass mψ = v
√
λ and a self-interaction described by U(ψ) as

before. The remaining terms represent interactions between the two fields.
The massless mode has disappeared! Rather, the one degree of freedom in
θ and two degrees of freedom in the massless gauge field Aj have combined
into a massive vector field Bj with three degrees of freedom.34

An important example in condensed matter physics in which the above
result plays a role is superconductivity. Under certain circumstances, one
can describe the electron pairs (called Cooper pairs) in terms of a bosonic
complex scalar field φ (carrying a charge q = 2e = −2|e|) with a nonzero
vacuum expectation value. In that case, assuming φ does not vary signifi-
cantly over space, the current in the right hand side of Eq. (3.67) will have
spatial components J = −2q2v2A. The Maxwell equation ∇ × B = J =
−2q2v2A reduces, on taking a curl and using ∇ ·B = 0, to the form

∇2B = 2q2v2B ≡ �−2B (3.99)

with solutions which decay exponentially with a characteristic length scale
� = 1/(

√
2 qv) which is essentially the mass scale of the vector boson. This

fact underlies the so called Meissiner effect in superconductivity, which
leads to a superconductor expelling a magnetic field from its interior.

3.3 Quantizing the Real Scalar Field

Given the action functional in classical mechanics, one can obtain the quan-
tum theory by elevating the coordinates and the canonical momenta to the
operator status and imposing the equal time commutation rules (ETCR)
given by [qα(t), pβ(t)] = iδαβ with all other commutators vanishing.35 The
time evolution of the dynamical variables is determined through the evolu-
tion equations iq̇α = −[H, qα], iṗα = −[H, pα] where H(p, q) is the Hamil-
tonian operator. Alternatively, one can choose to work in the Schrodinger
picture in the coordinate representation and take pα = −i∂α, and express
H(p, q) → H(−i∂, q) as a differential operator acting on the wave func-
tions ψ(t, q), with the time evolution determined by iψ̇ = Hψ. Finally one
can also obtain a quantum theory from a classical theory (in principle) by
computing the path integral amplitude by summing over paths connecting
fixed end points, with the amplitude for a given path given by exp(iA).

Move on from mechanics to field theory. In the case of a real scalar
field, the dynamical variable which is varied in the action is φ(t,x) and the
canonically conjugate momenta is π(t,x) = φ̇ with the Hamiltonian given
by Eq. (3.29). If we try to quantize this system using the Schrodinger
picture — which is what you are likely to have spent most time on in a
QM course — we immediately run into a mathematical complexity. The
coordinate q, which was just a real number in Schrodinger picture quantum
mechanics, will now have to be replaced by a function giving the field
configuration φ(x) at a given time t. The wavefunction ψ(q, t) giving the
probability amplitude for the dynamical variable to have value q at time t
will now have to be replaced by a functional Ψ[φ(x), t] giving the probability
amplitude for the field to be specified in space by the function φ(x) at time
t. The Hamiltonian, which was a partial differential operator in Schrodinger
quantum mechanics, will now become a functional differential operator
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and the equivalent of the Schrodinger equation will become a functional
differential equation. The technology for dealing with these is not yet at a
sufficiently high state of development — which prevents us from handling
realistic quantum field theory problems using the Schrodinger picture.36

Similar difficulties arise in the case of using path integrals to quantize
the fields. What we now need to compute is an amplitude for transition
from a given field configuration φ1(x) at time t = t1 to a field configuration
φ2(x) at time t = t2 which is given by the path integral

〈t2, φ2(x)|t1, φ1(x)〉 =
∫ t=t2,φ=φ2(x)

t=t1,φ=φ1(x)

Dφ exp i

∫
d4xL(∂aφ, φ) (3.100)

The sum over paths (or rather the functional integrals) have to be now
computed with the specific boundary conditions, as indicated. Once we
know 〈t2, φ2(x)|t1, φ1(x)〉, we can evaluate the wave functional at a given
time from its form at an earlier time by the standard rule

Ψ[φ2(x), t2] =

∫
Dφ1 〈t2, φ2(x)|t1, φ1(x)〉Ψ[φ1(x), t1] (3.101)

It is obvious that this path integral quantization procedure is at least as
complicated technically as using the Schrodinger picture. To begin with,
we cannot compute it except for a quadratic action functional (which es-
sentially corresponds to non-interacting fields). Second, even after such a
computation, we have to work continuously with functional integrals and
wave functionals to make any sense of the theory. Finally this approach
(as well as the one based on the Schrodinger picture) makes it difficult to
maintain manifest Lorentz invariance because it treats the time coordinate
in a preferential manner.37

Fortunately, the Heisenberg picture works fine in quantum field theory
without any of these difficulties and you having to learn new mathematical
physics. In the case of a real scalar field, the dynamical variable which is
varied in the action is φ(t,x) and the canonically conjugate momentum is
π(t,x) = φ̇ which suggests that we should try to quantize this system by
postulating the commutation rules

[φ(t,x), π(t,y)] = iδ(x− y); [φ(t,x), φ(t,y)] = [π(t,x), π(t,y)] = 0
(3.102)

This will indeed lead to the quantum theory of a real scalar field but there
is a much simpler procedure based on what we have already learnt in the
last chapter. We will follow that route.

We had seen that the action functional for the scalar field in Eq. (3.3)
is the same as that for an infinite number of harmonic oscillators and can
be expressed in the form

A =
1

2

∫
d4x

(
∂aφ∂

aφ−m2φ2
)
=

∫
d3k

(2π)3
1

2
[|q̇k|2 − ω2

k|qk|2] (3.103)

where

φ(x) =

∫
d3p

(2π)3
qp(t) e

ip·x (3.104)

So, if we quantize each of the oscillators by standard quantum mechanical
rules, we would have quantized the field itself. This reduces the quantum

36We will give some simple examples
of Schrodinger picture quantum field
theory later on because of its intuitive
appeal but one cannot do much with
it.

37We will, of course, use functional in-
tegrals extensively in developing quan-
tum field theory in later chapters. But
these are functional integrals evaluated
from t1 = −∞ to t2 = +∞ with either
the iε or the Euclidean prescription.
As we saw in Sect. 1.2.3, such path in-
tegrals do not require specific bound-
ary configurations φ1(x) and φ2(x) —
or rather, they can be set to zero —
and lead to the ground state expecta-

tion values of various operators. So we
will use path integrals as a convenient
tool for calculating vacuum expecta-
tion values etc. and not as a procedure
for quantization — which is what we
are discussing here. These two roles of
path integrals are somewhat different.
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38More formally, this can be done by
separating qk into real and imaginary
parts with qk = Xk + iYk with the
conditions X−k = Xk, Y−k = −Yk

and noting that the dynamical vari-
ables Xk, Yk are independent only for
half the k values. In going from qk
to Xk, Yk you are doubling the num-
ber of degrees of freedom, but the fact
that only half of them are independent
restores the balance. Therefore we can
introduce one single real variable Qk

in place of Xk, Yk but now retaining
all possible values of k. This means
the action in Eq. (3.103) can be ex-
pressed entirely in terms of one real
harmonic oscillator coordinate Qk. We
won’t bother to spell out the details of
this approach since the final result is
the same.

39We could have done this starting
from Eq. (3.102) and then found that
the a and a† satisfy the usual com-
mutation rules for a creation and an
annihilation operator. We took the
opposite route since we have actually
done all the hard work in the last chap-
ter. We will see later that the identifi-
cation and quantization of oscillators
work even when the approach based
on commutators requires special treat-
ment.

field theory problem to the quantum mechanics of harmonic oscillators
which you are familiar with.

In this approach, the dynamical variables for each oscillator should
become qk but there is a minor issue that the qk’s are not real if φ is real
and satisfy the condition q−k = q∗k. This constraint is easily taken care38 of
by writing qk(t) = ak(t) + a∗−k(t) without any constraint on the variables
ak(t). The standard harmonic oscillator time evolution, arising from the
Heisenberg equations of motion now gives

qp =
1√
2ωp

[
ape

−iωpt + a†−pe
iωpt
]

(3.105)

[This has the same form as the classical evolution in Eq. (3.25).] Quantizing

each harmonic oscillator is now trivial and one can think of a†k and ak as
the standard creation and annihilation operators. In the continuum case,
the creation and annihilation operators satisfy the commutation rule

[ap, a
†
k] = (2π)3δ(p− k) (3.106)

with all other commutators vanishing. The evolution of the field φ itself
follows from Fourier transforming Eq. (3.105) with an exp[ip · x] factor.
Using the usual trick of flipping the sign of p in the second term, we get back
essentially the result we found in the previous chapter (see Eq. (1.129)):
So our final answer is:

φ(x) =

∫
d3p

(2π)3
1√
2ωp

[
ape

−ipx + a†pe
ipx
]

(3.107)

We will now explicitly verify that this does lead to the correct commu-
tation rule for the fields. Since we need to verify the commutation rules
only at a given time, we can always choose it to be t = 0. To work out the
commutators, we start with the expressions for φ and π at t = 0, given by

φ(0,x) =

∫
d3p

(2π)3
1√
2ωp

(
ape

ip·x + a†pe
−ip·x) (3.108)

π(0,x) =

∫
d3p

(2π)3
(−i)

√
ωp

2

(
ape

ip·x − a†pe
−ip·x) (3.109)

It is convenient to rearrange these two expressions by the usual trick of
flipping the sign of momentum in the second term and writing

φ(0,x) =

∫
d3p

(2π)3
1√
2ωp

(
ap + a†−p

)
eip·x (3.110)

π(0,x) =

∫
d3p

(2π)3
(−i)

√
ωp

2

(
ap − a†−p

)
eip·x (3.111)

Evaluating the commutator and using Eq. (3.106), we find that39

[φ(x), π(x′)] =
∫

d3p d3p′

(2π)6
−i

2

√
ωp′

ωp

(3.112)

×
([

a†−p, ap′

]
−
[
ap, a

†
−p′

])
ei(p·x+p′·x′) = iδ(3)(x− x′)
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Similarly, you can work out the other commutators and you will find that
they all vanish. Thus we have successfully quantized the real scalar field
and obtained the time evolution of the dynamical variable in Eq. (3.107).

For the sake of completeness, we will briefly mention how the same
result comes about if we had taken the more formal approach based on
Eq. (3.102). Here one would associate with the system the Hamiltonian

H =
1

2

∫
d3x
[
π2 + (∇φ)2 +m2φ2

]
(3.113)

and use the standard result in quantum mechanics −i∂tÔ = [H, Ô] which
describes the time evolution of any operator Ô to determine φ̇ and π̇. This
calculation gives (on using the commutation rules in Eq. (3.102)) the results

−iφ̇(t,y) =
1

2

∫
d3x
[
π2(t,x), φ(t,y)

]
=

∫
d3x [π(t,x), φ(t,y)] π(t,x)

= −i

∫
d3x δ(x− y)π(t,x) = −iπ(t,y) (3.114)

and

−i∂tπ(t,y) =
1

2

∫
d3x
{
m2
[
φ2(x), π(y)

]
+ [∂αφx∂αφx, πy]

}
= im2φ(y) +

∫
d3x [∂αφx, πy] ∂αφ

= im2φ(y) +

∫
i∂αδ(x− y)(∂αφx)d

3x

= im2φ(y) − i∇2φy = i
(−∇2 +m2

)
φ(y, t) (3.115)

Combining these two we get the operator equation for φ which is just the
Klein-Gordon equation:

φ̈−∇2φ+m2φ = 0 (3.116)

Obviously, normalized solutions to this equation can be expressed in the
standard form as

φ(x) =

∫
dΩp

[
Ape

−ipx +A†
pe

ipx
]

(3.117)

which is exactly our result in Eq. (3.107) with ap = Ap/
√
2ωp etc. In fact,

if we solve equations Eq. (3.110) and Eq. (3.111) for ap and a†−p in terms
of φ(0,x) and π(0,x) and use Eq. (3.102), we can obtain Eq. (3.106). [See
Problem 3.] This is a more formal procedure for quantizing the system
treating φ as a dynamical variable and π as the conjugate momentum
leading to the results.

This is a good time to take stock of what we have achieved. We are
interested in defining a quantum theory for the field φ(t,x) such that it
obeys the commutation rules in Eq. (3.102). We find that this is most easily
done in terms of a set of creation and annihilation operators ap and a†p, for
each mode labeled by a 3-vector p, which satisfy the standard commutation
rule. This allows us to introduce states in the Hilbert space |{np}〉 labeled
by a set of integers {np} with the creation and annihilation operators for
each mode increasing or decreasing the corresponding integer by one unit40

40By and large, if you understand har-
monic oscillators, you can understand
noninteracting fields; they are essen-
tially the same except that there are
an infinite number of oscillators.
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41If you are uncomfortable with this
entire discussion, then you are doing
fine. Nobody really knows how to
handle this divergence and it is rather
surprising that this procedure actually
‘works’ even to the extent it does. We
will see later that an experimentally
observed result, called the Casimir ef-

fect, can be interpreted in terms of the
zero point energies. This alone would
have been enough to argue that normal
ordering is a dubious procedure but for
the fact that there exist more compli-
cated ways of obtaining Casimir effect
without using the zero point energy.

etc. The state |0〉 with all integers set to zero will be the ground state of
all harmonic oscillators which we will expect to be the vacuum state. (We
will have quite a bit to say about this state soon.) Acting on |0〉 with the
creation operator, we can generate the excited states of the system.

To investigate further the nature of these states |{np}〉 we can work

out the Hamiltonian for the system in terms of ak and a†k. A direct way
of obtaining the Hamiltonian operator is to substitute Eq. (3.110) and
Eq. (3.111) into the expression for the Hamiltonian in Eq. (3.29). Again,
since H is independent of time, we can evaluate it at t = 0. This gives

H =

∫
d3x

∫
d3p d3p′

(2π)6
ei(p+p′)·x

{
−

√
ωpωp′

4
(ap − a†−p)(ap′ − a†−p)

+
−p·p′ +m2

4
√
ωpωp′

(ap + a†−p)(ap′ + a†−p)

}

=

∫
d3p

(2π)3
ωp

(
a†pap +

1

2

[
ap, a

†
p

])
(3.118)

In the first term, each mode contributes npωp to the energy density which
is consistent with interpreting the state |{np}〉 as having np particles with
energy ωp. The second term is more nontrivial: It can be thought of as the
limit of Eq. (3.106) as p → k which will lead to a δ(0) type of divergence
in 3-dimensions. As usual, we interpret this as arising out of a volume
integration with

lim
p→k

(2π)3δ(p → k) = lim
p→k

∫
d3x exp[ix·(p → k)] = lim

V →∞
V (3.119)

so that the second term can be thought of as giving an energy density which
exists even in the vacuum state:

Evac

V
=

1

2

∫
d3p

(2π)3
ωp (3.120)

which is quartically divergent in the upper limit. Physically, this term
arises due to the infinite number of harmonic oscillators each having a
ground state energy (1/2)ωk. We have encountered the same expression
earlier when we computed Z(0) in Sect. 2.2.1 (see Eq. (2.71)) and also when
we computed the energy due to the closed loop of particles in Sect. 1.4 [see
Eq. (1.107)].

The usual procedure to deal with this term is to simply throw this
away and hope for the best. A formal way of implementing this procedure
is to postulate that physical quantities (like the Hamiltonian) should be
defined by a procedure called normal ordering. The normal ordering of
an expression containing several a s and a†s is to simply move all the
a†s to the left of a so that the vacuum expectation value of any normal
ordered operator is automatically zero. One possible way of “justifying”
this procedure is to note that the ordering of physical variables in the
classical theory is arbitrary, and when one constructs the quantum theory,
one has to make a choice regarding the way these variables are ordered,
since they may not commute. The normal ordering is supposed to give
a physically meaningful ordering of operators so that divergent vacuum
expectation values are avoided.41 We use the symbol : O : to denote a
normal ordered operator O. The expectation value of this (normal ordered)
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Hamiltonian, denoted by : H :, in a state |{np}〉 is given by

〈{np}| : H : |{np}〉 =
∫

d3p

(2π)3
ωp [np] (3.121)

By a similar procedure we can also express the total momentum operator
in Eq. (3.20) in terms of the creation and annihilation operators. We now
find

P = −
∫

d3x π(t,x)∇φ(t,x) =

∫
d3p

(2π)3
p a†pap (3.122)

There is no zero point contribution in this case because the contributions
from the vectors p and −p cancel.42 This shows that the expectation value
P in the state labeled by {np} is given by

〈{np}|P |{np}〉 =
∫

d3p

(2π)3
p [np] (3.123)

It is obvious that (except for the zero point energy which we have dropped)
we can think of this state |{np}〉 as containing np particles with momentum
p and energy ωp. This agrees with the conclusion we reached in the last
chapter that the first excited state of any given oscillator labeled by p can
be thought of as a one-particle state describing a particle with momentum
p and energy ωp.

An alternative way of obtaining the same result is to simply note that
the action for our system is made of a sum of actions for harmonic oscil-
lators which do not interact with each other. Then, it is obvious that the
Hamiltonian can be expressed in the form

H =

∫
d3p

(2π)3
ωp

[
a†pap

]
(3.124)

where we have dropped the zero point energy term.
We mentioned earlier that it is not easy to do quantum field theory in

the Schrodinger picture and this is definitely true in general. But in the case
of a free scalar field we are only dealing with a bunch of harmonic oscillators
and these can, of course, be handled in the Schrodinger picture. For each
harmonic oscillator we can write down the time independent Schrodinger
equation with the eigenfunction φnk

(qk) and the eigenvalue determined by
nk. The full wave functional of the system is just the product of all the
φnk

(qk) over k.
Just to see what is involved, let us consider the ground state wave func-

tional of the system which is given by the product of all the ground state
wave functions of the oscillators. We have

Ψ[{qk}, 0] ∝
∏
k

φ0(qk) ∝ exp

[
−1

2

∫
d3k

(2π)3
ωk|qk|2

]
(3.125)

The argument of the exponential can be expressed in terms of the field φ
itself using the inverse Fourier transform in the form

1

2

∫
d3k

(2π)3
ωk|qk|2 =

1

2

∫
d3x

∫
d3y φ(x)G(x − y)φ(y); (3.126)

G(x) =

∫
d3k

(2π)3
(k2 +m2)1/2eik·x (3.127)

42This is fortunate because any non-
zero momentum vector for the vac-
uum would have even violated the ro-
tational symmetry of the vacuum and
given a preferential direction in space!
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Exercise 3.15: Evaluate G(x) pay-
ing particular attention to its singular
structure. Just a sec.; isn’t it the same
one we saw in Eq. (1.110) ? Is this a
coincidence ?

43We have ignored the overall normal-
ization factor and the time dependence
exp(−iEt) in writing the wave func-
tional (for very good reasons; both are
divergent).

44The way we have described the
entire quantization procedure, this
should not come as a surprise to you.
The field is a collection of oscillators
and the vacuum state is the simultane-
ous ground state of all the oscillators.
The probability amplitude for a non-
zero displacement of the dynamical
variable qk is finite in the ground state
of the harmonic oscillator in quantum
mechanics; it follows that the ampli-
tude for a non-zero field configuration
in the vacuum state must necessarily
be non-zero in field theory. There is
no way you can avoid it.

so that the ground state wave functional of the system is given by

Ψ[φ(x), 0] ∝ exp

[
−1

2

∫
d3x

∫
d3y φ(x)G(x − y)φ(y)

]
(3.128)

The form of G(x) is rather complicated for m �= 0 but you can write the
vacuum functional in a simpler fashion when m = 0 by making use of the
fact that, for a massless scalar field, ωk = |k|. The trick now is to multiply
the numerator and denominator of the integrand in Eq. (3.126) by |k| and
note that kqk is essentially the Fourier transform of ∇φ. This gives

1

2

∫
d3k

(2π)3
|k| |qk|2 =

∫
d3k

(2π)3
k2|qk|2
2|k| =

1

4π2

∫
d3x d3y

∇xφ(x)·∇yφ(y)

|x− y|2
(3.129)

so that the ground state wave functional (also called the vacuum functional)
for a massless scalar field has the simple closed form expression given by

Ψ[φ(x), 0] = N exp

[
− 1

4π2

∫
d3x d3y

∇xφ(x)·∇yφ(y)

|x− y|2
]

(3.130)

This wave functional is proportional to the amplitude that you will find
a non-trivial field configuration φ(x) in the vacuum state; that is, for any
given functional form φ(x) you can evaluate the integral in Ψ[φ(x), 0] and
obtain a number which gives the probability amplitude.43 The ratio of
Ψ[φ1(x), 0]/Ψ[φ2(x), 0] for any two functions φ1(x), φ2(x) correctly gives
the relative probability for you to find one field configuration compared
to another in the vacuum state. This is a concrete demonstration of the
non-triviality of the vacuum state in quantum field theory. If you look for
non-zero field configurations in the vacuum state, you will find them.44

3.4 Davies-Unruh Effect: What is a Particle?

In the earlier sections we started with the notion of a relativistic free par-
ticle, used the path integral formalism to obtain the quantum propagator
and reinterpreted it in terms of a field, say, a scalar field. In the last section
we took the opposite point of view: We started with a scalar field, treated
it as a dynamical system governed by a Hamiltonian, quantized it using
the commutation rules in Eq. (3.102) and discovered that the states in the
Hilbert space can be described in terms of occupation numbers {nk} al-
lowing a particle interpretation. In this approach, we start with a vacuum
state containing no particles and we can create a one-particle state, say, by
acting on the vacuum with a creation operator. The propagator for the rel-
ativistic particle, for example, can now be obtained in terms of the vacuum
expectation value of the time-ordered product of two field operators. At
the level of propagators, we seem to have established the connection with
the original approach starting from a relativistic particle.

Conceptually, however, the procedure of describing relativistic particles
as excitations of a field has certain subtleties which need to be recognized.
The first one is the existence of vacuum fluctuations in the no-particle state
which, obviously, cannot be interpreted in terms of real relativistic particles.
We had already mentioned it while describing the wave functional for the
vacuum state given by Eq. (3.128) and will discuss it further later on when
we study the Casimir effect in Sect. 3.6.3.
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There is a second subtlety which goes right to the foundation of defining
the concept of the particle, which we will discuss in this section. It turns
out that while the notion of a vacuum state and that of a particle are
Lorentz invariant, these are not generally covariant notions. That is, while
two observers who are moving with respect to each other with a uniform
velocity will agree on the definition of a vacuum state and the notion of
a particle, two observers who are moving with respect to each other non-
inertially may not agree45 on their definitions of vacuum state or particles!

For example, the vacuum state — as we have defined in the previous
section — for an inertial observer will not appear to be a vacuum state for
another observer who is moving with a uniform acceleration. The acceler-
ated observer, it turns out, will see the vacuum state of the inertial observer
to be populated by a Planckian spectrum of particles with a temperature
T = (�/ckB)(g/2π) where g is the acceleration. This peculiar result has far
reaching implications when one tries to combine the principles of quantum
theory with gravity. We will now describe how this comes about.

Let us begin with the expansion of the scalar field in terms of creation
and annihilation operators as given in Eq. (3.117). Given the commutation

rules in Eq. (3.102), we found that Ak and A†
k can be interpreted as creation

and annihilation operators. However, this description in terms of creation
and annihilation operators is not unique. Consider, for example, a new set
of creation and annihilation operators Bk and B†

k, related to Ak and A†
k

by the linear transformations

Ak = αBk + βB†
k , A†

k = α∗B†
k + β∗Bk (3.131)

It is easy to verify that Bk and B†
k obey the standard commutation rules

if we choose α and β with the condition |α|2 − |β|2 = 1. Substituting
Eq. (3.131) into Eq. (3.117) we find that φ(x) can be expressed in the form

φ(x) =

∫
dΩk

{
Bkfk(x) +B†

kf
∗
k(x)

}
, (3.132)

where
fk(x) = αe−ikx + β∗eikx (3.133)

One can now define a new vacuum state (“B-vacuum”) state by the con-
dition Bk|0〉B = 0 and the corresponding one-particle state, etc. by acting

on |0〉B by B†
k, etc. It is easy to see that this vacuum state is not equiva-

lent to the original vacuum state (let us call it the “A-vacuum”) defined by
Ak|0〉A = 0. In fact, the number of A-particles in the B-vacuum is given
by

B〈0|A†
kAk|0〉B = |β|2 (3.134)

At first sight this result seems to throw a spanner in the works! How
can we decide on our vacuum state and concept of particle if the linear
transformations in Eq. (3.133) (called the Bogolioubov transformations)
change the notion of vacua? One could have worked either with the modes
e−ikx, e+ikx or with fk(x), f

∗
k (x) and these two quantization procedures

will lead to different vacuum states and particle concepts. We need some
additional criteria to choose the vacuum state.

In standard quantum field theory, one tacitly assumes such an addi-
tional criterion which is the following: We demand that the mode functions
we work with must have “positive frequency” with respect to the Hamil-
tonian that we use. That is, the mode functions must be eigenfunctions

45It is rather surprising that most of
the standard QFT textbooks do not
even alert you about this fact!
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46Actually one can be a little bit more
generous and allow for mode func-
tions which are arbitrary superposi-
tions of positive frequency mode func-
tions. But for our illustrative pur-
poses, this criterion is good enough.
Also note that we do not put any con-
dition on the spatial dependence of
the modes. One could use the stan-
dard plane waves exp(ik · x) or one
could expand the field in terms of, say,
the spherical harmonics. The notion
of a vacuum state is only sensitive to
the time dependence. Of course, a
one-particle state describing a particle
with momentum k = (0, 0, kz) will be
a superposition of different Ylm(θ, φ)-
s when expressed in spherical coordi-
nates. This need not scare anyone
who has studied scattering theory in
NRQM.

Exercise 3.16: Prove these state-
ments.

Τ � const

Ξ � 0

Ξ � const

x

t

Ξ � 0

HORIZ
ON

Figure 3.4: The Rindler coordinates
appropriate for a uniformly accelerated
observer. The ξ=constant curves are
hyperbolas while τ= constant curves
are straight lines through the origin.
The x = t surface of the Minkowski
space (which maps to ξ=0) acts as a
horizon for the uniformly accelerated
observers in the right wedge.

of the operator H = i∂/∂t with a positive eigenvalue ωk so that the time
dependence of the modes is of the form exp(−iωkt). This excludes using
modes of the form fk(x) in Eq. (3.133) which is a linear combination of
positive and negative frequency modes.46 It is easy to verify that the no-
tion of a positive frequency mode is Lorentz invariant; a positive frequency
mode will appear to be a positive frequency mode to all Lorentz observers.

If we introduce this extra restriction and define our vacuum state, it
will appear to be a vacuum state to all other inertial observers. In fact
most textbooks will not even bother to tell you that this criterion has been
tacitly assumed because one usually deals with only Lorentz invariant field
theory.

Things get more interesting when we allow for transformations of co-
ordinates from inertial to non-inertial frames of reference. For example,
consider a transformation from the standard inertial coordinates (t, x) to
a non-inertial coordinate system (τ, ξ) by the equations

x = ξ cosh gτ ; t = ξ sinh gτ (3.135)

(see Fig. 3.4). This transformation introduces a coordinate system which
is appropriate for an observer who is moving with a uniform acceleration
g along the x−axis and is called the Rindler transformation. World lines
of observers who are at rest in the new coordinate system ξ =constant,
corresponds to hyperbolas x2−t2 = ξ2 in the inertial frame. You can easily
convince yourself that: (a) These are trajectories of uniformly accelerated
observers. (b) The τ represents the proper time of the clock carried by
the uniformly accelerated observer. The line element in terms of the new
coordinates is easily seen to be

ds2 = dt2 − dx2 = g2ξ2dτ2 − dξ2 − dy2 − dx2 (3.136)

(This form of the metric is called the Rindler metric.) Note that the
transformations in Eq. (3.135) only cover the region with |x| > |t| which is
the region in which uniformly accelerated trajectories exist. The trajectory
corresponding to ξ = 0 maps to x = ±t which are the null rays propagating
through the origin. These null surfaces act as a horizon for the uniformly
accelerated observer. That is, an observer with ξ > 0 will not have access
to the region beyond x = t. This horizon divides the x-axis into two parts:
x > 0 and x < 0 which are causally separated as far as the accelerated
observer is concerned.

The key feature of the Rindler metric in Eq. (3.136) which is of relevance
to us is its static nature; that is, the metric does not depend on the new
time coordinate τ . This implies that when we study quantum field theory
in these coordinates, one can again obtain mode functions of the form
e−iωτfω(ξ, y, z) which are positive frequency modes with respect to the
proper time τ of the accelerated observer. But given the rather complicated
nature of the transformation in Eq. (3.135), it is obvious that these modes
will be a superposition of positive and negative frequency modes of the
inertial frame. This is indeed true.

So even after imposing our condition that one should work with positive
frequency mode functions, we run into an ambiguity — positive frequency
modes of the inertial frame are not positive frequency modes of the acceler-
ated (Rindler) frame! This, in turn, means that the vacuum state defined
using the modes e−iωτfω(ξ, y, z) will be different from the inertial vacuum
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state. The accelerated observer will not consider the inertial vacuum to be
a no-particle state. In short, the notion of a vacuum state and the concept
of particles (as excitations of the field) are Lorentz invariant concepts but
they are not invariant notions if we allow transformations to non-inertial
coordinates.

We will now show that the inertial vacuum functional leads to a thermal
density matrix when viewed in an accelerated frame. To obtain this result,
let us begin with the result we have obtained earlier in Sect. 1.2.3 which
expresses the quantum mechanical path integral in terms of the stationary
states of the system:∫

Dq exp (iA[t2, q2; t1, q1]) = 〈q2|q1〉 =
∑
n

φn(q2)φ
∗
n(q1)e

−iEn(t2−t1)

(3.137)
We now analytically continue to Euclidean time and set tE1 = 0, q2 = 0, q1 =
q and take the limit tE2 → ∞. In the infinite time limit, the right hand side
will be dominated by the lowest energy eigenvalue which will correspond
to the ground state φ0. We can always add a constant to the Hamiltonian
to make the ground state energy zero. In that case, the only term which
survives in the right hand side will be φ0(q2)φ

∗
0(q1) = φ0(0)φ0(q) ∝ φ0(q).

Thus the ground state wave function can be expressed as a Euclidean path
integral with very specific boundary conditions (see Eq. (1.44)):

φ0(q) ∝
∫

Dq exp(−AE [∞, 0; 0, q]) (3.138)

This result will directly generalize to field theory if we think of q1 and
q2 as field configurations q1(x), q2(x) and φ0(q1) as the ground state wave
functional Ψgs[φ(x)]. Then we get

Ψgs[φ(x)] ∝
∫

Dφ e−AE(∞,0;0,φ(x)) (3.139)

The path integral on the right hand side can be evaluated in the Euclidean
sector obtained (i) either by analytically continuing the inertial time coor-
dinate t to tE or (ii) analytically continuing the Rindler time coordinate τ
to τE . The transformations in Eq. (3.135) go over to

xE = ξ cos gτE ; tE = ξ sin gτE (3.140)

when we analytically continue to the Euclidean sector. The corresponding
line interval

−ds2E = dt2E + dx2 = ξ2d(gτE)
2 + dξ2 + dy2 + dz2 (3.141)

clearly shows that we are just going over from planar coordinates to polar
coordinates in the Euclidean (gτE , ξ) coordinates with θ ≡ gτE having a
period of 2π.

This situation is shown in Fig. 3.5. The field configuration φ(x) on the
tE = 0 surface can be thought of as given by two functions φL(x), φR(x)
in the left and right halves x < 0 and x > 0 respectively. Therefore,
the ground state wave functional Ψgs[φ(x)] now becomes a functional of
these two functions: Ψgs[φ(x)] = Ψgs[φL(x), φR(x)]. The path integral
expression in Eq. (3.139) now reads

Ψgs[φL(x), φR(x)] ∝
∫ tE=∞;φ=(0,0)

tE=0;φ=(φL,φR)

Dφe−A (3.142)
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x

ξ

it = tE

φR(x)φL(x)

igτ = gτE

Figure 3.5: Analytic extension to the
imaginary time in two different time
coordinates in the presence of a hori-
zon. When one uses the path integral
to determine the ground state wave
functional on the tE = 0 surface, one
needs to integrate over the field con-
figurations in the upper half (tE > 0)
with a boundary condition on the field
configuration on tE = 0. This can be
done either by using a series of hyper-
surfaces parallel to the horizontal axis
(shown by broken lines) or by using
a series of hypersurfaces corresponding
to the radial lines. Comparing the two
results, one can show that the ground
state in one coordinate system appears
as a thermal state in the other.

But from Fig. 3.5 it is obvious that this path integral could also be evaluated
in the polar coordinates by varying the angle θ = gτE from 0 to π. While
the evolution in tE will take the field configuration from tE = 0 to tE → ∞,
the same time evolution gets mapped in terms of τE into evolving the
“angular” coordinate τE from 0 to π/g. (This is clear from Fig. 3.5.) It is
obvious that the entire upper half-plane t > 0 is covered in two completely
different ways in terms of the evolution in tE compared to the evolution
in τE . In (tE , x) coordinates, we vary x in the range (−∞,∞) for each tE
and vary tE in the range (0,∞). In (τE , ξ) coordinates, we vary ξ in the
range (0,∞) for each τE and vary τE in the range (0, π/g). When θ = 0,
the field configuration corresponds to φ = φR and when θ = π the field
configuration corresponds to φ = φL. Therefore Eq. (3.142) can also be
expressed as

Ψgs[φL(x), φR(x)] ∝
∫ gτE=π;φ=φL

gτE=0;φ=φR

Dφe−A (3.143)

. Let HR be some Rindler Hamiltonian which is the (Euclidean version of
the) Hamiltonian that describes the evolution in terms of the proper time
coordinate of the accelerated observer. Then, in the Heisenberg picture,
‘rotating’ from gτE = 0 to gτE = π is a time evolution governed by HR. So
the path integral Eq. (3.143) can also be represented as a matrix element
of the Rindler Hamiltonian, HR giving us the result:

Ψgs[φL(x), φR(x)] ∝
∫ gτE=π;φ=φL

gτE=0;φ=φR

Dφe−A = 〈φL|e−(π/g)HR |φR〉 (3.144)

If we denote the proportionality constant by C, then the normalization
condition

1 =

∫
DφL DφR

∣∣Ψgs[φL(x), φR(x)]
∣∣2

= C2

∫
DφL DφR 〈φL|e−πHR/g|φR〉 〈φR|e−πHR/g|φL〉

= C2 Tr
(
e−2πHR/g

)
(3.145)

fixes the proportionality constant C, allowing us to write the normalized
vacuum functional in the form:

Ψgs[φL(x), φR(x)] =
〈φL|e−πHR/g|φR〉[
Tr(e−2πHR/g)

]1/2 (3.146)

From this result, we can show that for operatorsO made out of variables
having support in x > 0, the vacuum expectation values 〈vac| O(φR)|vac〉
become thermal expectation values. This arises from straightforward alge-
bra of inserting a complete set of states appropriately:

〈vac| O(φR)|vac〉 =
∑
φL

∑
φ
(1)
R

,φ
(2)
R

Ψgs[φL, φ
(1)
R ]〈φ(1)

R |O(φR)|φ(2)
R 〉Ψgs[φ

(2)
R , φL]

=
∑
φL

∑
φ
(1)
R

,φ
(2)
R

〈φL|e−(π/g)HR |φ(1)
R 〉〈φ(1)

R |O|φ(2)
R 〉〈φ(2)

R |e−(π/g)HR |φL〉
Tr(e−2πHR/g)

=
Tr(e−2πHR/gO)

Tr(e−2πHR/g)
(3.147)
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Thus, tracing over the field configuration φL in the region x < 0 (behind
the horizon) leads to a thermal density matrix ρ ∝ exp[−(2π/g)H ] for the
observables in the region x > 0. In particular, the expectation value of the
number operator will be a thermal spectrum at the temperature T = g/2π
in natural units. So, an accelerated observer will consider the vacuum state
of the inertial frame to be a thermal state with a temperature proportional
to his acceleration. This result (called the Davies-Unruh effect) contains
the essence of more complicated results in quantum field theory in curved
spacetimes, like for example the association of a temperature with black
holes.47

This result shows the limitations of concepts developed within the con-
text of Lorentz invariant quantum field theory; they can run into conceptual
non-trivialities in the presence of gravity described by a curved spacetime.

3.5 Quantizing the Complex Scalar Field

Let us get back to QFT in the inertial frame and consider a complex scalar
field. This is completely straightforward and follows exactly the same route
as that of the real scalar field except for the doubling of degrees of freedom
because φ �= φ†. This has the consequence that the expansion of the field
in terms of the creation and annihilation operators now takes the form

φ(x) =

∫
d3p

(2π)3
1√
2ωp

(
ape

−ipx + b†pe
ipx
)

(3.148)

and

φ†(x) =
∫

d3p

(2π)3
1√
2ωp

(
a†pe

ipx + bpe
−ipx

)
(3.149)

which is precisely what we found earlier in Chapter 1 in Eq. (1.129). The
creation and annihilation operators now satisfy the commutation rules[

ap, a
†
q

]
=
[
bp, b

†
q

]
= (2π)3 δ(p− q) (3.150)

with all other commutators vanishing. Obviously we now have double the
number of creation and annihilation operators compared to a real scalar
field, because when φ �= φ† the antiparticle is distinct from the particle
while for a real scalar field with φ = φ†, the antiparticle is the same as the
particle.

One can also obtain the same results by treating φ(x) and φ†(x) as two
independent dynamical variables and imposing the canonical commutation
rules between them and their conjugate momenta. It should be noted, how-
ever, that for the Lagrangian given by L = ∂aφ

†∂aφ−m2φ†φ, the canonical
momentum for φ is πa

(φ) = (∂L/∂(∂aφ)) = ∂aφ† and vice-versa. (This is in
contrast to the real scalar field for which the canonical momentum corre-
sponding to φ is just φ̇.) The algebra proceeds exactly as in the case of the
real scalar field and one finds that both φ and φ† satisfy the Klein-Gordon
equation, allowing the expansions in Eq. (3.148) and Eq. (3.149).

Having quantized the scalar field (real and complex), we can work out
all sorts of vacuum expectation values involving the fields by using its
decomposition in terms of the creation and annihilation operators. But
we have already done all these in the last chapter and hence will only
recall a couple of key results for future reference. First, we know that the

47Mathematically, this result arises
because analytic continuation to Eu-
clidean time is a Lorentz invariant
procedure but not a generally covari-
ant procedure. This is obvious from
the fact that the Euclidean metric ex-
pressed in terms of τE exhibits peri-
odicity in the imaginary time with a
period β = (2π/g). We have seen in
Sect. 1.2.3 that the period of the imag-
inary time can be interpreted as the
inverse temperature which is precisely
what happens in this case.
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48In contrast, note that [φ(x), φ(y)] =
[φ†(x), φ†(y)] = 0 for any pair of events
for the complex scalar field.

Exercise 3.17: Verify all these.

vacuum expectation value of the time ordered product is given by (see e.g.,
Eq. (1.128)):

〈0|T [φ(x2)φ
†(x1)]|0〉 = G(x2;x1) =

∫
d4p

(2π)4
i

(p2 −m2 + iε)
e−ip·x

=

∫
dΩp

[
θ(t)e−ipx + θ(−t)eipx

]
(3.151)

This quantity (usually called the Feynman propagator) will play a key role
in our future discussions. The two individual pieces in this expression are
given by (see Eq. (1.133)):

〈0|φ(x2)φ
†(x1)|0〉 =

∫
dΩpe

−ipx = G+(x2;x1)

〈0|φ†(x1)φ(x2)|0〉 =
∫

dΩpe
+ipx = G−(x2;x1) (3.152)

Further, the commutator of the fields at arbitrary times is given by (see
Eq. (1.89)):

[φ(x2), φ
†(x1)] = G+(x2;x1)−G+(x1;x2) =

∫
dΩp[e

−ipx − e+ipx]

=

∫
dΩpe

ip·x [e−iωpt − eiωpt] (3.153)

This commutator vanishes outside the light cone i.e., when x1 and x2 are
related by a spacelike interval.48 As we explained in Sect. 1.5.1, this is
crucial for the validity of causality in field theory. The observables of the
theory are now built from field operators — usually quadratic functionals of
the field operators like the Hamiltonian etc. — and causality is interpreted
as the measurement of any such observable at a spacetime location not
affecting observables which are causally disconnected from that event. We
no longer think in terms of a single particle description or localized position
eigenstates of particles.

The main difference between the real and complex scalar field lies in the
fact that now we have an antiparticle which is distinct from the particle so
that we need two sets of creation and annihilation operators in Eq. (3.148)
and Eq. (3.149). The existence of a distinct antiparticle created by b†p is
reflected in all the physical quantities which we compute. Following exactly
the same steps as in the case of real scalar fields, we can now compute the
(normal ordered) Hamiltonian and the momentum, obtaining

: H :=

∫
d3p

(2π)3
ωp

(
a†pap + b†pbp

)
(3.154)

Pα =

∫
d3p

(2π)3
pα
(
a†pap + b†pbp

)
(3.155)

which shows that both the particle and the antiparticle contribute addi-
tively to the energy and momentum.

To see the physical distinction between the particle and the antiparticle,
we will compute the operator corresponding to the conserved charge of the
complex scalar field introduced in Eq. (3.44). The invariance of the action
for complex scalar field under the transformations in Eq. (3.42) leads to
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a conserved current Ja, the zeroth component of which is given by (see
Eq. (3.43)):

J0 =
∑
A

π(A)δφ(A) = −iq φ ∂tφ
† + iq φ†∂tφ = iq(φ†∂tφ− φ∂tφ

†) (3.156)

The integral of J0 over all space gives the charge Q. Substituting the
expansion in Eq. (3.148) and Eq. (3.149) into Eq. (3.44), we get

Q = i

∫
d3xφ† ←→∂0 φ = i

∫
d3x

d3q

(2π)3
1√
2ωq

d3p

(2π)3
1√
2ωp

×
[ (

a†qe
iqx + bqe

−iqx
)
∂0
(
ape

−ipx + b†pe
ipx
)

−
( (

ape
−ipx + b†pe

ipx
)
∂0
(
a†qe

iqx + bqe
−iqx

) )]

=

∫
d3x

d3q

(2π)3
1√
2ωq

d3p

(2π)3
1√
2ωp

×
[ (

a†qe
iqx + bqe

−iqx
)
ωp

(
ape

−ipx − b†pe
ipx
)

+ωq

(
a†qe

iqx − bqe
−iqx

) (
ape

−ipx + b†pe
ipx
) ]

(3.157)

Different terms respond differently to the integration over d3x. We get
δ(p− q) from the terms having a†qap and bqb

†
p while the terms with bqap

and a†qb
†
p lead to δ(p + q). In either case, |p| = |q| leading to ωq = ωp.

This fact leads to cancellation of terms with bqap and a†qb
†
p leaving behind

only the terms with a†qap and bqb
†
p. In these terms, the time dependence

goes away49 when we use ωq = ωp. So, we finally get:

Q =

∫
d3p

(2π)3
1√
2ωp

d3q

(2π)3
1√
2ωq

(2π)3δ(p− q)2ωp

(
a†qap − bqb

†
p

)

=

∫
d3p

(2π)3
(
a†pap − bpb

†
p

)
(3.158)

We are again in a bit of trouble because the vacuum expectation value
of the second term will not vanish and will lead to an infinite amount of
charge due to antiparticles. This can be avoided by the usual remedy of
normal ordering Q to obtain50

: Q :=

∫
d3p

(2π)3
(
a†pap − b†pbp

)
(3.159)

This expression shows that the net charge is the difference of the charges
contributed by the particles and antiparticles. So, if the particles carry
+1 unit of charge, then the antiparticles should carry −1 unit of charge.
This provides a simple and important procedure for distinguishing between
processes involving the particle from those with the antiparticle.

We conclude this section with a discussion of a couple of more features
related to the existence of a conserved current and charge. From the defi-
nition of the charge as an integral over J0 and Eq. (3.156), we can compute

49Since we know that charge is con-
served, we could have done all the cal-
culation at t = 0, but once in a while
it is good not to be clever and see ex-
plicitly how cancellations occur.

50The normal ordering is somewhat
easier to justify in this case because
the classical expression for the charge
involves the product of φ∗ and φ̇; in
quantum theory this could have been
written either as φ†φ̇, or as φ̇φ† or as
some symmetric combination. Since
φ† does not commute with φ̇, each of
these choices will lead to a different
expression for the total charge and it
makes sense (may be?) to settle the
issue by demanding that the vacuum
should have zero charge.
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the commutator [Q,φ(A)(0,x)] to be

[Q,φ(A)(x)] =

∫
d3y δφ(B)(y)[π(B)(y), φ(A)(x)] = i[δφ(A)(x)] (3.160)

This result shows that one can think of the charge Q as the generator of
the infinitesimal transformation φ(A) → φ(A) + δφ(A). The well known
special case of this is the translation in time and space generated by the
4-momentum.

Since a symmetry transformation generates a conserved current and an
associated charge, some of the crucial features of spontaneous symmetry
breaking can be related to the existence of the charge. For example, we
saw in Sect. 3.1.4 that the presence of degenerate vacua led to a zero mass
particle in the theory. This result happens to be very general and inde-
pendent of the detailed structure of the Lagrangian in the relativistic field
theory. We will describe briefly how one can prove such a result in fairly
general terms.

Let us consider a system with a conserved charge Q so that [Q,H ] = 0.
The ground state |0〉 of the system is taken to have zero energy so that
H |0〉 = 0. Since [Q,H ]|0〉 = 0 = HQ|0〉 it follows that Q|0〉 also has zero
energy. When this state Q|0〉 differs from |0〉, we have a situation with
degenerate vacua. We want to show that under this circumstance there
will exist zero mass particles in the theory; that is, we have to show that
there exist states with some momentum k and energy E such that E → 0
when |k| → 0, which is the relativistic characterization of a zero mass state.
To do this, consider the state defined by

|s〉 = R|0〉 ≡
∫

d3x eik·x J0(x)|0〉 (3.161)

where J0(x) is the charge density. It is easy to see that this state is an
eigenstate of the momentum operator Pα with eigenvalue kα. We have

Pα|s〉 =
∫

d3x eik·x[Pα, J0]|0〉 = i

∫
d3x eik·x(∂αJ0)|0〉 (3.162)

where we have used the facts that Pα|0〉 = 0 and [Pα, J0] = −i∂αJ0 =
i∂αJ

0. Doing an integration by parts and ignoring the surface term, we get

Pα|s〉 = −i

∫
d3x(∂αe

ik·x)J0|0〉 = kα

∫
d3x eik·xJ0|0〉 = kα|s〉 (3.163)

Consider now what happens to |s〉 when we take the limit of |k| → 0.
We see that, in this limit, |s〉 → Q|0〉 which we know is a state with zero
energy. In other words, the state |s〉 has the property that when |k| → 0,
its energy vanishes. This shows that there are indeed zero mass excitations
in the theory.

3.6 Quantizing the Electromagnetic Field

We will next take up the example of the electromagnetic field which —
historically — started it all. Our aim is to quantize the classical electro-
magnetic field and obtain the photons as its quanta. This actually turns
out to be much more difficult than one would have first imagined because of
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the gauge invariance. So we will first describe the difficulties qualitatively
and then take up the quantization.

We saw that quantizing a field involves identifying the relevant dy-
namical variables (which are the ones that you vary in the action to get
the classical field equations), calculating the corresponding canonical mo-
menta and then imposing the commutation rules between the two. The
Lagrangian for the electromagnetic field is proportional to F ijFij where
Fij = ∂iAj − ∂jAi and we vary Ai to obtain the classical field equations.
This identifies Ai as the dynamical variables. To determine the canonical
momenta corresponding to Ai, you need to compute ∂L/∂(∂0Ai) which
turns out to be proportional to F 0i. The trouble begins here.

The canonical momentum conjugate to A0 is F 00, which, of course,
vanishes identically.51 So we cannot upgrade all Ais to operator status and
impose the commutation rules. Of course, this is related to the fact that
the physical observables of the theory are F ik and not Ai, and, because of
gauge invariance, there is redundancy in the latter variables.

To get around this difficulty, we need to impose some gauge condition
and work with true dynamical variables. In principle, one can impose
any one of the many possible gauge conditions, but most of them will
lead to fairly complicated description of the quantum theory. Two natural
conditions are the following: (i) φ = 0, ∇ ·A = 0; (ii) ∂jA

j = 0. The first
condition (which is what we will work with) has the disadvantage that it is
not manifestly Lorentz invariant and so you need to check that final results
are Lorentz invariant explicitly by hand. Further, when we try to impose
the condition[

Aα(t,x), Ȧβ(t,y)
]
= −iηαβδ(x− y) = iδαβ δ(x− y) (3.164)

we run into trouble if we take the divergence of both sides with respect to
xα. We find that[

∂αA
α(t,x), Ȧβ(t,y)

]
= −i∂βδ(x− y) �= 0 (3.165)

violating the ∇ ·A = 0 condition. The second gauge52 is Lorentz invariant
but if we impose the commutation relation[

Ai(t,x), Ȧj(t,y)
]
= −iηijδ(x− y) (3.166)

The time component again creates a problem because the right hand side
now has a flipped sign for the time component vis-a-vis the space com-
ponent. This leads to the existence of negative norm states and related
difficulties. All these can be handled but not as trivially as in the case
of scalar fields. We will use the first gauge and get around the difficulty
mentioned above by a different route.

3.6.1 Quantization in the Radiation Gauge

Let us consider a free electromagnetic field, with the vector potential Ai =
(φ,A) satisfying the gauge conditions: φ = 0,∇ · A = 0. As usual we
expand A (t,x) in Fourier space as:

A (t,x) =

∫
d3k

(2π)3
qk (t) exp ik.x =

∫
d3k

(2π)3
(
ak(t) + a∗

−k(t)
)
eik.x

(3.167)

51If you write the Lagrangian as (E2−
B2) and note that E = −∇φ −
(∂A/∂t), B = ∇ × A, it is obvious
that the Lagrangian has Ȧ but no φ̇.
So clearly the momentum conjugate to
φ vanishes.

52Almost universally called the
Lorentz gauge because it was discov-
ered by Lorenz ; yet another example
of dubious naming conventions used
in this subject. This gauge was first
used by L. V. Lorenz in 1867 when the
more famous H.A. Lorentz was just
14 years old and wasn’t particularly
concerned about gauges. We shall
give the credit to Lorenz and use the
correct spelling. The original reference
is L.Lorenz, On the Identity of the

Vibrations of Light with Electrical

Currents, Philos. Mag. 34, 287-301
(1867).
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53Notice that the operator a
†
kλ cre-

ates a photon with a polarization
state labelled by λ and momentum
labelled by k which will define a
direction (of propagation) in the 3-
dimensional space. The polarization
vectors εα(k, λ) necessarily have to de-
pend on the momentum vector k of
the photon. For example, if we try
to pick 3 four-vectors with compo-
nents ε1a = (0, 1, 0, 0), ε2a = (0, 0, 1, 0)
and ε3a = (0, 0, 0, 1) as the bases, the
Lorentz transformations will mix them
up with the “time-like polarization”
vector ε0a = (1, 0, 0, 0).

which has exactly the same structure as in the case of the scalar field, given
by Eq. (3.105). The condition ∇ ·A = 0, translates into

k · qk = k · ak = k · a∗
k = 0; (3.168)

i.e., for every value of k, the vector ak is perpendicular to k. This allows
the vectors qk,ak to have two components akλ (λ = 1, 2) and qkλ(λ = 1, 2)
in the plane perpendicular to k with {ak1,ak2,k} forming an orthogonal
system. The electric and magnetic fields corresponding to this vector po-
tential Ai = (0,A) are

E = −Ȧ = −
∫

d3k

(2π)3
q̇ke

ik·x; B = ∇×A = i

∫
d3k

(2π)3
(k× qk) e

ik·x.

(3.169)
Substituting this into the action in Eq. (3.63) and using

(k× qk) · (k× q∗
k) = q∗

k · [(k× qk)× k] = (q∗
k · qk) k

2 (3.170)

we can again express the action as that of a sum of oscillators:

A =
1

2

∫
d3x
(
E2 −B2

)
=

1

2

∑
λ=1,2

∫
d3k

(2π)3
(|q̇kλ|2 − k2|qkλ|2

)
. (3.171)

So, once again, we find that the action for the electromagnetic field can
be expressed as a sum of the actions for harmonic oscillators with each
oscillator labeled by the wave vector k and a polarization. The polarization
part is the only extra complication compared to the scalar field and the
rest of the mathematics proceeds exactly as before. The dispersion relation
now corresponds to ωk = |k| showing that the quanta are massless, as we
expect for photons.

The wave equation satisfied by A (t,x) implies that qk (t) satisfies the
harmonic oscillator equation q̈k + k2qk = 0, allowing us to take the time
evolution to be ak ∝ exp (−ikt). With the usual normalization, this gives
the mode expansion for the vector potential in the standard form

A (t,x) =
∑
λ=1,2

∫
d3k

(2π)3
1√
2ωk

(
akλe

−ikx + a
†
kλe

ikx
)

(3.172)

It is convenient in manipulations to separate out the vector nature from
the creation and annihilation operators and write akλ = ε(k, λ)akλ where
akλ is the annihilation operator for the photon with momentum k and
polarization λ while ε(k, λ) is just a c-number vector carrying the vector
nature of A. Since ε(k, 1), ε(k, 2) and k/|k| form an orthonormal basis,
they satisfy the constraint:53

2∑
λ=1

εα(k, λ) εβ(k, λ) +
kαkβ

k2
= δαβ (3.173)

The creation and annihilation operators satisfy the standard commutation
rules, now with an extra polarization index:[

ak′λ′ , a†kλ
]
= δ(k′ − k)δλλ′ , [ak′λ′ , akλ] =

[
a†k′λ′ , a

†
kλ

]
= 0 (3.174)
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Everything else proceeds as before. The Hamiltonian governing the free
electromagnetic field can be expressed as a sum of Hamiltonians for har-
monic oscillators, with each oscillator labeled by a wave vector k and polar-
ization index α. The quantum states of the system are labeled by by a set
of integers |{nkα}〉, one for each oscillator labeled by kα. The expectation
value of H in such a state will be

E =
∑

α=1,2

∫
d3k

(2π)3
�ωk

(
nkα +

1

2

)
(3.175)

where the second term is the the energy of the system when all the oscil-
lators are in the ground state — which can again be removed by normal
ordering.

You might have thought all this is pretty obvious and standard. But,
if you think about it, the second term in Eq. (3.172) involving a

†
kλ is pre-

cisely the term about which we made a song and dance in Eq. (1.130) while
discussing the scalar field. It is related to propagating negative energy an-

tiphotons backward in time! The quantization of the electromagnetic field
based on the separation in Eq. (3.172) describes photons and antiphotons,
carrying positive frequency and negative frequency modes and propagating
forward and backward in the language we have used earlier.54 This term
creates an antiphoton from the vacuum, but since the antiphoton is the
same as the photon, you think of it as a creation of photons — which every
light bulb does. This is the simplest example of a particle popping out of
nowhere thereby making the standard description in terms of a Schrodinger
equation completely inadequate. The more esoteric processes — like, for
example, e+ − e− annihilation producing some exotic new particles is fun-
damentally no different from a light bulb emitting a photon through the
action of the second term which has a†

kλ in it.

Let us next take a look at the commutation relation between the fields.
Once again, we have quantized a field by mapping the relevant dynamical
variables to a bunch of independent harmonic oscillators and then quan-
tizing the oscillators. While discussing the scalar field, we said that this
procedure is equivalent to imposing the canonical commutation relations
between the dynamical variables and the canonical momenta; indeed —
in the case of the scalar field — one can derive the commutation rela-
tions between the creation and annihilation operators from the canonical
commutation relations between the dynamical variables and the canonical
momenta. But in the case of the electromagnetic field in the radiation
gauge, the situation is somewhat different. We know from Eq. (3.164) and
Eq. (3.165) that we cannot impose the standard commutation relations and
maintain consistency with the radiation gauge condition. So, one cannot
start from Eq. (3.164) and get the commutation rules for the creation and
annihilation operators in a straightforward manner.

Fortunately, our procedure — of first identifying the relevant oscillators
and then just quantizing them — bypasses this problem. Having quantized
the system by this procedure, we can now go back and compute the relevant
commutators between the field and its momentum and see what happens.
The canonical momenta55 corresponding to Aα:

πα =
∂L

∂(∂0Aα)
= −∂0A

α = Eα (3.176)

54While every textbook makes some
noise about these “new features” when
it quantizes the scalar field, these are
not emphasized in the context of the
familiar electromagnetic field. You
talk about π+ and π−, electrons and
positrons and their strange relation-
ships but the same thing happens with
photons and antiphotons contained in
Eq. (3.172). It is the same maths and
same physics (except for m = 0).

55Note the placement of α and the
sign flips due to our signature; the
components of A,E etc. have, by def-
inition, a superscript index.
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Exercise 3.18: Prove this.

56The way we approached the prob-
lem, this should not worry you; find-
ing the oscillators and quantizing them
is the safest procedure, when it can
be done. If, instead, you start from
the commutator for fields and canoni-
cal momenta, you need to first argue —
somewhat unconvincingly — that we
should introduce the transverse delta
function for the commutators and then
proceed with the quantization.

has the explicit expansion:

E(t,x) =

∫
d3k

(2π)3
√
2ωk

2∑
λ=1

iωkε(k, λ)
(
akλe

−ikx − a†kλe
ikx
)

(3.177)

We need to compute [Aα(t,x), Eβ(t,x′)] which is given by:[
Aα(t,x), Eβ(t,x′)

]
(3.178)

=

∫
d3k

(2π)3
√
2ωk

2∑
λ=1

∫
d3k′

(2π)3
√
2ωk′

2∑
λ′=1

εα(k, λ)εβ(k′, λ′)

×
([

akλ, a
†
k′λ′

]
e−i(kx−k′x′)(−iωk′) +

[
a†kλ, ak′λ′

]
ei(kx−k′x′)(+iωk′)

)

=

∫
d3k

(2π)32ωk

(−iωk)
(
eik·(x−x′) + e−ik·(x−x′)

) 2∑
λ=1

εα(k, λ)εβ(k, λ)

We now do the usual flip of k to −k in the second term and use Eq. (3.173)
to obtain:

[
Aα(t,x), Eβ(t,x′)

]
= −i

∫
d3k

(2π)3
eik·(x−x′)

(
δαβ − kαkβ

k2

)
≡ −iδαβ⊥ (x − x′) (3.179)

where the last equality defines the transverse delta function:

δ⊥αβ(x− x′) ≡
∫

d3k

(2π)3
eik·(x−x′)

(
δαβ − kαkβ

k2

)
(3.180)

Its key property is that ∂αδ
αβ
⊥ (x) = 0 (which is obvious in the momentum

space representation) thereby making the commutation relations consis-

tent with ∇ · A = 0. One can write down the explicit form of δαβ⊥ (x) in
coordinate space by noting that it can be written, formally, as

δ⊥αβ(x) =
(
δαβ − ∂α

1

∇2
∂β

)
δ(x) ≡ (P⊥)αβ δ(x) (3.181)

By defining the inverse of the Laplacian as an integral operator, one can
easily show that:

δ⊥αβ(x) = δαβ δ(x) +
1

4π
∂α∂β

1

|x| (3.182)

The analysis shows that the commutator [Aα(t,x), Eβ(t,x′)] does not have
the value [iδαβδ(x − x′) which we might have naively thought it should
have. In the radiation gauge, if we identify the correct harmonic oscillator
variables and quantise them, everything works fine and this commutator
has56 a value given by Eq. (3.179).

The price we have paid is the loss of manifest Lorentz invariance and,
of course, loss of gauge invariance. The first problem can be avoided by
using a Lorentz invariant gauge like the Lorenz gauge. The second problem
is going to stay with us because we have to always fix a gauge — naively
or in a more sophisticated manner — to isolate the physical variables but
we expect the meaningful results to be gauge invariant. We will say more
about this in the next section.
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Let us next consider the commutator between the fields at arbitrary
events. A straightforward calculation gives:

[
Aα(x), Aβ(y)

]
=

∫
d3k

(2π)3
1

2ωk

(
2∑

λ=1

εα(k, λ)εβ(k, λ)

)
(3.183)

×
(
e−ik(x−y) − e+ik(x−y)

)
=

∫
d3k

(2π)3
1

2ωk

(
δαβ − kαkβ

k2

)(
e−ik(x−y) − e+ik(x−y)

)

This can again be expressed in the coordinate space using the non-local
projection operator and in terms of the function Δ(x) ≡ G+(x)−G+(−x)
we introduced in Eq. (1.89) but now evaluated for m = 0; it is usual to
define

D(x) ≡ −iΔ(x)|m=0 = − 1

2π
θ(t)δ(x2) (3.184)

in the massless case where the last equality is easy to obtain from any of
the integral representations for Δ. We find

[
Aα(x), Aβ(y)

]
=

(
δαβ − ∂α∂β

∇2

)∫
d3k

(2π)3
1

2ωk

(
e−ik(x−y) − e+ik(x−y)

)
= (P⊥)

αβ [iD(x− y)] (3.185)

A straightforward evaluation of the integrals reveals, at first sight, another
problem: this commutator now does not vanish outside the light cone —
something we have been claiming is rather sacred! But this is sacred only
for observable quantities and Ai is not an observable. (In fact, if we use
some other gauge we will get a different result for this commutator; in
the Lorenz gauge it does happen to vanish outside the light cone.) If
the commutator between the electric fields, for example, does not vanish
outside the light cone, you will be in real trouble. This, as you might have
guessed from the fact that we are still in business, does not happen. The
commutator of the electric fields is given by:[

Eα(x), Eβ(y)
]

= ∂0
x∂

0
y

[
Aα(x), Aβ(y)

]
= i∂0∂0 (P⊥)

αβ
D(x− y)

= iδαβ∂0∂0D(x− y)

− ∂α∂β

∫
d3k

(2π)3
1

2ωk

ω2
k

k2

(
e−ik(x−y) − e+ik(x−y)

)
= i

(
δαβ∂0∂0 − ∂α∂β

)
D(x− y) (3.186)

which vanishes for spacelike separation. Further, this commutator has the
same expression in all gauges, as one would have expected.

3.6.2 Gauge Fixing and Covariant Quantization

In the case of scalar fields we saw that the propagation amplitude G(x2;x1)
(or propagator, for short) can be related to the vacuum expectation value of
the time ordered product of the fields. In a similar manner, one can obtain
the propagator for the photon from the vacuum expectation value of the
time ordered product of the vector potential. We would, however, like to
have a photon propagator which is Lorentz invariant and this cannot be
obtained using the radiation gauge discussed above because it is not Lorentz

Exercise 3.19: Prove Eq. (3.184).

Exercise 3.20: Show that[
Aα(x), Aβ(y)

]
is given by

iδαβD(x − y) + ∂α∂βH(x − y)
where H(x) = −(i/8π)(1/r)[vsgn(v)−
usgn(u)] with v ≡ t+ r and u ≡ t− r.
Hence argue that the commutator
does not vanish outside the light cone.
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57This is the party line and, of course,
this procedure has been enormously
successful in practice. But the fact
that the cleanest description of nature
seems to require gauge redundant vari-
ables — likeAj in electrodynamics and
it gets worse in gauge theories — is
rather strange when you think about
it. Mathematically it has something
to do with the representations of the
Lorentz group and elementary combi-
natorics; we will say something about
it in a later chapter. Physically this
issue is related to whether Aj is a lo-
cal observable in quantum theory (and
all indications are that it is not) and if
not whether we can formulate the en-
tire theory using only gauge invariant
variables like Fik. There have been at-
tempts but nobody has succeeded in
coming up with a useful, simple, for-
malism which does not use gauge de-
pendent variables. One can indeed
rewrite all the expressions involving
the vector potentials Aj in terms of the
field tensor Fab after choosing a spe-
cific gauge. But this relation will be
non-local and the resulting theory will
appear to be non-local though we know
that it is actually local — and you need
to first choose a gauge to do this inver-
sion. This is one of the reasons we do
not try to express everything in terms
of Fab, and learn to love gauge fields.

invariant. While we will not work out in detail the issue of quantizing
the electromagnetic field in Lorentz invariant gauges, it will be useful to
describe some important features which will be needed in later chapters.
We will now take up some of these topics.

We have seen in the last chapter (see Sect. 2.2.1; especially Eq. (2.49)
and Eq. (2.48)) that the propagator arises as the inverse of a differential
operator D which occurs in the Lagrangian in the form φDφ. In the case
of the electromagnetic field, the Lagrangian can be rewritten, by removing
a total divergence, in the form

−1

4
FikF

ik = −1

2
(∂iAk)

(
∂iAk − ∂kAi

)
(3.187)

= −1

2
∂i
[
Ak∂

iAk −Ak∂
kAi
]
+

1

2
Ak

(
δki �− ∂k∂i

)
Ai

Therefore the action can be expressed in the form

A = −1

4

∫
d4xFikF

ik =⇒ 1

2

∫
d4xAk

(
δki �− ∂k∂i

)
Ai

= −1

2

∫
d4p

(2π)4
Ak(p)

[
δki p

2 − pkpi
]
Ai(p) (3.188)

In arriving at the first step we have ignored the total divergence and the
last equality is obtained by writing everything in the momentum space. To
find the propagator in the momentum space we need to find the inverse of
the matrix Mk

i = δki p
2 − pkpi. But since Mk

i p
i = 0 it is obvious that this

matrix has an eigenvector pi with zero eigenvalue. Therefore, its inverse
does not exist.

The reason is that the action is invariant under the gauge transforma-
tion Ai → Ai + ∂iΛ which translates to Ai(p) → Ai(p) − ipiΛ(p) in the
momentum space. The gauge invariance requires the extra term propor-
tional to pi not to contribute to the action in momentum space. This is
why the matrix Mk

i necessarily has to satisfy the constraint Mk
i p

i = 0; so
it must have a zero eigenvalue if the action is gauge invariant. In other
words, we cannot find the inverse if we work with a gauge invariant action.

The simplest way out is to fix the gauge in some suitable form and hope
that final results will be gauge invariant.57 There are several ways of fixing
the gauge and we will discuss a couple of them and a formal procedure to
do this at the level of the action.

The first procedure is a cheap trick. If we add a mass term to the photon
by adding a term m2AjA

j term to the Lagrangian, we immediately break
the gauge invariance. In this case the action for the vector field interacting
with, say, a current Jm will be

A =

∫
d4x L =

∫
d4x

[
1

2
Am

[(
∂2 +m2

)
ηmn − ∂m∂n

]
An +AmJm

]
(3.189)

Now the relevant propagator Dnl will satisfy the equation[(
∂2 +m2

)
ηmn − ∂m∂n

]
Dnl(x) = δml δ(x) (3.190)

This is exactly analogous to Eq. (2.49) for the scalar field with a couple of
extra indices. The solution is trivial in the Fourier space and we get

Dnl(k) =
−ηnl + (knkl/m

2)

k2 −m2 + iε
(3.191)
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which is a well defined propagator for a massive vector field. In the last
step, we have also added the iε factor with the usual rule thatm2 → m2−iε.

The propagator for the photon needs to be obtained by taking the m →
0 limit of our expressions, which makes Eq. (3.191) blow up in your face.
The idea is to leave m non-zero, do calculations with it and take the limit
right at the end after computing the relevant amplitude. This trick usually
works as long as the vector field is coupled to a conserved current. When the
current Jm is conserved, the equation ∂mJm = 0 translates to kmJm(k) =
0 in momentum space. While computing amplitudes, you usually have
to contract the propagator with the current, obtaining Dnm(k)Jm(k). In
these expressions the kmkn/m

2 does not contribute because kmJm(k) = 0
and we get the same result as with no mass term. We can take the m → 0
limit trivially.

As an application of this trick, let us consider the functional Fourier
transform of the massive vector field with respect to an external source
Jm(x) exactly in analogy with what we did for scalar fields in Sect. 2.2.1.
We will now get the result∫

DAj exp i

∫
d4x

{
1

2
Ak

(
δki
(
�+m2

)− ∂k∂i
)
Ai +AmJm

}
= exp iW (J) (3.192)

where

W (J) = −1

2

∫
d4k

(2π)4
Jm(k)∗

[−ηmn + (kmkn/m
2)

k2 −m2 + iε

]
Jn(k) (3.193)

For a conserved current, the terms in the numerator with (1/m2) do not
contribute, and we get

W (J) =
1

2

∫
d4k

(2π)4
Jm(k)∗

1

k2 −m2 + iε
Jm(k) (3.194)

in which we can take the limit of m going to zero in the denominator
without any difficulty and obtain:

W (J) =
1

2

∫
d4k

(2π)4
J∗
m(k)Jm(k)

k2 + iε
(3.195)

If you compare this with the scalar field case you see a crucial sign difference
in W (J); so, if you rework the energy for a static source, it will come out
to be positive.58 Like charges repel in electromagnetism.

While the above example shows that you can sometimes fix the gauge by
adding a mass term to the photon, this is no good if you want to write down
a covariant propagator which is finite. As we saw above, the propagator
itself was divergent in the m → 0 limit. One way out of this is to add
an explicit gauge fixing term into the Lagrangian in which we do not have
to take any singular limits. A simple way to impose the gauge condition
∂mAm = constant, say, is to modify the Maxwell Lagrangian by adding
an arbitrary function Q(∂A) of ∂mAm ≡ ∂A. Let P be the derivative
of Q with respect to its argument; ie., P (∂A) = Q′(∂A). The modified
Lagrangian

L = −1

4
FijF

ij −Q(∂A) (3.196)

58The sign difference arises from the
−ηnl term in Eq. (3.191) which leads
to a term D00 = −(k2 + iε)−1 which
has an extra minus sign compared to
the scalar field case.
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59Though any non-trivial Q will fix
the gauge, quadratic terms make the
path integrals simpler.

then leads to the field equation:

�Aj − ∂j(∂A) + ∂jP = 0 (3.197)

On taking the divergence we get the condition �P = 0 to which one can
consistently take the solution to be P = 0. This requires Q and hence ∂A
to be a constant which is our gauge condition. The usual procedure is to
take Q to be a quadratic function such as Q = (1/2)ζ(∂A)2, where ζ is a
constant.59 In this case, we modify the Lagrangian to the form:

L = −1

4
FmnF

mn − 1

2
ζ (∂sA

s)
2

(3.198)

The field equations now get modified to

�Am − (1− ζ) ∂m (∂sA
s) = 0 (3.199)

If we take the divergence of this equation with respect to xm, we get the
constraint ζ � (∂sA

s) = 0 for which one can consistently choose the solu-
tion ∂mAm = 0 thereby imposing the Lorenz gauge condition on the vector
potential. With this condition, the field equation reduces to �Am = 0
which, of course, has a well defined propagator etc. One can also obtain
the same result by choosing ζ = 1 in Eq. (3.198) so that the second term
in Eq. (3.199) vanishes.

The differential operator D−1
mn in the Lagrangian (AmD−1

mnA
n) now

takes the form, in momentum space,

D−1
mn(k) = −ηmnk

2 + (1− ζ) kmkn (3.200)

The propagator in momentum space is the inverse of this matrix. Assuming
that the matrix has the form

(D)ns(k) = A(k2)ηns +B(k2)knks (3.201)

and imposing the condition Dmn(k)(D
−1)ns(k) = δsm, we get the two con-

straints
−k2A(k2) = 1; ζ k2 B(k2) = (1− ζ)A(k2) (3.202)

One can immediately see that if ζ = 0, these equations are not compatible
showing again that, without the gauge fixing term, the differential operator
has no inverse. When ζ �= 0, we can solve for A and B and obtain the
propagator:

Dmn(k) =
−ηmn

k2 + iε
+

ζ − 1

ζ

kmkn

(k2 + iε)2
(3.203)

The choice ζ = 1 clearly simplifies the structure of the propagator and
reduces it to the form we encountered earlier in obtaining Eq. (3.195). The
gauge choice with ζ → ∞ is called the Landau gauge, and in this case the
propagator becomes

Dmn(k) =
kmkn − ηmnk2

(k2 + iε)2
(3.204)

One can show, with a fair amount of effort and after surmounting some
additional complications, that these propagators can actually be expressed
as the vacuum expectation value of the time ordered product of the Ajs
when we quantize the field in the relevant gauge.
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The way we have introduced the gauge fixing term in Eq. (3.198) allows
taking the limit of ζ → 0 easily. From the structure of Eq. (3.203), it
is obvious that the parameter λ ≡ (1/ζ) expresses the propagator in an
equivalent but simpler form as

Dmn(k) = − 1

k2 + iε

(
ηmn − kmkn

k2

)
− λ

kmkn
k2

= − i

k2

[
ηmn − (1− λ)

kmkn
k2

]
(3.205)

The first line of this equation shows that the part of Dmn(k) — which is
independent of the gauge fixing term — is orthogonal to km because of
which we do not get a sensible inverse in the absence of gauge fixing terms.
The structure of this propagator will play a crucial role in our discussion
of QED.

There is a very cute way60 of introducing the gauge fixing terms we
saw above by using path integrals. While this is not essential for our
discussion, we will describe it because of its cleverness as well as the fact
that this procedure plays a crucial role in quantizing non-Abelian gauge
theories.

The starting point for this approach is the formal path integral for the
vector field61 written in the form

Z =

∫
DAj exp[iS(Aj)] (3.206)

The first thing you note is that this functional integral, as it stands, is
ill-defined if we try to integrate over all functions Aj(x). If we consider two

vector potentials A
(α)
m and Am related by a gauge transformation A

(α)
m ≡

Am − ∂mα, then the action as well as the measure will be the same for

both because both are gauge invariant. So if you sum over both A
(α)
m and

Am, you will get a divergent result.62 This should be no more mysterious
than integrating over x and y of a function which is actually independent
of x. Nothing you do can make this divergence go away but the idea is to
separate it out in a sensible form as an infinite constant in Z such that the
remaining part of the functional integral is well defined.

So we want to reduce Z to a form Z = NF where N is an infinite
constant independent of Aj and F is a well defined functional of Aj . Obvi-
ously, this will require restricting the gauge in some manner but the trick
is to do it in such a way that the integration over the gauge transformation
function α(x) can be separated out.

Let us say that we want to impose a gauge condition G(A) ≡ ∂mAm −
ω(x) = 0 where ω is some function. This can be done by introducing a
Dirac delta functional δ(G) inside the functional integral. But that will be
cheating, since it changes the value of the integral. A legitimate way of
introducing the delta functional is to write the factor unity in the form

I =

∫
Dα(x)δ(G(A(α)

m ))Det

(
δG(A

(α)
m )

δα

)
(3.207)

This is just an integral over DGδ(G) [which is unity by definition] rewritten
with α as the variable of integration with the Jacobian determinant taking

care of the transformation from G to α. Since A
(α)
m = Am + ∂mα, we have

60This is called the Fadeev-Popov
procedure

61Notation alert: We use S (rather
than A) for the action, for typograph-
ical clarity.

62There is a subtlety here. The rig-
orous definition of path integrals from
time slicing leads to integration in
phase space over both coordinates and
momenta (see Sect. 1.6.1). This gener-
alizes to, for example, the scalar field
in a natural fashion. The phase space
for the electromagnetic field, however,
is constrained because of gauge invari-
ance. So it is not obvious that one
can define the theory using a path in-
tegral over Aj at all. We won’t discuss
this because there are ways of getting
around it formally leading to the same
results.
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G(A
(α)
m ) = ∂mAm+∂2α−ω and (δG/δα) = ∂2; the determinant is just Det

[∂2] which is independent of Aj . Introducing this factor of unity into the
path integral and pulling out the determinant because it is independent of
Aj , we get the result

Z =

∫
Dα

∫
DAj e

iS[A] δ(G(A
(α)
j ))Det[∂2]

=

∫
Dα Det[∂2]

∫
DAj e

iS[A]δ(G(A
(α)
j )) (3.208)

But since both the measure and the action are gauge invariant, we know

that DAj = DA
(α)
j and S[A] = S[A

(α)
j ], which allows us to write

Z =

∫
Dα Det[∂2]

∫
DA

(α)
j eiS[A(α)]δ(G(A

(α)
j ))

=

∫
Dα Det[∂2]

∫
DAj e

iS[A]δ(G) (3.209)

In arriving at the second equality we have just replaced integration over

A
(α)
j by integration over Aj . We have now isolated the infinite integration

measure over the gauge function α in the first factor and all the dependence
on Aj is contained in the second functional integral over Aj . The Dirac
delta function in it restricts integration to configurations for which G =
∂mAm − ω(x) = 0.

There is one final trick which we can use to eliminate the ω depen-
dence of the result. Consider a functional integral over ω of some arbitrary
function F (ω) leading to some finite constant C:∫

Dω F (ω) = C; 1 =
1

C

∫
Dω F (ω) (3.210)

We now introduce this factor of unity into the path integral and write∫
DAj e

iS[A]δ [∂A− ω] =
1

C

∫
Dω

∫
DAj e

iS[A]δ [∂A− ω]F (ω) (3.211)

Interchanging the order of functional integrations, we find that we have the
result ∫

DAj e
iS[A]δ [∂A− ω] =

1

C

∫
DAeiS[A]F (∂A) (3.212)

which is expressed entirely in terms of the vector potential Aj . If you take
F ∝ exp−i

∫
Q(∂A)d4x then we are essentially adding −Q(∂A) as a gauge

fixing term to the Lagrangian, obtaining the result in Eq. (3.196). But
since we like quadratic Lagrangians, we choose Q ∝ (∂A)2 by taking

F (ω) = exp

(
−i

∫
d4x

ζ

2
ω2

)
(3.213)

in which case the final result will be

Z =

{
1

C
det
(
∂2
) ∫ Dα

}
(3.214)

×
∫

DAj exp

(
−i

∫
d4x

[
1

4
FmnFmn +

ζ

2
(∂mAm)

2

])
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Except for the infinite constant in the curly bracket, we are now working
with an action with an extra gauge fixing term which we introduced earlier
in Eq. (3.198) somewhat arbitrarily.

The above procedure also works in the case of Coulomb gauge thereby
justifying the quantization scheme, which we have originally adopted, in
the language of the path integral. While integrating over DAj = DA0DA
we can impose the ∇ ·A = 0 condition by introducing a factor

1 = Δ

∫
[Dω]δ[∇ ·Aω], Aω

m ≡ Am + ∂mω (3.215)

where Δ is the determinant which is independent of Ai, into the path
integral, thereby making A purely transverse. Going through the same
procedure as above, this will lead to a path integral of the form

Z[J ] =

∫
DA0 DA δ[∇ ·A] eiS[A]+i

∫
d4x JmAm (3.216)

when the field is coupled to a source. We have already seen in Sect. 3.1.5
that in the Coulomb gauge, the A0 decouples from A in the action and can
be integrated out separately. This will essentially add a phase containing
the Coulomb energy of interaction which can be ignored. The rest of the
integration is over the transverse degree of freedom which will lead to a
term like

Z[J ] ∝ exp

[
1

2

∫
d4x d4y Jκ(x)G

κλ(x, y)Jλ(y)

]
(3.217)

where Gκλ is the transverse propagator coupling the transverse degrees
of freedom of the source. This result ties up with the previous analysis
done in the canonical formalism in Sect. 3.6.1 and relates the transverse
propagator to the interaction between the currents.

3.6.3 Casimir Effect

It is obvious that the success of our program, for quantizing a field and in-
terpreting the states in the Hilbert space in terms of particles, is closely tied
to decomposing the field into an infinite number of harmonic oscillators.
The facts: (i) the energy spectrum of the harmonic oscillator is equally
spaced and (ii) its potential is quadratic, are the features which allow us
to introduce quantum states labeled by a set of integers with the energy of
the state changing by �ωk when nk → nk + 1. But if we take these oscil-
lators seriously, we get into trouble with their zero point energy (1/2)�ωk

which adds up to infinity. The conventional wisdom — which we have been
faithfully advocating — is to simply throw this away by introducing normal
ordering of operators like the Hamiltonian.

There is however one effect (called the Casimir effect, which is observed
in the lab) for which the most natural explanation is provided in terms of
the zero point energy of the oscillators. This is probably one of the most
intriguing results in field theory and is worth understanding.

Consider two large, plane, perfect conductors of area L2 kept at a dis-
tance a apart in otherwise empty space. This is like two capacitor plates
with L � a (which allows us to ignore the edge effects) but we have not
put any charges on them. Experiments show that these two plates exert a
force of attraction on each other which varies as a−4. You need to explain
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63The vanishing boundary condition
is expected to mimic what happens in
the case of electromagnetic field on the
surfaces of the perfect conductors.

64This can be quite shocking to any-
one innocent of the practices in high
energy physics. One might have ex-
pected that the sum, if not infinite,
should at least be decent enough to be
a positive integer rather than a nega-
tive fraction! Such a conclusion, com-
ing from physicists, would be quite sus-
pect; but it was first obtained by a very
respectable mathematician, Euler. In
fact, most of our discussion will revolve
around attributing meaning to diver-
gent expressions in a systematic man-
ner.

why two perfect conductors kept in the vacuum should exert such a force
on each other!

The simplest explanation is the following: In the absence of the plates
we are in the vacuum state of the electromagnetic field (made of an infinite
number of oscillators) with corresponding mode functions varying in space
as exp(ik·x) with all possible values for k. When you introduce two plates,
you have to impose the perfect conductor boundary condition for the elec-
tromagnetic field at the location of the plate. If the plates are located at
z = 0 and z = a, this necessarily limits the z-component of the wave vector
k to be discrete with the allowed values being kz = nπ/a with integral
n. The form of the total zero point energy for the oscillators will now be
different (though, of course, still divergent) from the original form of the
total zero point energy. The difference between the zero point energies
calculated with and without the plates will involve subtracting one infinity
from other. There are several ways of giving meaning to such an opera-
tion, thereby extracting a finite result for the difference. This difference
turns out to be negative and scales as (−a−3); this leads to an attractive
force because reducing a decreases this energy. Thus, whether zero point
energies exist or not, their differences seem to exist and seem to be finite!

Given the conceptual importance of this result, we will provide a fairly
detailed discussion of its derivation. To understand the key issues which
are involved, we will first consider a toy model of a scalar field in the (1+1)
dimension and then study electromagnetic fields in (3+1).

Consider the quantum theory for a massless scalar field in the (1+1)
dimension when the field is constrained to vanish63 at x = 0 and x = L.
The allowed wave vectors for the modes are now given by kn = (nπ/L).
The total zero-point energy of the vacuum in the presence of the plates is
therefore given by

E =

∞∑
n=0

1

2

nπ

L
=

π

2L

∞∑
n=0

n (3.218)

To give meaning to this expression, we need to evaluate the sum over
all positive integers. It turns out that this sum64 is equal to −(1/12) so
that E = −(π/24L). If one imagines two point particles at x = 0 and
x = L (which are the analogs of two perfect conductors in the case of
electromagnetism), this energy will lead to an attractive force (∂E/∂L) =
(π/24L2) between the particles. Let us now ask how we can obtain this
result.

There are rigorous ways of defining sums of certain divergent series
which could be used for this purpose. But before discussing this approach,
let us consider a more physical way of approaching the question. We first
note that the zero-point energy in the absence of plates is given by the
expression

E0 =

∫ ∞

−∞

Ldk

2π

1

2
|k| = 2L

4π

(
π2

L2

)∫ ∞

0

dnn =
π

2L

∫ ∞

0

dnn (3.219)

where we have used the substitution k = (πn/L) with n being a continuous
variable. What we are really interested in is the energy difference given by

ΔE =
π

2L

[ ∞∑
n=0

n−
∫ ∞

0

dnn

]
(3.220)
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To evaluate this difference, let us introduce a high-n cut-off by a function
e−λn into these expressions and take the limit of λ → 0 at the end of the
calculation. That is, we think of the energy difference as given by65

ΔE =
π

2L
lim
λ→0

[ ∞∑
n=0

ne−λn −
∫ ∞

0

dnne−λn

]
(3.221)

For finite λ, the energy difference can be evaluated as

ΔE = − π

2L

d

dλ

[ ∞∑
n=0

e−λn − 1

λ

]
= − π

2L

d

dλ

[
1

1− e−λ
− 1

λ

]
(3.222)

We are interested in this expression near λ = 0 which can be computed by
a Taylor series expansion. We see that:[

1

1− e−λ
− 1

λ

]
≈ 1

λ
[
1− 1

2λ+ 1
6λ

2 +O(λ3)
] − 1

λ

=
1

λ

[(
1

2
λ− 1

6
λ2

)
+

(
1

2
λ− 1

6
λ2

)2

+O(λ3)

]

=
1

2
+

1

12
λ+O(λ2) (3.223)

It follows, quite remarkably, that:

ΔE = − π

2L

(
1

12

)
+O(λ) → − π

24L
(3.224)

which is the same result we would have obtained by treating the sum over
all positive integers as (−1/12) as we mentioned before!

The above procedure of introducing a cut-off function e−λn and taking
the limit of λ → 0 at the end of the calculation has one serious draw-
back. The (−1/12) we obtained seems to have come from the Taylor series
expansion of e−λ and hence it is not clear whether the same result will hold
if we use some other cut-off function to regularize the sum and the integral.
To settle this question, we need to evaluate expressions like

Δf ≡
∞∑

n=0

f(n)−
∫ ∞

0

dn f(n) (3.225)

where f(x) is a function which dies down rapidly for large values of the
argument. It can be shown that (see Mathematical Supplement Sect. 3.8):

Δf =

∞∑
n=0

f(n)−
∫ ∞

0

dn f(n) = −
∞∑
1

Bk

k!

(
Dk−1 f

) ∣∣∣∣
0

(3.226)

where D = d/dx and Bk (called Bernoulli numbers) are defined through
the series expansion

t

et − 1
=

∞∑
k=0

tk

k!
Bk (3.227)

Consider now an arbitrary cut-off function F (λx) instead of exp(−λx) and
let the modified function be f(x) = xF (λx) with the condition that F (0) =
1. Using Eq. (3.226) we can compute Δf with this cut-off function and take

65From a physical point of view, we
could think of a factor like e−λn as
arising due to the finite conductivity of
the metallic plates in the case of (1+3)
electrodynamics which makes conduc-
tors less than perfect at sufficiently
high frequencies.
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the limit λ → 0. Equation (3.226) requires us to compute the derivatives
of f(x) at the origin and take the limit λ → 0. One can easily see that the
first derivative evaluated at the origin is given by

[xF ′(λx)λ + F (λx)]
∣∣∣
x=0

= 1 (3.228)

and the second derivative vanishes[
F ′(λx)λ + xλ2F ′′(λx) + λF ′(x)

] ∣∣∣
x=0

→ 0 (3.229)

when λ → 0. All further derivatives will introduce extra factors of λ and
hence will vanish. We therefore find that

Δf = −B2

2!
f ′(0) = − 1

12
(3.230)

where we have used the fact that B2 = (1/6). This shows that, for a wide
class of cut-off functions, we recover the same result. Knowing this fact,
we could have even taken f(n) = n in Eq. (3.226) and just retained the
first derivative term (which is the only term that contributes) on the right
hand side of Eq. (3.226).

Having done this warm-up exercise, let us turn our attention to the
electromagnetic field in (1+3). We consider a region between two parallel
conducting plates, each of area L × L, separated by a distance a. We
will assume that L � a and will be interested in computing the force
per unit area of the conducting plates by differentiating the corresponding
expression for zero-point energy with respect to a. As in the previous case,
we want to compute the zero-point energy in the presence of the plates
and in their absence in the 3-dimensional volume L2a and compute their
difference.

The energy contained in this region in the absence of plates is given by
the integral

E0 = 2

∫
L2d2k

(2π)2

∫
a dk3
2π

[
1

2

√
k21 + k22 + k23

]

=

∫
L2d2k

(2π)2

∫ ∞

0

dn

√
k21 + k22 +

(nπ
a

)2
(3.231)

where the overall factor 2 in front in the first line takes into account two
polarizations and we have set k3 = (nπ/a) with a continuum variable n
to obtain the second line. Writing the transverse component of the wave
vector as k2⊥ ≡ k21 + k22 ≡ (π/a)2μ, we can re-write this expression as an
integral over μ and n in the form

E0 =
π2L2

4a3

∫ ∞

0

dμ

∫ ∞

0

dn
[
μ+ n2

]1/2
(3.232)

Both the integrals, of course, are divergent — as to be expected.
Let us next consider the situation in the presence of the conducting

plates. This will require replacing the integral over n by a summation over
n when n �= 0. When n = 0, the corresponding result has to be multiplied
by a factor (1/2) because only one polarization state contributes. This
comes about from the nature of the mode functions for the vector potential
A in the presence of the plates. (See also Problem 4.) We will work in
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the gauge with A0 = 0, ∇·A = 0 and decompose the vector potential into
parallel and normal components A = A‖ +A⊥ where A⊥ is along the z-
axis while A‖ is parallel to the plates in the x− y plane. If you impose the
boundary condition, that the parallel component of the electric field and
the normal component of the magnetic field should vanish on the plates,
we get the conditions66

∂A‖
∂t

∣∣∣∣
z=0

=
∂A‖
∂t

∣∣∣∣
z=a

= 0, Bz|z=0 = Bz|z=a = 0 (3.233)

It is straightforward to determine the allowed modes in this case and you
will find that there are two polarizations, each contributing the energy:

ωk,n =

√
k21 + k22 +

(nπ
a

)2
(3.234)

when n �= 0, and one polarization contributing when n = 0. Therefore, the
corresponding expression in the presence of the plates is given by

E1

L2
=

π2

4a3

[ ∞∑
n=1

∫ ∞

0

dμ (μ+ n2)1/2 +
1

2

∫ ∞

0

dμμ1/2

]
(3.235)

The difference between the energies per unit area is essentially determined
by the combination

4a3

π2

1

L2
[E1 − E0] =

∞∑
n=1

f(n) +
1

2
f(0)−

∫ ∞

0

dnf(n) (3.236)

where

f(n) =

∫ ∞

0

dμ
√
μ+ n2 =

∫ ∞

n2

dv
√
v (3.237)

We will now use the result

∞∑
n=1

f(n)−
∫ ∞

0

dnf(n) +
1

2
f(0) = −

∞∑
m=1

B2m

(2m)!

(
D2m−1f

) ∣∣∣
0

(3.238)

which can be easily obtained from Eq. (3.226) (see Mathematical Supple-
ment Sect. 3.8). We now have to regularize the expression in Eq. (3.236) by
multiplying f(n) by a cut-off function F (λn) and work out the derivatives
at the origin and take the limit λ → 0. We will, however, cheat at this
stage and will work with f(n) in Eq. (3.237) itself, because it leads to the
same result. In this case, it is easy to see that

f ′(n)
∣∣∣
0
= −2n2

∣∣∣
0
= 0 ; f ′′(n)

∣∣∣
0
= −4n

∣∣∣
0
= 0 ; f ′′′(n)

∣∣∣
0
= −4 (3.239)

with all further derivatives vanishing. Hence we get the final result to be

ΔE

L2
=

π2

4a3

[
B4

6

]
=

π2

24a3

(−1

30

)
= − π2

720a3
(3.240)

where we have used the fact that B4 = −(1/30). The corresponding force
of attraction (per unit area of the plates) is given by

f = −∂E
∂a

= − π2

240 a4
(3.241)

66Notation: The symbols ‖ and ⊥ do
not mean curl-free and div-free parts
in this context.

Exercise 3.21: Do this rigorously by
introducing at cut-off function F (λx)
— which will ensure convergence —
and prove that you get the same re-
sult, independent of the choice of F .
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68In the language of dimensional reg-
ularization, a pet trick in high energy
physics, this means that several power
law divergences can be “regularized” to
vanish.

69In the previous discussions, we in-
terpreted the difference between two
divergent expressions as finite. Using
dimensional regularization, we are giv-
ing meaning to the divergent E0/L2 in
Eq. (3.235) directly without any sub-
traction.

Exercise 3.22: For a massless scalar
field in the (1+1) dimension, find the
vacuum functionals with and without
the vanishing boundary conditions at
x = 0, L.

It is this force (which works out to 10−8 N for a = 1μm, L = 1 cm) that
has been observed in the lab.67

A more formal mathematical procedure for obtaining the Casimir effect
in the case of the (1+1) scalar field or (1+3) electromagnetic field involves
giving meaning to the zeta function

ζ(s) =

∞∑
n=1

1

ns
(3.242)

for negative values of s. We have already seen that, in the case of the scalar
field in (1+1) dimension, we needed to evaluate the sum of all integers
which is essentially ζ(−1). To see the corresponding result in the case of
the electromagnetic field, consider the integral∫ ∞

0

dμ (μ+ n2)−α =
1

(α− 1)
n−2(α−1) (3.243)

which is well defined for sufficiently large α. We can therefore write∫ ∞

0

dμμ−α = lim
Λ→0

∫ ∞

0

dμ (μ+ Λ2)−α = lim
Λ→0

[
1

(α− 1)
Λ−2(α−1)

]
.

(3.244)
Putting α = −1/2 in this relation, it can be shown that:∫ ∞

0

dμμ1/2 = lim
Λ→0

[
1

(−3/2)
Λ3

]
= 0 . (3.245)

This means we need not worry68 about the second integral within the square
bracket in Eq. (3.235).

It follows that the quantity we needed to evaluate in Eq. (3.235) is given
by

∞∑
n=1

∫ ∞

0

dμ
(
μ+ n2

)−α
=

1

(α− 1)

∞∑
n=1

1

n2(α−1)
=

1

(α− 1)
ζ(2α − 2)

(3.246)
in the limit of α → −(1/2). That is, we need to give meaning to ζ(−3).
It is actually possible to define ζ(s) for negative integral values of s by
analytically continuing a suitable integral representation of ζ(s) in the
complex plane to these values.69 Such an analysis actually shows that
ζ(1 − 2k) = −(B2k/2k) using which we can obtain the same results as
above.

Finally we mention that the Casimir effect has a clearer intuitive expla-
nation in the Schrodinger picture. The ground state wave functional which
we computed for a scalar field in Eq. (3.128) explicitly depended on using
the running modes exp(ik · x) to go back and forth between the field config-
uration φ(x) and the oscillator variables qk. If you introduce metal plates
into the vacuum, thereby modifying the boundary conditions, the vacuum
functional will change. In other words, the ground state wave functional in
the presence of the metal plates is actually quite different from that in the
absence of the plates. (This should be obvious from the fact that Ψ should
now vanish for any field configuration which does not obey the boundary
conditions.) Since the ground states are different, it should be no surprise
that the energies are different too.

67So does it mean that zero point en-
ergies are non-zero and normal order-
ing is a nonsensical procedure? While
the above derivation provides the most

natural explanation for Casimir effect,
it is possible to obtain it by comput-
ing the direct Van der Waals like forces
between the conductors. The fact
that conductivity has a frequency de-
pendence provides a natural high fre-
quency cut-off. If you accept this al-
ternative derivation (originally due to
Liftshitz), then may be what you need
to really understand is why zero point
energies with dubious subtractions of
infinities also give the same result. No-
body knows for sure.
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3.6.4 Interaction of Matter and Radiation

The electromagnetic field, as we have mentioned before, is the first example
in which one noticed the existence of quanta which, in turn, arose from
the study of the interaction between matter and radiation. While this is
probably not strictly a quantum field theoretic interaction — we will deal
with a non-relativistic quantum mechanical system coupled to a quantized
electromagnetic field — we will describe this briefly because of its historical
and practical importance.

To do this, we have to study the coupling between (i) quantized elec-
tromagnetic fields and (ii) a charged particle (say, an electron in an atom)
described by standard quantum mechanics. A charged particle in quantum
mechanics will have its own dynamical variable x and momentum p obey-
ing standard commutation rules. Depending on the nature of the system,
such a charged particle can exist in different (basis) quantum states, each
of which will be labeled by the eigenvalues of a complete set of commut-
ing variables. (For example, the quantum state |nlm〉 of an electron in a
hydrogen atom is usually labeled by three quantum numbers n, l and m.)
For the sake of simplicity, let us assume that the quantum states of the
charged particle are labeled by the energy eigenvalues |E〉; the formalism
can be easily generalized when more labels are needed to specify the quan-
tum state. The coupling between the electromagnetic field and the atomic
system is described by the Hamiltonian

Hint = −
∫

d3x J ·A (3.247)

where to the lowest order,70 in the non relativistic limit, J = qv ∼= (q/m)p
= (q/m)(−i∇). We are interested in the transitions caused between the
quantum states of the electromagnetic field and matter due to this inter-
action.

Let the initial state of the system be |Ei, {nkα}〉 where Ei represents
the initial energy of the matter state and the set of integers {nkα} denote
the quantum state of the electromagnetic field. We now turn on the inter-
action Hamiltonian Hint. Because of the coupling, the system can make a
transition to a final state |Ef , {n′

kα}〉 where Ef represents the final energy
of the matter state and a new set of integers {n′

kα} denote the final quan-
tum state of the electromagnetic field. To the lowest order in perturbation
theory, the probability amplitude for this process is governed by the matrix
element

Q ≡ 〈Ef , {n′
kα}|Hint|Ei, {nkα}〉. (3.248)

To see the nature of this matrix element, let us substitute the expansion of
the vector potential written in the form

A(t,x) =
∑

α=1,2

∫
d3k

(2π)3

(
akαAkα + a†kαA

∗
kα

)
;

Akα =

(
1

2ωk

)1/2

εkαe
−ikx. (3.249)

70The canonical momentum in the
presence of A will have an extra piece
(qA/c) which will lead to a term pro-
portional to q2A2 in J · A. This
quadratic term in qA is ignored in the
lowest order.
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into the interaction Hamiltonian; then Hint becomes the sum of two terms

Hint = −
∫

d3x J ·A (3.250)

= −
∫

d3x J.
∑

α=1,2

∫
d3k

(2π)3

(
akαAkα + a†kαA

∗
kα

)
≡ Hab +Hem.

Since the creation and annihilation operators can only change the energy
eigenstate of the oscillator by one step, it is clear that the probability
amplitude Q in Eq. (3.248) will be non zero only if the set of integers
characterizing the initial and final states differ by unity for some oscilla-
tor labeled by kα. In other words, the lowest order transition amplitudes
describe either the emission or the absorption of a single photon with a def-
inite momentum and polarization. Since the creation operator a†kα changes

the integer nkα to (nkα + 1), the term proportional to a†kα governs the
emission; similarly, the term proportional to akα governs the absorption of
the photon. Let us work out the amplitude for emission in some detail.

The emission process, in which the quantum system makes the transi-
tion from |Ei〉 to |Ef 〉 and the electromagnetic field goes from a state |nkα〉
to |nkα + 1〉, during the time interval (0, T ), is governed by the amplitude

A =

∫ T

0

dt 〈Ef |〈nkα + 1|Hem|nkα〉|Ei〉

= −
∫ T

0

dt

∫
d3x 〈Ef |J ·A∗

kα|Ei〉 (nkα + 1)
1/2

(3.251)

where we have used the fact that 〈nkα + 1|A|nkα〉 = A∗
kα (nkα + 1)

1/2
.

Using the expansion for Akα in Eq. (3.249) and the fact that the energy
eigenstates have the time dependence exp (−iEt), the amplitude A can be
written as

A = −
(

1

2ωk

)1/2

(nkα + 1)
1/2

(3.252)

×
∫ T

0

dt

∫
d3x φ∗

f (x)
(
J.εkαe

−ik.x
)
φi (x) e

−i(Ei−Ef−ω)t

where φi (x) , φf (x) denote the wave functions of the two states. Denoting
the matrix element∫

d3xφ∗
f (x)

(
Je−ik·x)φi(x) =

q

m

∫
d3xφ∗

f (x)p e−ik.xφi(x) (3.253)

(which is determined by the system emitting the photon) by the symbol
Mfi, the probability of transition |A|2 becomes

|A|2 = P (T ) =

(
1

2ωk

)
|εkα ·Mfi|2 (nkα + 1) |F (T )|2 (3.254)

where

|F (T )|2 =

∣∣∣∣
∫ T

0

dt e−i(Ei−Ef−ω)t

∣∣∣∣
2

=

[
sin(RT/2)

R/2

]2
(3.255)
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with R ≡ (Ei − Ef − ω). In the limit of T → ∞, for any smooth function
S(ω), we have the result

∫ ∞

0

dω S(ω)
sin2[(ω − ν)T/2]

[(ω − ν)/2]2
� 2T S(ν)

∫ ∞

−∞

sin2 η

η2
dη = 2π T S(ν)

(3.256)
which shows that,

lim
T→∞

sin2[(ω − ν)T/2]

[(ω − ν)/2]2
→ 2π TδD(ω − ν) (3.257)

in a formal sense. Hence Eq. (3.254) becomes, as T → ∞,

P (T ) ∼= T

(
π

ωk

) ∣∣εkα ·Mfi

∣∣2 (nkα + 1) δD(Ei − Ef − ω). (3.258)

The corresponding rate of transition is P = P (T )/T , which gives a finite
rate for the emission of photons:71

P ≡ dP

dt
=

(
1

2ωk

)
(nkα + 1) |εkα ·Mfi|22πδD (Ei − Ef − ω) . (3.259)

This expression gives the rate for emission of a photon with a specific wave
vector k and polarization α. The delta function, δD(Ei−Ef −ω) expresses
conservation of energy and shows that the probability is non zero only if
the energy difference between the states Ei − Ef is equal to the energy of
the emitted photon �ω.

Usually, we will be interested in the probability for emission of a photon
in a frequency range ω, ω + dω and in a direction defined by the solid
angle element dΩ. To obtain this quantity, we have to multiply the rate of
transition by the density of states available for the photon in this range.
The density of states (for unit volume) is given by

dN

dωdΩ
=

d3k

(2π)3
1

dωdΩ
=

1

(2π)3
k2dkdΩ

dωdΩ
=

k2

(2π)3
=

ω2
k

(2π)3
. (3.260)

Hence[
dP

dtdωdΩ

]
emi

=
dP

dt

dN

dωdΩ
=

dP

dt

ω2
k

(2π)
3

=

(
1

2ω

)
(nkα + 1) |εkα ·Mfi|22πδD (ωk − ωfi)

ω2
k

(2π)
3

∝ ωk (nkα + 1) |εkα ·Mfi|2δD (ωk − ωfi) (3.261)

with �ωfi ≡ Ei − Ef .
The analysis for the absorption rate of photons is identical except that

only the annihilation operator akα contributes. Since 〈nkα − 1|akα|nkα〉 =
n
1/2
kα , we get nkα rather than (nkα + 1) in the final result:[

dP

dΩdtdω

]
abs

∝ ωknkα|εkα ·Mfi|2δD (ωk − ωfi) . (3.262)

The probabilities for absorption and emission differ only in their de-
pendence on nkα. The probability for absorption scales in proportion to

71The integration over the infinite
range of t implies, in practice, an inte-
gration over a range (0, T ) with ωT �
1. If the energy levels have a char-
acteristic width Δω � ω, then the
above analysis is valid for ω−1 � T �
(Δω)−1.



124 Chapter 3. From Fields to Particles

72An intuitive way of understanding
stimulated emission is as follows. Con-
sider an atom making a transition from
the ground state |G〉 to an excited state
|E〉 absorbing a single photon out of
n photons present in the initial state,
leaving behind a (n− 1) photon state.
The fact that this absorption probabil-
ity P{|G;n〉 → |E;n − 1〉} ∝ n ≡ Qn
is proportional to n seems intuitively
acceptable. Consider now the prob-
ability P ′ for the time reversed pro-
cess |E;n − 1〉 → |G;n〉. By principle
of microscopic reversibility, we expect
P ′ = P giving P ′ ∝ n ≡ Qn. Call-
ing n − 1 = m, we get P ′{|E;m〉 →
|G;m+1〉} = Qn = Q(m+1). Clearly
P ′ is non zero even for m = 0 with
P ′{|E; 0〉 → |G; 1〉} = Q which gives
the probability for the spontaneous
emission while Qm gives the probabil-
ity for the stimulated emission. Thus,
the fact that absorption probabilities
are proportional to n while emission
probabilities are proportional to (n+1)
originates from the principle of micro-
scopic reversibility.

73Make sure you understand this
point. The structure of the Klein-
Gordon equation for a massless parti-
cle, �φ = 0, is identical to Maxwell’s
equations �Ai = 0 in a particular
gauge. The solutions for φ involve pos-
itive and negative energy modes and so
do the solutions for Ai. Sometimes a
lot of fuss is made over negative en-
ergy solutions, backward propagation
in time, etc. for the �φ = 0 equa-
tion while you have always been deal-
ing quite comfortably with the �Ai =
0 equation, all your life. When you
quantize the systems, they have the
same conceptual structure.

nkα. Clearly, if nkα = 0, this probability vanishes; this is obvious since
no photons can be absorbed if there were none in the initial state to begin
with. But the probability for emission is proportional to (nkα+1) and does
not vanish even when nkα = 0. Hence there is a non-zero probability for a
system at an excited state to emit a photon and come down to a lower state
spontaneously. If the initial state of the electromagnetic field has a certain
number of photons already present, then the probability for emission is
further enhanced. The emission of a photon by an excited system when
no photons were originally present is called spontaneous emission and the
emission of a photon in the presence of initial photons is called stimulated

emission. Both these processes exist and contribute in electromagnetic
transitions.72

Your familiarity with this result should not prevent you from appre-

ciating it. Spontaneous emission is a conceptually non-trivial quantum
field theoretic process and arises directly through the action of the “anti-
photon” creating term in Eq. (3.172). The electron in the excited state in
the atom, say, can be described perfectly well by the Schrodinger equation
— until, of course, it pops down to the ground state emitting a photon.
We originally had just one particle, the electron (in an external Coulomb
field) to deal with, and the Schrodinger equation is adequate. But once it
creates a photon, we have to deal with at least two particles of which one
is massless and fully relativistic. So, this elementary process of emission
of the (anti)photon by an excited atom has the key conceptual ingredient
which we started out with, while explaining the need for quantum field
theory. Without a quantized description of the electromagnetic field, we
cannot account for an elementary process like the emission of a photon by
an excited system in a consistent manner. This can also be seen from the
fact that the initial state (of an electron in the excited atomic level) has no
photons, and yet a photon appears in the final state. People loosely talk of
this as “vacuum fluctuations of the electromagnetic field interacting with
the electron”; but the way we have developed the arguments, it should be
clear that this is a field theoretic effect73 arising from the fact that negative
energy solutions of the field equations for Ai are included in Eq. (3.172).

Finally, let us see how these results are related to the Planck spectrum
of photons in a radiation cavity. If we consider quantized electromagnetic
radiation in equilibrium with matter at temperature T , then in steady
state we will expect the condition NupRem = NdownRab to hold where
Nup and Ndown represent the two levels which we designate as up and
down and Rem and Rab are the rate of emission and absorption which we
have computed above. In thermal equilibrium, the population of atoms in
the two energy levels will satisfy the condition Nup = Ndown exp(−βE) =
Ndown exp(−β�ωk) where E > 0 is the difference in the energies of the two
states and ωk is the frequency of the photon corresponding to this energy
difference. On the other hand, we see from our expressions forRem andRab

that their ratio is given by Rem/Rab = [(nkα + 1)/nkα]. The equilibrium
condition now requires

eβE =
Ndown

Nup
=

Rem

Rab
=

nkα + 1

nkα
(3.263)

which tells you the number density of photons in a cavity, say, if the radia-
tion is in equilibrium with matter atoms in the cavity held at temperature
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T . We get the historically important Planck law for radiation in the cavity:

nkα =
1

eβ�ωk − 1
(3.264)

The role played by the factors n + 1 and n in leading to this result is
obvious. That, in turn, is due to the fact that electromagnetic field can be
decomposed into a bunch of harmonic oscillators with the usual creation
and annihilation operators.

3.7 Aside: Analytical Structure of the Prop-
agator

This discussion essentially brings us to end of this Chapter 3, the main
purpose of which was to interpret particles as excitations of an underlying
quantum field. We illustrated these ideas using real and complex scalar
fields and the electromagnetic field. But in all the cases we worked with
an action which is quadratic in the field variables thereby describing free,
noninteracting fields. We also found that in each of these cases one can
obtain an expression for the propagator in terms of the vacuum expectation
value of the time-ordered fields.

When we switch on interactions between the fields, the structure of
propagators will change. As we shall see later, most of the physical pro-
cesses we are interested in (for e.g., scattering of particles) can be inter-
preted in terms of the propagators of the interacting theory. Unfortunately,
there is no simple way of computing these propagators when the interac-
tions are switched on, and much of the effort in quantum theory is directed
towards developing techniques for their computation. We shall take up
many of these issues in the next two chapters. The purpose of this last,
brief section is to introduce some exact results related to propagators which
remain valid even in an interacting field theory.

It is possible to obtain some general results regarding the analytic struc-
ture of the propagators even in the exact theory, which will be useful later
on while discussing QED. For the sake of simplicity, we shall discuss this
aspect in the context of scalar field theory. The generalization to other
fields is straightforward.

Let us write down the propagator G(x, y) = 〈0|T [φ(x)φ(y)]|0〉 for x0 >
y0 by inserting a complete set of states in between:

〈0|T [φ(x)φ(y)]|0〉 = 〈0|φ(x)φ(y)|0〉 =
∑
n

〈0|φ(x)|n〉〈n|φ(y)|0〉 (3.265)

where |n〉 is the eigenstate of the full Hamiltonian. Since the total momen-
tum commutes with the Hamiltonian, we can label any such state with a
momentum p and an energy E thereby defining74 a quantity mλ by the
relation E2 − p2 ≡ m2

λ. The λ here merely labels such states since there
could be several of them. We can therefore expand the complete set of
states in terms of the momentum eigenstates by:

∑
n

|n〉〈n| = |0〉〈0|+
∑
λ

∫
d3p

(2π)3
1

2Ep

|p〉〈p| (3.266)

where E2
p(λ) = p2 + m2

λ. Plugging this into Eq. (3.265) and using the
translation invariance and the scalar nature of the field, we can obtain

74Note that mλ is not supposed to be
the mass of any “fundamental” parti-
cle and could represent a bound state
or a composite unbound state of many
particles.

Exercise 3.23: Prove this result.
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75Typically, they arise either through
a square root or a logarithmic factor
and invariably characterize the contri-
bution of multi-particle states to the
propagator in the theory.

〈0|φ(x)|p〉λ = 〈0|φ(0)|p = 0〉e−ip·x (3.267)

This, in turn, allows us to write the propagator for x0 > y0 in the form

〈0|φ(x)φ(y)|0〉 =
∑
λ

∫
d3p

(2π)3
1

2Ep(λ)
e−ip(x−y)

∣∣∣〈0|φ(0)|p = 0〉λ
∣∣∣2 (3.268)

Or, equivalently, as

〈0|φ(x)φ(y)|0〉 =
∑
λ

∫
d4p

(2π)4
ie−ip·(x−y)

p2 −m2
λ + iε

∣∣∣〈0|φ(0)|p = 0〉λ
∣∣∣2 (3.269)

We have introduced a p0 integral as usual which ensures that the correct
pole will be picked up through the iε prescription. Here, this is merely a
mathematical trick and the propagator did not arise from any fundamental
field theory. The advantage of this form is that it trivially works for the
x0 < y0 case as well, allowing us to replace φ(x)φ(y) by the time-ordered
product T [φ(x)φ(y)] in the left hand side. If we define the Fourier transform
of the propagator in the usual manner, we find that the propagator in the
Fourier space is given by

G(p) =
∑
λ

i

p2 −m2
λ + iε

∣∣∣〈0|φ(0)|p = 0〉λ
∣∣∣2 =

∫ ∞

0

ds

2π

ρ(s)i

p2 − s+ iε
(3.270)

where we have defined a function (called the spectral density of the theory)
by

ρ(s) ≡
∑
λ

(2π)δ(s−m2
λ)
∣∣∣〈0|φ(0)|p = 0〉λ

∣∣∣2 (3.271)

In Eq. (3.270), the exact propagator is re-expressed in an integral rep-
resentation in terms of the spectral density of the theory ρ(s). We see from
the definition of ρ(s) that it picks up contributions from the various states
of the theory created by the action of the field on the vacuum. These states,
depending on the mass threshold, will lead to non-analytic behaviour or
branch-cuts in the propagators.75 Conversely, if we can write the propa-
gator G(p) of the theory — at any order of approximation — in the form
of Eq. (3.270), then we can read off the spectral density ρ(s). The branch-
cuts will now tell us about the properties of the multi-particle states in the
theory. This is a useful strategy in some perturbative computations and
we will have occasion to use this later on.

One curious application of this result is in determining the behaviour
of two-point functions for large values of the momentum. This behaviour
is important as regards divergences in perturbation theory which we will
discuss in the next two chapters. These divergences arise because, while
computing certain amplitudes using Feynman diagrams, we will integrate
over the two-point functions in the momentum space. These integrals use
the measure d4p ∝ p3dp, while the propagators decrease only as p−2 for
large p, thereby leading to divergences. You might wonder whether these
divergences arise, because our description is incorrect at sufficiently hight
energies. Can we modify the theory in some simple manner to make the
integrals convergent? This could very well be possible but not in any simple
minded way. Let us illustrate this fact by a specific example.

The simplest hope is that we can make the divergences go away by
modifying the theory at large scales to make the propagators die down
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faster than p−2. As an example, consider a Lagrangian for a scalar field in
which the kinetic energy term is modified to the form

L = −1

2
φ

(
�+ c

�2

Λ2
+m2

)
φ+ Lint(φ) (3.272)

which would lead to a propagator in the momentum space which behaves
as:

Π(p2) =
1

p2 −m2 − c(p4/Λ2)
(3.273)

In this case, the propagator decays as p−4 for large p and one would think
that the loop integrals would be better behaved. More generally, one could
think of modifying Π(p2) such that it decreases sufficiently fast as p2 → ∞.
Under Euclidean rotation, p2 → −p2E and we would like Π(−p2E) to go to
zero faster than (1/p2E).

We can actually show that this is not possible in a sensible76 quantum
theory. To do this, we go back to the spectral decomposition of the two-
point function given by Eq. (3.270), which — as we emphasized — holds
for an interacting field theory as well:

〈0|T [φ(x)φ(y)]|0〉 =
∫

d4p

(2π)4
eip·(x−y) iΠ(p2) (3.274)

where

Π(p2) ≡
∫ ∞

0

dq2
ρ(q2)

p2 − q2 + iε
→
∫ ∞

0

dq2
ρ(q2)

p2E + q2
= Π(−p2E) (3.275)

with the second result being valid in the Euclidean sector. From this, it
follows that

∣∣Π(−p2E)
∣∣ = ∣∣∣∣

∫ ∞

0

dq2
ρ(q2)

p2E + q2

∣∣∣∣ ≥
∣∣∣∣∣
∫ q20

0

dq2
ρ(q2)

p2E + q20

∣∣∣∣∣ (3.276)

for any q20 . If we now take the limit p2E → ∞, we will eventually have
p2E > q20 , leading to the result

lim
p2
E
→∞

p2E
∣∣Π(−p2E)

∣∣ ≥ lim
p2
E
→∞

p2E

∣∣∣∣∣
∫ q20

0

dq2
ρ(q2)

2p2E

∣∣∣∣∣ = A

2
(3.277)

where

A =

∫ q20

0

ρ(q2) dq2 (3.278)

defines some finite positive number. A propagator in Eq. (3.273) will violate
this bound for any c and A at large enough p2E . Note that the positivity of
ρ(q2) — which follows from its definition — is crucial for this definition. We
therefore conclude that propagators cannot decrease77 faster than (1/p2)
for large p2. Thus, simple modifications of the interactions, maintaining
unitarity, Lorentz invariance and a local Lagrangian description will not
help you to avoid the loop divergences.

76What constitute a ‘sensible’ the-
ory in this context is, unfortunately, a
matter of opinion, given our ignorance
about physics at sufficiently high ener-
gies. Roughly speaking, one would like
to have unitary, local, Lorentz invari-
ant field theory.

77This is a rather powerful result ob-
tained from very little investment!
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3.8 Mathematical Supplement

3.8.1 Summation of Series

We will provide a proof of some of the relations used in Sect. 3.6.3 here.
Let D = d/dx be the derivative operator using which we can write the

Taylor series expansion for a function f(x) as f(x + n) = enDf(x) where
n is an integer. Summing both sides over n = 0 to n = N − 1 we get

N−1∑
n=0

f(x+ n) =

N−1∑
n=0

enDf(x) =
eND − 1

eD − 1
f(x)

=
1

(eD − 1)
[f(x+N)− f(x)] (3.279)

On the right hand side, we introduce a factor 1 = D−1D and use the Taylor
series expansion of the function

t

et − 1
=

∞∑
k=0

tk

k!
Bk (3.280)

to obtain the result

D−1

[
D

(eD − 1)

]
[f(x+N)− f(x)] = D−1

∞∑
k=0

Bk

k!
Dk [f(x+N)− f(x)]

(3.281)
In the sum on the right hand side, we will separate out the k = 0 term
from the others and simplify it as follows:

D−1(f(x+N)−f(x)) = D−1

[∫ N

0

f ′(x+ t)dt

]
=

∫ N

0

f(x+ t) dt (3.282)

where, in obtaining the last result, we have used the fact that D−1f ′ = f .
Putting all these together, we get:

N−1∑
n=0

f(x+ n)−
∫ N

0

f(x+ t)dt =

∞∑
1

Bk

k!
Dk−1 [f(x+N)− f(x)] (3.283)

We will now take the limit of N → ∞ assuming that the function and all
its derivatives vanish for large arguments, thereby obtaining

∞∑
n=0

f(x+ n)−
∫ ∞

0

f(x+ t)dt = −
∞∑
1

Bk

k!

(
Dk−1f(x)

)
(3.284)

If we now choose x = 0, we obtain Eq. (3.226) quoted in the text:

Δf =

∞∑
n=0

f(n)−
∫ ∞

0

dn f(n) = −
∞∑
1

Bk

k!
Dk−1 f

∣∣∣∣
0

(3.285)

This result can be rewritten in a slightly different form which is often
useful. To obtain this, consider the Taylor series expansion of the left hand
side of Eq. (3.280) separating out the first two terms:

t

et − 1
=

∞∑
k=0

tk

k!
Bk = 1− 1

2
t+

∞∑
k=2

tk

k!
Bk (3.286)
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Since the function
t

et − 1
+

t

2
=

t

2

[
et + 1

et − 1

]
(3.287)

is even in t, the summation in the right hand side of Eq. (3.286) from k = 2
to ∞ has only even powers of t. In other words, all odd Bernoulli numbers
other than B1 vanish.78 Therefore, one could equally well write the series
expansion for Bernoulli numbers as

t

et − 1
= 1− t

2
+

∞∑
m=1

B2m

(2m)!
t2m (3.288)

which allows us to write Eq. (3.285) in the form

∞∑
n=0

f(n)−
∫ ∞

0

f(n)dn = −
∞∑
1

Bk

k!

(
Dk−1 f

) ∣∣∣∣
0

(3.289)

=
1

2
f(0)−

∞∑
m=1

B2m

(2m)!

(
D2m−1 f

) ∣∣∣∣
0

Separating out the n = 0 term in the summation in the left hand side, this
result can be expressed in another useful form:

∞∑
n=1

f(n)−
∫ ∞

0

dnf(n) +
1

2
f(0) = −

∞∑
m=1

B2m

(2m)!

(
D2m−1f

) ∣∣∣
0

(3.290)

This was used in the study of the Casimir effect in (1+3) dimensions for
electrodynamics.

3.8.2 Analytic Continuation of the Zeta Function

We will next derive an integral representation for the zeta function ζ(s)
which allows analytic continuation of this function for negative values of s.
To do this, we begin with the integral representation for Γ(s) and express
it in the form

Γ(s) =

∫ ∞

0

dt̄ t̄s−1 e−t̄ = ns

∫ ∞

0

dt ts−1 e−nt (3.291)

where we have set t̄ = nt to arrive at the last expression. Summing the
expression for Γ(s)/ns over all n, we get the result:

Γ(s)

∞∑
n=1

1

ns
=

∫ ∞

0

dt

(
ts−1

et − 1

)
= Γ(s)ζ(s) (3.292)

Let us now consider the integral,

I(s) ≡
∫
C

dz
zs−1

ez − 1
(3.293)

in the complex plane, over a contour (see Fig. 3.6) consisting of the following
paths: (i) Along the real line from x = ∞ to x = ε where ε is an infinitesimal
quantity; (ii) On a circle of radius ε around the origin going from θ = 0 to
θ = 2π; (iii) Along the real line from ε to∞. Along the contour in (i) we get
the contribution −Γ(s)ζ(s); it can be easily shown that the contribution

78This itself is an interesting result.
In fact, when you have some time to
spare, you should look up the proper-
ties of Bernoulli numbers. It is fun.

Im z

ε

Re z

Figure 3.6: Contour to evaluate
Eq. (3.293).
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Exercise 3.24: Prove Eq. (3.296).

along the circle will only pick up the residue at the origin. Finally, along
(iii) one obtains the contribution e2πisζ(s)Γ(s). We therefore find that∫

C

dz
zs−1

ez − 1
= Γ(s)ζ(s)[e2πis − 1] = Γ(s)ζ(s)eiπs(2i sin(πs))

= ζ(s)eiπs(2πi)
1

Γ(1− s)
(3.294)

In arriving at the last expression, we have used the standard identity:

Γ(s)Γ(1 − s) =
π

sinπs
(3.295)

This allows us to express ζ(s) as a contour integral in the complex plane
given by

ζ(s) = e−iπsΓ(1− s)
1

2πi

∫
C

dz
zs−1

ez − 1
(3.296)

By studying the analytical properties of the right hand side, it is easy to
show that this expression remains well defined for negative integral values
of s. For example, when s = −1, the integrand in the contour integral can
be expressed as (1/z3)[z/(ez − 1)]. The residue at the origin is therefore
governed by the z2 term in the power series expansion of [z/(ez−1)], giving
a contribution proportional to B2. Similarly, for s = −3 the integrand in
the contour integral can be expressed as (1/z5)[z/(ez − 1)]. The residue at
the origin is therefore governed by the z4 term in the power series expansion
of [z/(ez − 1)] giving a contribution proportional to B4. In fact, it is easy
to show, putting all the factors together, that:

ζ(1 − 2k) =
B2k

2k
for k = 1, 2, .... (3.297)

This gives ζ(−1) = −B2/2 = −1/12, ζ(−3) = −B4/4 = 1/120 etc. These
results provide an alternate way of giving meaning to the divergent series
which occur in the computation of the Casimir effect.



Chapter 4

Real Life I: Interactions

4.1 Interacting Fields

We have seen in the previous sections that a useful way of combining the
principles of relativity and quantum theory is to introduce the concept of
fields and describe particles as their quanta. So far, we have discussed the
quantization of each of the fields separately and have also assumed that,
when treated as individual fields, the Lagrangians are at most quadratic in
the field variables. The study of such a real scalar field based on the action
in Eq. (3.3) led to non-interacting, spinless, massive, relativistic particles
obeying the dispersion relation ω2

p = p2 +m2. Similarly, the study of the
action in Eq. (3.41) led to spinless particles with massm and charge q. This
field will also be non-interacting unless we couple it to an electromagnetic
vector potential Aj . Finally, we studied the free electromagnetic field based
on Eq. (3.63) which led to massless spin-1 photons1 which were also non-
interacting unless coupled to charged matter.

The real world, however, consists of relativistic particles which are in-

teracting with each other. If these particles arise as the quanta of free
fields, their interactions have to be modeled by coupling the fields to one
another. One prototype example could be a complex scalar field coupled
to the electromagnetic field interacting through the Lagrangian:

L = (Dmφ)∗Dmφ−m2φ∗φ− 1

4
F ikFik (4.1)

which is essentially Eq. (3.58) with the electromagnetic Lagrangian in
Eq. (3.63) added to it. When expanded this will read as:

L =
[
∂mφ∂mφ∗ −m2φ∗φ

]− [1
4
F ikFik

]
+iqAm(φ∂mφ∗ − φ∗∂mφ) + q2|φ|2AmAm (4.2)

The first line of the above equation gives the sum of the two free La-
grangians for the complex scalar field and the electromagnetic field. The
second line gives the coupling between the two fields with the strength
of the coupling determined by the dimensionless constant q which is di-
mensionless in four dimensions.. This term makes the charged particles —
which are the quanta of the complex scalar fields — interact through the
electromagnetic field.

1We haven’t actually discussed the
spin of any of these fields rigorously
and, for the moment, you can take it
on faith that scalar fields are spin zero
and the photon has spin 1. To do this
properly will require the study of the
Lorentz group which we will take up in
Chapter 5.
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2This Lagrangian has the form L =
(1/2)(∂φ)2 − V (φ) with a potential
V (φ) = (1/2)m2φ2 + (λ/4!)φ4. If you
are studying classical or quantum me-

chanics, you would have treated the
entire V as an external potential. But
in quantum field theory we think of the
(1/2)m2φ2 part (that is, the quadratic
term) as a part of the “free” field (as
long as m2 > 0) and the φ4 as self-
interaction. This is because the m2φ2

leads to a linear term in the equations
of motion and in the Fourier space,
each mode evolves independently. The
m2φ2 term also contributes to the cor-
rect description of the quanta of the
free field, with the m2 part of the dis-
persion relation ω2

p = p2 +m2 coming
from this term.

It is also possible to have a field which interacts with itself. For example,
a Lagrangian of the form

L =
1

2

[
∂mφ∂mφ−m2φ2

]− λ

4!
φ4 (4.3)

describes a scalar field with a self-interaction2 indicated by the last term
proportional to φ4. This term is again characterized by a dimensionless
coupling constant λ (in four dimensions) and will allow, for example, the
quanta of the scalar field to scatter off each other through this interaction.

The real quantum field theory involves studying such interactions and
making useful predictions. Unfortunately, there are very few realistic inter-
actions for which one can solve the Heisenberg operator equations exactly.
So the art of making predictions in quantum field theory reduces to the art
of finding sensible, controlled, approximation schemes to deal with such
interactions.

These schemes can be broadly divided into those which are perturbative
and those which are non-perturbative. The perturbative approach involves
treating the interactions (characterized by the coupling constants q or λ
in the above cases) as “small” and studying the physical processes order-
by-order in the coupling constants. In some situations, one could use a
somewhat different perturbation scheme but all of them, by definition,
involve having a series expansion in a suitable small parameter. We will
have a lot to say about this approach in the second half of this chapter and
in the next chapter.

The non-perturbative approach, on the other hand, involves using some
other approximation to capture certain aspects of the physical situation
without relying on the smallness of the coupling constant. Obviously, this
will be a context dependent scheme and is somewhat less systematic than
the perturbative one. But — when it can be done — it provides important
insights that could complement the perturbative approach. One possible
way of obtaining non-perturbative results is by using a technique called the
effective action. The first half of this chapter will be devoted to describing
and illustrating this non-perturbative technique.

4.1.1 The Paradigm of the Effective Field Theory

To understand what is involved, let us introduce the Fourier transform φ(k)
of φ(x) with each mode labeled by a given value of k. Roughly speaking,
these wave vectors kj describe the energy and momentum associated with
the modes, with the larger values of k corresponding to higher energies. In
the case of a quadratic interaction (corresponding to V (φ) ∝ φ2) the field
equation will be linear in φ; then different modes do not talk to each other
and we say that it is a free field. If V (φ) has terms higher than quadratic,
then the modes for different k get coupled. For example if V (φ) ∝ φn, then
you can easily convince yourself that the interaction term in the Lagrangian
will involve a product of n terms φ(k1), φ(k2)...φ(kn) in the Fourier space.
So, in an interacting field theory, physics at high energies is coupled to
physics at low energies.

The fact that high energy interactions (e.g. collisions) between particles
can lead to new particles now raises a fundamental issue of principle: Since,
at any given time, we will have direct knowledge about interactions only
below some energy scale (say, Emax), accessible in the lab, how can we say
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anything about the low energy physics if the low energy modes are coupled
to high energy modes? Don’t we lose all predictability?

Actually we don’t. The resolution of the above problem is closely related
to the current paradigm in high energy physics called the renormalization

group and the concept of effective field theory, which is in fact the proper
language to describe quantum field theory.

To understand how this comes about, consider a more familiar situation.
The hydrodynamics of a fluid can be described by a set of variables like den-
sity, velocity etc. which satisfy a certain set of equations.3 These equations
are non-linear, which again tells you that high wavenumber (momentum)
modes of a fluid are coupled to low momentum modes of the fluid. Further,
these high wavenumber modes probe small spatial scales and we know for
a fact that, at sufficiently small scales, the hydrodynamical description is
incorrect — because matter is made of discrete particles. This fact, how-
ever, has never prevented us from using the equations of hydrodynamics
within its domain of validity, say, at scales sufficiently large compared to
the intermolecular separation. The effect of all the small scale phenomena
can be incorporated into a small set of parameters like the specific heat,
the coefficients of viscosity etc. which, of course, need to be determined by
experiments.

The situation is similar when we use fields to describe the interaction of
relativistic particles, but with some interesting new complications. By and
large, the low energy sector of the theory decouples from the high energy
sector — in a well-defined manner — and can be described in terms of
certain parameters in the low energy Lagrangian like the mass, charge etc.,
the values of which have to be determined by observations. More formally,
let us assume that the description in a given field theory is valid only at
energy scales below a particular value Λ. (This is analogous to saying that
the hydrodynamic description breaks down at length scales comparable to
the atomic size.) Let us divide the modes φ(k) into those below a particular
energy E < Λ, (which we will call low energy modes, φlow) and those with
energies between E and Λ (which we will call high energy modes, φhigh)
and ask what is the effect of φhigh on φlow.

There is a formal method of “integrating out” φhigh from the path
integral defining the theory and incorporating its effects by a modified
effective interaction between φlow modes. Among other things, this will
have the effect of changing the values of the parameters in the original
Lagrangian which were describing φlow. The parameters like mass, charge
etc. will now get modified to new values which will be functions of both
E and Λ. In addition, this process will also introduce new terms into the
Lagrangian which were not originally present.

Suppose we now lower the value of E. This will integrate out more and
more high energy modes thereby causing the low energy parameters of the
theory to “flow” or “run” as a function of E. The effect of high energy
interactions in the low energy sector of the theory is essentially determined
by the flow of these parameters. This flow has a natural description in
terms of the physical meaning attributed to the parameters (like m, q, λ
etc.) which occur in the Lagrangian.

As an example, let us consider the Lagrangian in Eq. (4.2) which has
the parameter q occurring in it. In the earlier discussion, we identified this
parameter as the charge of the quanta of the complex scalar field. But op-
erationally, to determine this charge, we need to perform some experiments

3In fact, the density and velocity in
fluid mechanics are also fields in the
sense that they are functions of space
and time governed by certain partial
differential equations.
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4In nature both examples are seen
in model theories: quantum electro-
dynamics is a theory in which the
coupling constant becomes stronger at
higher energies while quantum chro-
modynamics (describing strong inter-
action of the quarks) is asymptotically
free.

5No condensed matter physicist will
set the spatial cut-off scale to zero
and ask what happens. Some particle
physicists can be enormously naive —
or extremely optimistic depending on
your point of view!

6The standard textbook approach
will be to first introduce perturbation
theory to study interacting fields. The
amplitudes computed in the perturba-
tion theory will be divergent and the
concept of renormalization will be in-
troduced to “remedy” this. We will do
some non-perturbative examples first
and discuss the renormalization and
‘running’ of coupling constants in the
non-perturbative context to stress the
conceptual separation between these
effects and the existence of divergences
in the perturbation theory.

involving these quanta. One could, say, scatter these particles off each other
electromagnetically, and by comparing the theoretically predicted scatter-
ing cross-section with the observationally determined one, we will be able
to determine the strength of the coupling q. But what we measure in such
a process is the value of q relevant for the scattering experiment, performed
at some energy scale E, say, which includes all the effects of the electro-
magnetic interaction. There is no a priori reason to believe that this will
be governed by the same parameter as introduced in the Lagrangian. One
describes this process — viz., that the physical parameters can be different
from the parameters introduced in the Lagrangian — by the term “renor-
malization” of the parameters in the Lagrangian. This is one of the features
of an interacting theory and is not difficult to understand conceptually by

itself.

The nature of the flow of each parameter decides its role in the theory.
Consider, for example, a coupling constant in the theory which increases
with E; then the theory will become more and more strongly coupled at
high energies. This also means that if we fix the value of the coupling
constant at some very large energy scale, then it will keep decreasing with
energy and will become irrelevant at sufficiently low energy scales. Such
coupling constants, even if they are generated during the process of inte-
grating out the high energy modes, are not going to affect the low energy
sector of the theory. We will have a description in terms of an effective field
theory where the corrections due to such terms are suppressed (or vanish)
at low energies compared to E.

On the other hand, if the coupling constant decreases with increasing
energy, then the theory will be strongly coupled at low energies but will
become “asymptotically free” at high energies.4 It is also possible for the
coupling constants to behave in a more complicated manner, like for exam-
ple, first increase with energy and then decrease, or vice-versa.

The above description assumes that there is a cut-off scale Λ beyond
which we will not trust the field theory description at all — just as one
would not trust the hydrodynamic description at scales smaller than the
atomic size. It is a philosophical issue whether we should adhere to such a
point of view or not. If field theory is the ultimate truth5 then one is justi-
fied in considering the limit Λ → ∞. When you do that, something weird
happens in quantum field theory: Many of the correction terms to the low
energy Lagrangian will acquire divergent terms as their coefficients. When
we compute the amplitude for a physically relevant process, we obtain a
divergent result when there is no cut-off (Λ → ∞). In a class of theories
(called perturbatively renormalizable theories) these divergences can be ac-
commodated by absorbing them in the parameters of the Lagrangian —
that is, by renormalizing λ,m, q etc; no new term needs to be dealt with.

It should be stressed that the conceptual basis for renormalization has
nothing to do with the divergences which arise either in perturbative or
nonperturbative description.6 For example, the effective mass of an elec-
tron in a crystal lattice is different from the mass of the electron outside the
lattice, with both being finite; this could be thought of as a renormaliza-
tion of the mass due to the effect of interactions with the lattice, which has
nothing to do with any divergences. In this case, we can measure both the
masses separately, but in quantum field theory, since the fields always have
their interaction — which cannot be switched off, unlike the interaction of
the electron with the lattice which is absent when we take the electron out
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— what we observe are the physical parameters that include all the effects
of interaction.

To summarize (and emphasize!), the real reason for renormalization
has to do with the following facts. We describe the theory by using a
Lagrangian containing a certain number (say, N) of parameters λ0

A with
A = 1, 2, ..., N (like, e.g., the mass, charge, etc.) and a set of fields, neither
of which, a priori, have any operational significance. The nature of the
fields as well as the numerical values of the constants need to be deter-
mined in the laboratory through the measurement of physical processes.
For example, in the study of the scattering of a φ-particle by another, one
could relate the scattering cross-section to the parameters of the theory
(like for e.g., the coupling constant λ). Measuring the scattering cross-
section will then allow us to determine λ. But what we observe in the lab
is the exact result of the full theory and not the result of the perturbative
expansion truncated to some finite order! It is quite possible that part
of the effect of the interaction is equivalent to modifying the original pa-
rameters λ0

A we introduced into the Lagrangian to the renormalized values
λren
A . (The interactions, of course, will have other effects as well, but one

feature of the interaction could be the renormalization of the parameters.)
When this is the case, no experiment will ever allow us to determine the
numerical values of λ0

A we put into the Lagrangian and the physical theory
is determined, operationally, in terms of the renormalized parameters λren

A .
This happens in all the interacting theories and is the basic reason behind
renormalization.7

It is useful to consider a situation different from λφ4 theory or QED to
highlight another fact. Suppose you start a theory (with a set of N param-
eters λ0

A in its Lagrangian) and, when you compute an amplitude pertur-
batively, there are divergences in the theory which cannot be reabsorbed
in any of these parameters. Sometimes the situation can be remedied by
introducing another k parameters, say μB(B = 1, ...k) and when you study
the perturbative structure of the new Lagrangian involving (N+k) param-
eters (λA, μB), all the divergences can be reabsorbed into these parameters.
We then might have a healthy theory using which we can make predictions.
But for most Lagrangians you can write down, including some very sen-
sible Lagrangians (like the one used in Einstein’s theory of gravity), this
process does not converge. You start with a certain number of parameters
in the theory and the divergences which arise force you to add some more
parameters; these lead to new interactions and when you rework the struc-
ture of the theory you find that fresh divergences are generated which will
require still more parameters to be introduced etc., ad-infinitum. Such a
theory will require an infinite number of parameters to be divergence-free,
which is probably inappropriate for a fundamental theory.8 Fortunately, a
very wide class of theories in physics are renormalizable in the above sense.
In particular, the λφ4 theory and QED are classic examples of theories in
which this program works.

After this preamble, we will study (i) the self-interacting scalar field
and (ii) the coupled complex scalar-electromagnetic field system, using a
nonperturbative approximation called the effective action method.

7Even if both λ0
A and λren

A are finite
quantities, we still need to introduce
the concept of renormalization into the
theory, acknowledge the fact that λ0

A
are unobservable mathematical param-
eters and re-express physical phenom-
ena in terms of λren

A . It so happens
that in λφ4 theory, QED (and in many
other theories) the parameters λ0

A and
λren
A differ by infinite values for rea-

sons we do not quite understand. But
the physical theory with finite λren

A is
quite well defined and agrees wonder-
fully with experiment. Thus, while
renormalization has indeed helped us
to take care of the infinities in these
perturbative theories, the raison d’être

for renormalization has nothing to do
with divergences in perturbative ex-
pansion.

8It is important to appreciate that
such theories could still be very use-

ful and provide a perfectly sensible de-
scription of nature as effective theo-
ries valid below, say, certain energy
scale. This is done by arranging the
terms in the Lagrangian, arising from
new parameters, in some sensible or-
der so that their contributions are sub-
dominant at low energies in a con-
trolled manner. It is a moot point
whether real nature might actually re-
quire an infinite number of parameters
for its description if you want to study
processes at arbitrarily high energies.
Physicists hope it does not.
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9This notation is purely formal; the
symbol Q, for example, could eventu-
ally describe a set of variables, like the
components of a vector field. The de-
tailed nature of these variables is not
of importance at this stage; we will de-
scribe the concepts as though Q and q
are quantum mechanical in nature and
then generalize it to the fields.

10There is a formal way of introduc-
ing the idea of effective action, valid
in more general contexts. We will
describe it later on, at the end of
Sect.4.5. Here we take a more intuitive
approach.

11It is often quite easy to evaluate
Eq. (4.6) in this approximation and
thereby obtain an approximate solu-
tion to our problem. Usually we will
be content with obtaining the solutions
to Eq. (4.7), and will not even bother
to calculate Eq. (4.6) in this approxi-
mation.

4.1.2 A First Look at the Effective Action

We will first introduce this concept in somewhat general terms and then
illustrate it later on with specific examples. Consider a theory which de-
scribes the interaction between two systems having the dynamical variables
Q and q. The action functional for the system, A[Q, q] will then depend9

on both the variables, possibly in a fairly complicated way. The full theory
can be constructed from the exact propagator

K(Q2, q2;Q1, q1; t2, t1) =

∫
DQ

∫
Dq exp

i

�
A[Q, q] (4.4)

which is quite often impossible to evaluate. The effective action method
is an approximation scheme available for handling Eq. (4.4). This method
is particularly appropriate if we are interested in a physical situation in
which one of the variables, say, Q, behaves nearly classically while the
other variable q is fully quantum mechanical. We then expect q to fluctuate
rapidly compared to Q which is considered to vary more slowly in space
and time. The idea is to investigate the effect of the quantum fluctuations
of q on Q. In that case, we can approach10 the problem in the following
manner:

Let us suppose that we can do the path integral over q in Eq. (4.4)
exactly for some given Q(t). That is, we could evaluate the quantity

F [Q(t); q2, q1; t2, t1] ≡ exp
i

�
W =

∫
Dq exp

i

�
A[Q(t), q] (4.5)

treating Q(t) as some specified function of time. If we could now do

K =

∫
DQ exp

i

�
W [Q] (4.6)

exactly, we could have completely solved the problem. Since this is not
possible, we will evaluate Eq. (4.6) by invoking the fact that Q is almost
classical. This means that most of the contribution to Eq. (4.6) comes from
the extremal paths satisfying the condition

δW

δQ
= 0 (4.7)

Equation (4.7), of course, will contain some of the effects of the quantum
fluctuations of q on Q, and is often called the ‘semi-classical equation’.11

The quantity W is called the ‘effective action’ in this context.
The original action for the field was expressible as a time integral over a

Lagrangian in quantum mechanics (and as an integral over the four volume
d4x of a Lagrangian density in quantum theory) and, in this sense, is local.
There is no guarantee that the effective action W [q] can, in general, be
expressed as an integral over a local Lagrangian. In fact, W [q] will usually
be nonlocal. But in several contexts in which we can compute W in some
suitable approximation, it will indeed turn out to be local or can be ap-
proximated by a local quantity. In such cases it is also convenient to define
an effective Lagrangian through the relation

W =

∫
Leffdt (4.8)
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There is, however, one minor complication in the above formalism as
it stands. The way we have defined our expressions, the quantities K and
W depend on the boundary conditions (t2, q2, t1, q1). We would prefer to
have an effective action which is completely independent of the q-degree of
freedom. The most natural way of achieving this is to integrate out the
effect of q for all times by considering the limit t2 → +∞, t1 → −∞ in
our definition of the effective action. We will also assume, as is usual, that
Q(t) vanishes asymptotically. From our discussion in Sect. 1.2.3, we know
that, in this limit, the path integral essentially represents the amplitude for
the system to go from the ground state (of the q degree of freedom) in the
infinite past to the ground state in the infinite future. Using the results of
Sect. 1.2.3, we can write

F (q2, q1; +∞,−∞) ≡ exp
i

�
W [Q(t)] = N(q2, q1)〈E0,+∞| −∞, E0〉Q(t)

(4.9)
where 〈E0,+∞|−∞, E0〉Q(t) stands for the vacuum-to-vacuum amplitude
in the presence of the external source Q(t) and N(q, q2) is a normalization
factor, independent of Q(t). Taking logarithms, we get:

W [Q(t)] = −i� ln〈E0,+∞| −∞, E0〉Q(t) + (constant) (4.10)

Since the constant term is independent of Q, it will not contribute in
Eq. (4.7). Therefore, for the purposes of our calculation, we may take
the effective action to be defined by the relation

W [Q(t)] ≡ −i� ln〈E0,+∞| −∞, E0〉Q(t) (4.11)

in which all reference to the quantum mode is eliminated. Note that |E0〉
is the ground state of the original system; that is, the ground state with
Q = 0.

This discussion also highlights another important feature of the effective
action. We have seen in Sect. 2.1.2 that an external perturbation can cause
transitions in a system from the ground state to the excited state. In other
words, the probability for the system to be in the ground state in the
infinite future (even though it started in the ground state in the infinite
past) could be less than unity. This implies that our effective action W0

need not be a real quantity! If we use this W directly in Eq. (4.7), we have
no assurance that our solution Q will be real. The imaginary part of W
contains information about the rate of transitions induced in the q-system
by the presence of Q(t); or — in the context of field theory — the rate of
production of particles from the vacuum. The semi-classical equation is of
very doubtful validity if these excitations drain away too much energy from
the Q- mode. Thus we must confine ourselves to the situations in which

Im W � Re W (4.12)

In that case, we can approximate the semi-classical equations to read12

δRe W

δQ
= 0 (4.13)

The above discussion provides an alternative interpretation of the ef-
fective action which is very useful. Let us suppose that Q(t) varies slowly
enough for the adiabatic approximation to be valid. We then know — from

12In most practical situations,
Eq. (4.12) will automatically arise
because of another reason. Notice
that the success of the entire scheme
depends on our ability to evaluate
the first path integral in Eq. (4.5).
This task is far from easy, especially
because we need this expression for
an arbitrary Q(t). Quite often, one
evaluates this expression by assuming
that the time variation of Q(t) is slow
compared to time scale over which the
quantum variable q fluctuates. In such
a case, the characteristic frequencies of
the q-mode will be much higher than
the frequency at which the Q-mode is
evolving, and hence there will be very
little transfer of energy from Q to q.
The real part of W will dominate.
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13We have now set � = 1

our discussion in Sect. 2.1.2 — that the ‘vacuum to vacuum’ amplitude is
given by [see Eq. (2.32)]

lim
t2→∞

lim
t1→−∞

F (q2, q1; t2, t1) ∝ exp− i

�

∫ +∞

−∞
E0(Q)dt. (4.14)

This expression allows us to identify the effective Lagrangian as the ground
state energy of the q-mode in the presence of Q:

Leff = −E0(Q) (4.15)

This result, which is valid when the time dependence of Q is ignored in
the calculation of E0, provides an alternative means of computation of the
effective Lagrangian if the Q dependence of the ground state energy can be
ascertained.

To summarize, the strategy in using this approach is as follows. We first
integrate out the quantum degree of freedom q with asymptotic boundary
conditions and obtain the W [Q(t)] or Leff [Q(t)]. The imaginary part of Leff

will contain information about particle production which could take place
due to the interactions; the real part will give corrections to the original
classical field equations for the Q degree of freedom.

Let us now proceed from quantum mechanics to field theory. In the field
theoretic context, Q, q will become fields depending on space and time and
in many contexts we are interested in, the relevant action can be expressed
in the form, either exactly or as an approximation:

A[Q(x), q(x)] =

∫
d4x L0[Q(x)]− 1

2

∫
d4x qD̂[Q]q (4.16)

If we integrate out q(x), we will end up getting an effective action13 given
by

Z[Q(x)] =

∫
Dq eiA = exp i

∫
d4x (L0 + Leff)

⇒ exp−
∫

d4x (L0 + Leff)E (4.17)

where the last expression is valid in the Euclidean sector and

Leff = − i

2

∫ ∞

0

ds

s
〈x|e−isD |x〉 ⇒ −1

2

∫ ∞

0

ds

s
〈x|e−sDE |x〉 (4.18)

The first form of Leff is in the Lorentzian space while the second form is
valid in the Euclidean sector (see Eq. (2.66) and Eq. (2.77)). We have
already seen that Leff can be interpreted as (i) the vacuum energy of field
oscillators (see Eq. (2.71) or (ii) the energy associated with particles in
closed loops (see Eq. (1.107). This connects well with Eq. (4.14).

We can make some general comments about these expressions connect-
ing up with our discussion in the last section. As we said before, Leff

can, in general, have a real and imaginary part. The imaginary part will
indicate the probability for creation of particles while the real part will
give corrections to L0(Q). Suppose that the real part of Leff contained a
term which has exactly the same form as a term in the original Lagrangian
L0(Q), except for a different proportionality constant. For example, in the
study of scalar field theory with Q = φ, the L0(φ) will contain a mass term
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−(1/2)m2φ2. Suppose when we consider the interaction of this field with
itself or other fields and integrate out the other degrees of freedom, we
end up getting an Leff which has a term −(μ/2)m2φ2. Then the quantum
corrected effective Lagrangian L0(φ) +Leff(φ) will have a term which goes
as (1 + μ)(1/2)m2φ2.

But since the quantum fluctuations can never be switched off, it doesn’t
make sense to think of the (1/2)m2φ2 term and (μ/2)m2φ2 term as phys-
ically distinct entities because we will only be able to observe their total
effect. In other words, the interaction modifies (“renormalizes”) the pa-
rameter m2 to a the value m2(1+μ). It is only this quantity which will be
physically observable and the originalm2 we introduced in the “free” scalar
field Lagrangian has no operational significance because “free” Lagrangians
do not exist in nature. It follows that whenever Leff contains terms which
have the same structure as the terms in the original Lagrangian L0, then
these corrections will not be separately observable; instead they renormal-
ize the original parameters in the Lagrangian L0.

All these arguments make sense even if μ is a divergent, infinite quantity,
as it will turn out to be. This divergence is disturbing and is possibly telling
us that the theory needs a cut-off, say, Λ, but the fact that such a term will
automatically get absorbed in the original parameters of the Lagrangian is
a result which is independent of the divergence. In this case, we need to
define the theory with a cut-off Λ beyond which we do not trust it. Then
the Leff can be interpreted as describing a low energy effective Lagrangian
obtained after integrating out certain degrees of freedom, usually those with
high energy or belonging to another field which we are not interested in. If
we choose to integrate out modes with energies in the range M < E < Λ,
then the correction μ will depend on both M and Λ. When we decrease M ,
integrating out more modes, the parameter μ and hence the physical mass
will “run” withM . This is one way to approach the ideas of renormalization
and running coupling constants through the effective action. We will see
specific examples for such a behaviour in the coming sections.

4.2 Effective Action for Electrodynamics

As an illustration of the above ideas, let us consider a charged scalar field
interacting with the electromagnetic field. In this case, we can take ad-
vantage of the fact that the electromagnetic field has a sensible classical
limit in which it obeys the standard Maxwell equations. It makes sense
to consider a nearly constant (very slowly varying) electromagnetic field
background and ask how the coupling of this electromagnetic field with a
charged scalar field affects the former. To answer this question, we need
to compute the effective action for the electromagnetic field by integrating
out the charged scalar field in the interaction term of the Lagrangian given
by Eq. (3.53). That is, we need to compute

eiAeff [Fik] =

∫
DφDφ∗ ei

∫
d4x φ[(i∂−qA)2−m2]φ∗

(4.19)

From Eq. (4.18), we see that we need to compute the matrix element
〈x|e−isH |x〉 for the quantum mechanical Hamiltonian H = −(i∂ − qA)2 +
m2. Once we have this matrix element, we can compute the effective La-
grangian Leff using Eq. (4.18). This computation actually turns out to be



140 Chapter 4. Real Life I: Interactions

Exercise 4.1: Prove this claim.

easier than one would have imagined because one can use a series of tricks
to evaluate it. We will now explain the procedure.

Since we are interested in the case in which the vector field Aj varies
slowly in spacetime, we could ignore its second and higher derivatives and
treat it as arising due to a constant Fik; i.e., we study a background elec-
tromagnetic field with constant E,B. The gauge invariance implies that
the Leff which we compute can only depend on the quantities (E2 − B2)
and E ·B. We will define two constants a and b by the relation

a2 − b2 = E2 −B2; ab = E ·B (4.20)

so that Leff = Leff(a, b). In the general case with arbitrary E and B for
which a and b are not simultaneously zero, it is well known that, by choosing
our Lorentz frame suitably, we can make E and B parallel, say along the
y-axis. Such a field will have components [E = (0, E, 0);B = (0, B, 0)] and
can arise from the vector potential of the form Ai = [−Ey, 0, 0,−Bx] in a
specific gauge. In this particular case, a2− b2 = E2−B2 and ab = E ·B =
EB. Therefore E = a and B = b. Once we find the effective Lagrangian
Leff(E,B) as a function of E and B in this particular case, the result for
the most general case can be obtained by simply substituting E = a and
B = b.

For this choice of fields and vector potential, the H we need to deal
with is given by

H = − [(i∂ − qA)2 −m2
]

(4.21)

= − [(i∂t + qEy)2 + ∂2
x + ∂2

y − (i∂z + qBx)2 −m2
]

While evaluating the matrix element 〈x|e−isH |x〉, we can introduce a com-
plete set of momentum eigenstates as far as the t and z coordinates are
concerned, since the Hamiltonian is independent of these two coordinates.
Taking

〈p0|t〉 = e+ip0t; 〈pz|z〉 = e−ipzz (4.22)

we can replace i∂t by−p0 and i∂z by pz in the expression forH in Eq. (4.21)
and integrate over p0 and pz. The coordinates x and y — which we will
indicate together as x⊥ — cannot be handled by going to the momentum
space since the Hamiltonian explicitly depends on these coordinates. So
we will leave them as they are. The problem now reduces to evaluating

〈xi|e+is[(i∂−qA)2−m2]|xi〉 =
∫

dp0dpz

(2π)2
〈x⊥|e−isH |x⊥〉 (4.23)

where

H = − [(−p0 + qEy)2 + ∂2
y + ∂2

x − (pz + qBx)2 −m2
]

(4.24)

Introducing two new coordinates �1, �2 in place of x and y, by the defini-
tions:

�1 ≡ x+
pz

qB
; �2 ≡ y − p0

qE
, (4.25)

H is reduced to the form

H =
[−∂2

1 + q2B2�21
]
+
[−∂2

2 − q2E2�22
]
+m2 (4.26)
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This form is remarkably simple and should be familiar to you. It consists of
two separate operators in square brackets (the m2 term is just a constant
added to the Hamiltonian) of which the first one is the Hamiltonian for a
harmonic oscillator with mass (1/2) and frequency ω = 2|qB|. The second
square bracket corresponds to an “inverted” harmonic oscillator (i,e., the
one with the sign of ω2 reversed so that ω → iω) with the same mass
and frequency. The matrix element in Eq. (4.23) is now trivial and can be
computed using the standard path integral kernel for a harmonic oscillator
in the coincidence limit. For the �1 degree of freedom, this is given by the
expression

K =
( mω

2πi sinωt

)1/2
exp

[
i
(
mωx2

)(
tan

ωt

2

)]
(4.27)

evaluated with m = (1/2), ω = 2|qB|, t = s, x = �1. The result for �2 is
obtained by changing ω to iω in this expression and is given by

K =
( mω

2πi sinhωt

)1/2
exp

[
−i
(
mωx2

)(
tanh

ωt

2

)]
(4.28)

evaluated with m = (1/2), ω = 2|qE|, t = s, x = �2. The integration over
p0 and pz in Eq. (4.23) is equivalent to an integration over �1 and �2 with
dp0 = −qEd�2, dpz = qBd�1. Doing these integrals and simplifying the
expressions, we find that:

〈xi|e−isH |xi〉 = 1

16π2i

(
qB

sin qBs

)(
qE

sinh qEs

)
e−im2s (4.29)

The effective Lagrangian is obtained from this kernel using the result

Leff = 2×
(
− i

2

)∫ ∞

0

ds

s
〈x|e−iHs|x〉 (4.30)

where the extra factor of 2 takes care of the fact that the complex scalar
field has twice the degrees of freedom as compared to a single field. This
gives the final result to be

Leff = −
∫ ∞

0

ds

(4π)2
e−i(m2−iε)s

s3

( |qE|s
sinh |qE|s

)( |qB|s
sin |qB|s

)

= −
∫ ∞

0

ds

(4π)2
e−i(m2−iε)s

s3

( |qa|s
sinh |qa|s

)( |qb|s
sin |qb|s

)
(4.31)

In arriving at the second expression, we have substituted E = a and B = b
as explained earlier. It is understood that the combinations qa and qb
(which arose from taking the positive square root of ω2) should be treated
as positive quantities irrespective of the individual signs of q, a, b. The
integration over s is slightly off the real axis along s(1 − iε) as described
in Fig. 1.3. This requires the contour to be closed as shown in Fig. 4.1 on
the quarter circle at infinity in the lower right quadrant. Equivalently, we
can rotate the contour to go along the negative imaginary axis. This shows
that the poles on the integrand along the real axis do not contribute to the
integral because we are going below all these poles. On the other hand, any
pole on the negative imaginary axis needs to be handled separately in this
integral. We need to go around each of these poles in a small semi-circle in

Exercise 4.2: Revise your knowledge
of the path integral for the harmonic
oscillator and obtain this result.

Im s

Re s

Figure 4.1: Integration contour for
Eq. (4.31).
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14The Leff can also be thought of as
the vacuum energy of the field oscil-
lators (as in Eq. (2.71)). It is possi-
ble to use this interpretation directly
to obtain the effective Lagrangian for
the electromagnetic field. We will de-
scribe this in Mathematical Supple-
ment, Sect.4.9.1.

x

x

x

x

x

Im s

Re s

Im s

Re s

Figure 4.2: Integration contours for
Eq. (4.33).

the complex plane which – as we will see — will lead to an imaginary part
in Leff .

From the integrand in Eq. (4.31), it is clear that the magnetic field
leads to poles along the real axis due to the sin(qbs) factor, which are
irrelevant; on the other hand, the electric field leads to poles along the
negative imaginary axis due to the sinh(qas) factor, which, as we will see,
will lead14 to an imaginary contribution to Leff . Our next task is to unravel
the physics contained within Leff which we will do in a step-by-step manner.

4.2.1 Schwinger Effect for the Charged Scalar Field

We will first extract the imaginary part of the effective action which rep-
resents the creation of particles from the vacuum. The simplest way to
compute this is to rotate the contour from along the positive real axis to
along the negative imaginary axis. Formally, this will lead to the expres-
sion:

Leff(a, b) =

∫ ∞

0

ds

(4π)2
e−m2s

s3

(
qas

sin qas

)(
qbs

sinh qbs

)
(4.32)

In this expression, the poles from the electric field lie along the path of
integration, but, as described earlier, these poles are to be avoided by going
in a semi-circle above them as illustrated in Fig. 4.2 for one particular pole.
Each of the poles at s = sn = (nπ/qa) with n = 1, 2, ... are avoided by going
around small semicircles of radius ε in the upper half plane. The n-th pole
contributes to this semicircle the quantity

In =

θ=0∫
θ=π

(εeiθidθ)

(4π)2s2n
e−m2sn .

qa

cos(nπ)εeiθ

(
qbsn

sinh qbsn

)

= i(−1)n+1 (qa)
2

16π3

[
1

n2
exp

(
−m2π

qa
n

)](
qbsn

sinh qbsn

)
(4.33)

which is pure imaginary. So the total contribution to Im Leff is:

ImLeff =

∞∑
n=1

(−1)n+1.
1

2

(qa)2

(2π)3
1

n2
exp

(
−m2π

qa
n

)
.

(
qbsn

sinh qbsn

)
(4.34)

It is now clear that (Im Leff) arises because of non-zero a, i.e. (i) whenever
there is an electric field in the direction of the magnetic field or (ii) if E is
perpendicular to B, but E2 > B2. (In this case, we can go to a frame in
which the field is purely electric). If we set B = 0, we reduce the problem
to that of a constant electric field, and in this case, the imaginary part is

ImLeff =

∞∑
n=1

1

2

(qE)2

(2π)3
(−1)n+1

n2
exp

(
−πm2

|qE| n
)

(4.35)

The interpretation of this result is similar to the one we provided in
Sect. 2.1.2 in the case of an external source J(x) creating particles from
the vacuum (see Eq. (2.25) but with some crucial differences. In that case,
we considered a real scalar field φ(x) coupled to an externally specified c-
number source J(x) and found that |〈0+|0−〉J |2 can be related to number
of quanta of the φ field produced per unit volume per unit time. As you can
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see, we are computing exactly the same physical quantity now. We have
an externally specified electromagnetic field with a particular Ai which can
act as a source for the charged quanta of a complex scalar field. If we think
of the electric field, say, as being switched on adiabatically and switched off
adiabatically, then the initial vacuum state will not remain a vacuum state
at late times. The probability for the persistence of vacuum is again given
by |〈0+|0−〉A|2 where the matrix element is now evaluated in an externally
specified Ai. Writing Leff as (R+ iI) and noting that

Z[Ai] = 〈0+|0−〉A = exp i

∫
d4x (R+ iI) , (4.36)

we get

|Z|2 = |〈0+|0−〉A|2 = exp−2

∫
d4x I (4.37)

Thus, Im Leff gives the number of pairs of charged scalar particles created
by the electromagnetic field per unit time per unit volume.15

There are, however, two surprising features about this result which
are worth noting.16 First we find that a static electric field can produce
particles from the vacuum, unlike the case of a time dependent J(x) which
produces particles in the example we saw in Sect. 2.1.2. Second — and
more important — is the fact that the expression obtained in Eq. (4.35)
is non-analytic in q. Conventional quantum electrodynamics (examples
of which we will discuss in the next chapter) is based on a perturbative
expansion in the coupling constant q as a series. The non-analyticity of
the Schwinger effect shows that perturbation theory in q will never get you
this result irrespective of your summing the series to an arbitrarily large
number of terms. Thus the Schwinger effect is a genuinely non-perturbative
result in quantum field theory.17

4.2.2 The Running of the Electromagnetic Coupling

Having disposed off the imaginary part of Leff , let us consider its real part.
The full action for the electromagnetic field — when we take into account
its coupling to the charged scalar field — is given by the sum L0 +Re Leff

where L0 = (1/2)(E2 − B2) which will, for example, lead to corrections
to the classical Maxwell equations. We certainly expect Re Leff to be
analytic18 in the coupling constant q so that one could think of it as a
small perturbative correction to L0. The real part of Eq. (4.31) is given by

ReLeff = −
∫ ∞

0

ds

(4π)2

(
cosm2s

s3

)(
qas

sinh qas

)(
qbs

sin qbs

)
(4.38)

While one can work with this expression, the oscillation of the cosine func-
tion in the upper limit of the integral makes it a bit tricky; therefore, it
is preferable to go back to the expression in Eq. (4.32) which we used
previously:

Leff(a, b) =

∫ ∞

0

ds

(4π)2
e−m2s

s3

(
qas

sin qas

)(
qbs

sinh qbs

)
(4.39)

We know how to handle the poles along the real axis arising from the sine
function and leading to an imaginary part when the integration contour
is deformed to a semi-circle. What remains is just a principal value of

15This result, viz. that a constant
electric field can produce charged pairs
from the vacuum, is known as the
Schwinger effect and for once, it is
named correctly; Schwinger did work
out the clearest version of it.

16There are several ways of “under-
standing” this qualitatively, none of
which are totally satisfactory; so it is
best if you take it as a fact of life.
You may legitimately wonder where
the energy for the creation of particles
is coming from. This is provided by the
agency which is maintaining the con-
stant electric field. Suppose you keep
two charged capacitor plates maintain-
ing a constant electric field in between.
The pairs produced from the vacuum
will move towards oppositely charged
plates, shorting the field. The agency
has to do work to prevent this from
happening, which goes into the energy
of the particles.

17That is why we began with this dis-
cussion before you lose your innocence
in the perturbation expansions!

18If Re Leff turns out to be non-
analytic in q, we are in deep trouble
and one cannot obtain the free electro-
magnetic field as the q = 0 limit. It is
reassuring that this does not happen.
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19The notation Z is rather conven-
tional; in fact, when we study QED
you will encounter Z1, Z2 and Z3 all
being divergent!

the integral which is real. With this understanding — which effectively
ignores the poles along the real axis — we can continue to work with this
expression. This is what we will do.

The first point to note about Re Leff is that it is divergent near s = 0.
There are two sources to this divergence, one trivial and the other con-
ceptually important. The trivial source of divergence can be spotted by
noticing that Re Leff is divergent even when E = B = 0. This diver-
gence is that of Leff for a free complex scalar field, which essentially arises
from the sum of the zero point energies of the field, which we studied in
Sect. 2.2.1 (see Eq. (2.71)). We mentioned while discussing the expression
in Eq. (2.73) that the integral representation for lnD should be interpreted
as lnD/D0; this corresponds to subtracting out the Leff in the absence
of electromagnetic field. So, this divergence can be legitimately removed
by simply subtracting out the value for E = B = 0. Thus, we modify
Eq. (4.38) to

ReLeff ≡ R =

∫ ∞

0

ds

(4π)2
e−m2s

s3

[
q2abs2

sinh qbs sin qas
− 1

]
(4.40)

Since the subtracted term is a constant independent of E and B, the equa-
tions of motion are unaffected.

The expression R is still logarithmically divergent near s = 0, since the
quantity in the square brackets behaves as [+(1/6)q2s2(a2−b2)] near s = 0.
But notice that this divergent term is proportional to (a2 − b2) = E2 −B2,

which is the original — uncorrected — Lagrangian. As we described right
at the beginning, any term in Leff which has the same structure as a term
in the original Lagrangian cannot be observed separately in any physical
process and merely renormalizes the parameters of the theory. To handle
this, let us follow the same procedure we described earlier. We will write

Ltotal = L0 +ReLeff = (L0 + Lc) + (ReLeff − Lc) ≡ Ldiv + Lfin (4.41)

where Ldiv ≡ L0 + Lc is divergent and Lfin ≡ Re Leff − Lc = R − Lc is
finite with Lc being the divergent part of R given by

Lc =
1

(4π)2

∫ ∞

0

ds

s3
e−m2s

[
1

6
(qs)2(a2 − b2)

]
(4.42)

=
q2

6(4π)2
(a2 − b2)

∫ ∞

0

ds

s
e−m2s ≡ Z

2
(a2 − b2) =

Z

2
(E2 −B2)

where Z is given by19

Z =
q2

48π2

∫ ∞

0

ds

s
e−m2s (4.43)

This integral, and hence Z, is divergent but that is not news to us. We
can, as usual, combine Lc with our original Lagrangian L0 and write the
final result as Ltot = Ldiv + Lfin, where

Ldiv ≡ (L0 + Lc) =
1

2
(1 + Z)(E2 −B2) (4.44)

and Lfin ≡ (ReLeff − Lc) is given by

Lfin =
1

(4π)2

∫ ∞

0

ds

s3
e−m2s

[
q2s2ab

sin(qsa) sinh(qsb)
− 1− 1

6
q2s2(a2 − b2)

]
(4.45)
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The quantity Lfin is perfectly well-defined and finite. [The leading term
coming from the square bracket near s = 0 is proportional to s4 and hence
Lfin is finite near s = 0.] Further, it can be expanded in a Taylor series in q
perturbatively, giving finite corrections to the classical electromagnetic La-
grangian. The leading order term has the form (with � and c re-introduced)

L1 =
q4

90

(�/mc)3

mc2

[
7

4

(
E2 −B2

)2
+ (E ·B)

2

]
(4.46)

As regards Ldiv, we know that only the combination with a (1 + Z)
factor will be physically observable and not the individual term. To make
this formal, we shall now redefine all our field strengths and charges by the
rule

Ephy = (1+Z)1/2E; Bphy = (1+Z)1/2B; qphy = (1+Z)−1/2q (4.47)

This is, of course, same as scaling a and b by (1+Z)1/2 leaving (qphyEphy) =
qE invariant. Since only the products qa, qb appear in Lfin, it can also
be expressed in terms of (qphyEphy). Once we have introduced physical
variables, Ldiv reduces to the standard electromagnetic Lagrangian in terms
of physical variables, with corrections arising from Lfin also being expressed
entirely in terms of physical variables.

All that remains is to study how the coupling constant runs in this case
by evaluating the integral in Eq. (4.43) after regularizing it.20 Here we
shall use the simpler technique of calculating it with a cut-off. Since it is
well defined for s → ∞ and the divergence arises from the lower limit, we
will first regularize it by introducing a cut-off Λ ≡ (1/M2) at the lower
end.21 An integration by parts then gives the result:∫ ∞

M−2

ds

s
e−m2s = e−m2/M2

lnM2 +

∫ ∞

M−2

m2 ds e−m2s ln s (4.48)

We can now set M−2 = 0 in the second term and in e−m2/M2

. A simple
calculation now gives:∫ ∞

M−2

ds

s
e−m2s = lnM2 − lnm2 +

∫ ∞

0

du e−u lnu = ln
M2

m2
− γE (4.49)

where γE is Euler’s constant defined in Eq. (2.82).
Since we are going to let M → ∞, the finite term given by γE is

not relevant and can be dropped. Also note that the original integral is
invariant under s → m2s when there is no cut-off, with any constant scaling
of s vanishing in the ds/s factor. This is also indicated by the fact that
the integral reduces to logarithms, where any change of scale only adds a
finite constant, which, according to our philosophy, can be dropped. That
is, if we write

ln(m2/M2) = ln(μ2/M2) + ln(m2/μ2) (4.50)

with some finite energy scale μ introduced by hand then — since we are
dropping all finite terms compared to lnM — the factor ln(m2/μ2) can be
ignored. Thus the value of our integral is essentially ln(M2/μ2) where μ is
a finite energy scale which we have introduced into the problem and M2

is a high energy cut-off, and we are supposed to let M → ∞. Putting all
these in, we find that

Z =
q2

48π2

∫ ∞

0

ds

s
e−m2s =

q2

48π2
ln

M2

μ2
(4.51)

Exercise 4.3: Just for fun, do the
Taylor series expansion and verify this
expression. For a more challeng-
ing task, compute the corrections to
Maxwell’s equations due to this term.

20There are several ways to do this
and later on, in the next chapter, we
will do it using dimensional regulariza-
tion. Right now, we will take a simple
minded approach, of introducing a cut-
off, which is adequate.

21Note that s and hence Λ have di-
mensions of (mass)−2. So M used for
the cut-off represents a (formally infi-
nite) energy scale.
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22Clearly, q2phys can be finite when

M → ∞ only if this unobservable pa-
rameter in the Lagrangian is divergent.
So it is nice that it is unobservable.

23You could not have done any of
these if the divergent term in the ef-
fective Lagrangian was not propor-
tional to the original electromagnetic
Lagrangian. This is what allowed us to
make the transformations in Eq. (4.47)
in the first place. In a way, the rest of
it is just a matter of detail.

24The β function in QED is a cele-
brated result and is usually given for
spin-1/2 particles for which you get
q3/12π2. (The spin-0 case differs by
a factor 4.) As we shall see in Sect.
5.6.5, this result, for the spin-1/2 par-
ticle, can also be obtained by a similar
analysis non-perturbatively.

Therefore, from Eq. (4.47) we find that the physical coupling constant is
given by

q2phys(μ) = q2
(
1 +

q2

48π2
ln

M2

μ2

)−1

(4.52)

where, again, μ is a finite energy scale which we have introduced into the
problem and M2 is a high energy cut-off which is formally infinite. Further,
the quantity q2 in this expression is a parameter in the Lagrangian which
has no operational significance.22 To interpret this expression, we first take
the reciprocal:

1

q2phys(μ)
=

1

q2
+

1

48π2
ln

M2

μ2
. (4.53)

and think of the coupling constant q2phys as the one observed using an
experiment at energy scale μ. If we change this energy scale from μ to μ′,
the coupling constant will change by the relation

1

q2phys(μ
′)

=
1

q2phys(μ)
+

1

48π2
ln

μ2

μ′2 (4.54)

or, equivalently,

q2phys(μ
′) = q2phys(μ)

(
1 +

q2phys(μ)

48π2
ln

μ2

μ′2

)−1

. (4.55)

This expression, which is completely independent of the cut-off scale, relates

the electromagnetic coupling constant at two different energy scales.23 We
can write this as:

1

q2phys(μ)
+

1

48π2
lnμ2 = constant (4.56)

The variation of the coupling constant on the energy scale is usually char-
acterized by something called the beta function of the theory, defined as

β(q) ≡ μ
∂q

∂μ
=

q3

48π2
(4.57)

where we have omitted the subscript ‘phys’. Any of these expressions
will tell you that the electromagnetic coupling constant increases with the
energy scale. That is, when you probe the charge distribution of a charged
particle at higher and higher energies, its effective strength will increase.24

This is your first glimpse of handing the divergences in a theory by
trading off unobservable parameters in a Lagrangian for operationally de-
fined parameters. We have necessarily kept the discussion a bit cursory,
because we will take up the renormalization of QED in much more detail,
later on in the next chapter. Let us now move on to another example of
the effective action.

4.3 Effective Action for the λφ4 Theory

So far, we described the concept of effective action in terms of two sets of
degrees of freedom as though they were distinct. There is, however, no real
need for this and one can use a similar technique to study the effect of high
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energy modes in the low energy sector of the same field. As an example,
consider a field Φ which has a non-trivial self interaction; for example, the
Lagrangian could have the form L = (1/2)(∂Φ)2 − (1/2)m2Φ2 − V (Φ). In
the absence of V this represents a free field with quanta of mass m. Let us
now consider separating out the field Φ into two parts Φ = φc + φq where
we think of φc as containing modes with low wavenumber and energy (in
Fourier space) and φq as containing modes with high wave number and
energy. We can now define an effective action Aeff [φc] for φc by integrating
out φq. That is, the effective action for the low energy sector of the theory
with the modes φc is now defined by the path integral over φq:

eiAeff [φc] =

∫ ′
Dφq exp iA[φc + φq] (4.58)

Of course, an unconstrained path integral over φq in the right hand side of
Eq. (4.58) is the same as an unconstrained path integral over φ = φc + φq

(and hence will lead to a left hand side which is independent of φc), which
is rather silly thing to do!. This is not what we want to do and an equation
like Eq. (4.58) makes sense only if certain implicit restrictions are imposed
on the path integral over φq. (This is indicated by a prime on the integral
in Eq. (4.58).) The nature of the restrictions will depend on the context but
here we assume that there is some sensible way of distinguishing between
high energy and low energy modes. (The most common procedure is to
assume φc as constant and expand A[φc+φq] up to quadratic order in φq.)

In general, the path integral in Eq. (4.58) will lead to an Aeff(φc) with
terms (a) which have the same structure as the ones we originally put
in A(Φ) as well as (b) those which were not originally present in A(Φ).
As an example of (a), suppose we get a a term proportional to φ2 [say,
(μ/2)m2φ2]. Then, the net effect will be to change the value of what we
originally thought was the mass of the quanta, by m2 → m2(1 + μ). You
will invariably find that the terms which are generated in Aeff(φc) come
with divergent coefficients; for example, in the above case μ will depend
on the cut-off scale and could diverge if the cut-off goes to infinity. As
regards such divergent terms generated by the path integral in Eq. (4.58),
which are of the same form as those that are already present in A(Φ), we
are in good shape. All the divergences can now be absorbed by redefining
the parameters in the original theory making them ‘run’. Since only such
modified parameters are physically relevant, these divergences need not
bother us.

In addition to the divergent terms, the integration will also generate
finite corrections to the original potential V , which, of course, are what we
would like to study. These potentials will also have parameters which, as
we described above, will run with the scale. This is broadly the situation
in theories which are called renormalizable.

The path integral in Eq. (4.58) can also generate divergent terms which
were not originally present in A(Φ). One can try adding these terms and
redoing the computation to see whether self-consistency can be achieved at
some stage. If that happens, we are back to the previous situation after a
few iterations; it is just that we originally started with a potential which
was missing some terms generated by quantum effects. Usually, however,
this process does not converge. The path integral in Eq. (4.58) will produce
divergent terms which are not in the action you had started with, irrespec-
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25If it has a (1/2)m2φ2 part with real
m, then that part should be conven-
tionally clubbed as free field and only
the rest of V (φ) will be usually called
the “interaction”. You will see soon
that in this example it is simpler to
work with the full V (Φ) rather than
separate out the quadratic term.

26A more formal procedure to define
the effective action in this context is
to think of φc as the expectation value
〈ψ|Φ|ψ〉 and minimize the energy sub-
ject to this constraint. If you imple-
ment it with a Lagrange multiplier J
added to the Hamiltonian H, then the
minimum energy E(J) will be related
to φc by (dE/dJ) = φc. Inverting this
relation, we get J(φc) and doing a Leg-
endre transform we get E(φc) = E −
J(dE/dJ). Then E(φc) is essentially
your effective potential. In this case we
are integrating over quantum fluctua-
tions keeping 〈ψ|Φ|ψ〉 fixed. We will
explore a related approach in Sect. 4.5.

27Since we are assuming φc is a con-
stant, Leff = Veff (φc), the effective po-
tential in the Euclidean sector. The
expression for Veff (φc) will be the same
in the Lorentzian sector as well, since
analytic continuation in time does not
change it.

28Note that Λ has the dimensions of
(mass)−2, so that Λ = (1/M2) where
M corresponds to the high energy cut-
off scale, as in the case of electrody-
namics.

29Note that the Veff is manifestly in-
dependent of μ because it cancels out
in the two logarithms. This is pre-
cisely what we did to get Eq. (2.83).
Of course, with proper interpretation,
no observable effect can depend on μ2.

tive of how hard you try. Such a theory is called non-renormalizable.
We will now illustrate the above concepts in a simple context of a self-

interacting scalar field which is described classically by a Lagrangian of the
form

L0 =
1

2
∂aΦ∂

aΦ− V (Φ) (4.59)

where V (Φ) is a potential describing the interactions.25 Writing Φ = φc +
φq, where φc is a constant, and expanding A[φc+φq] up to quadratic order
in φq, we get an expression like in Eq. (4.16), viz.26

A =

∫
d4xL(φc)− 1

2

∫
d4xφqD̂(φc)φq; D̂ = �+ V ′′(φc) (4.60)

The computation of the effective action now requires evaluating the expres-
sion:

Z[φc] = eiAeff [φc] = exp i

∫
d4xLeff(φc)

=

∫
Dφq exp− i

2

∫
d4x φq

(
�+ ω2

)
φq (4.61)

where ω2 ≡ V ′′(φc). But we have computed this in several forms before in
Sect. 2.2.1. In Eq. (2.86) we have provided three different expressions for
computing this Leff . We will use the expression given by27

Leff = − 1

8π2

∫ ∞

0

dλ

λ3
e−

1
2ω

2λ ≡ Veff(φc) (4.62)

with ω2 = V ′′(φc). As we discussed in Sect. 2.2.1, this integral can be
evaluated either with a cut-off or by dimensional regularization. Here we
shall regularize the integral using a cut-off. That is, we will evaluate this
integral with the lower limit set to some small value Λ = 1/M2 and then
consider the limit28 of M → ∞, Λ → 0. The result of the integration is
given by Eq. (2.83) which is reproduced here:

Veff = − 1

8π2

∫ ∞

M−2

dλ

λ3
e−

1
2ω

2λ (4.63)

= − 1

16π2

[
M4 − ω2M2

2
+

1

4
ω4 ln

M2

μ2

]

+
1

64π2
ω4 ln

ω2

2μ2
+

1

64π2
γEω

4

where γE is Euler’s constant, defined in Eq. (2.82), and μ is an arbitrary
energy scale we have introduced to separate out the divergent and finite
terms.29

We are supposed to take the limit of M → ∞ in this expression. We
see that the last two terms involving ω4 ln ω2 and ω4 are finite but depend
on the arbitrary scale μ we have introduced. The terms in the square
bracket diverge asM → ∞; there are quartic, quadratic and logarithmically
divergent terms. Of these, the quartic term can be dropped because it is
just an infinite constant. We can also drop the finite term (1/2)γEω

4 term
since it only changes the value ofM which is anyway arbitrary at this stage.
But the next two terms, involving M2ω2 and −ω4 ln(M2/μ2), cannot be
dropped because they depend on ω2 as well. The remaining expression is

Veff =
1

32π2

[
V ′′M2 +

1

2
(V ′′)2 ln

μ2

M2

]
+

1

64π2
(V ′′)2 ln

(
V ′′

2μ2

)
(4.64)
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We see that when we integrate out the high energy modes from the theory,
the resulting potential governing the dynamics of φc gets modified by the
addition of the Veff given by the above expression. We must think up some
way of interpreting this. The last term (1/2)(V ′′)2 ln(V ′′/μ) in Veff is finite
and presumably can be interpreted if we can interpret the μ dependence.
From the fact that μ2 occurs in the combination (− ln(μ/M)2), we can
think of this as arising from integrating out modes with energies in the
range μ < E < M . One striking feature of this expression is that even the
finite term now describes a potential quite different from what we started
out with. That is, the high energy modes which were integrated out have
led to new interaction terms in the low energy sector. The real trouble, of
course, arises from the divergent terms.

Let us examine the nature of the divergent part when the original po-
tential was a n-th degree polynomial in φ with n coefficients λ1, λ2 · · ·λn:

V (φc) = λ1φc + λ2φ
2
c + · · ·+ λnφ

n
c =

n∑
k=1

λkφ
k (4.65)

In the last equation, we have dropped the subscript c from φc for notational
simplicity with the understanding that we will hereafter be dealing only
with the low energy modes of the theory. Then V ′′ will be a polynomial of
(n−2)-th degree and (V ′′)2 will be a polynomial of 2(n−2)-th degree. Two
completely different situations arise depending on whether this is greater
than n or not. When

2(n− 2) ≤ n i.e., n ≤ 4 , (4.66)

all the terms in Veff have the same degree or less compared to the terms in
V . In that case, the divergent part of Veff will again be a polynomial with
degree n or less, but with coefficients which are divergent. This is precisely
the idea of renormalization which we described earlier. When n ≤ 4, the
effect of integrating out high energy modes is to merely change the values
of the coupling constants λj which exist in the original theory. But, as we
explained before, the corrections due to high energy quantum fluctuations
are always present in such a self-interacting field. Thus, what are actually
observed experimentally are the renormalized coupling constants. So, when
n ≤ 4, we have a simple way of re-interpreting the theory and working out
its physical consequences.

We shall do this in detail in a moment, but before that, let us consider
the situation for n > 4. Then the effect of integrating out high energy
modes is to introduce new terms in the low energy sector of the theory.
For example, if the original potential had a φ6 term, then (V ′′)2 will have a
φ8 term. If we add a φ8 term in the potential to tackle this, then that will
generate a φ12 term, etc. By and large, the effect of high energy modes is
to introduce in the low energy sector of the theory all possible terms which
are not forbidden by any symmetry considerations.

The old fashioned view in quantum field theory was that such theories
are just bad and should not be considered at all. This is, however, a bit
drastic. Even though integrating out high energy modes leads to such
terms, their effects are usually suppressed by a high energy scale below
which these terms will not be important. In other words, one can still
interpret the theory as a low energy effective theory with a domain of
validity determined by a high energy scale. As an explicit example, consider

Exercise 4.4: Repeat the entire anal-
ysis for an arbitrary D and determine
what is the value of n for which the
above idea works as a function of D.
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30As you can see, this is plain di-
mensional analysis but very useful and
powerful! Whenever the Lagrangian
contains a coupling constant with in-
verse dimensions of mass, the same
conclusions apply.

31The magic of renormalizability,
again. The divergent coefficients mul-
tiply the φ2 and φ4 terms which were
originally present in the Lagrangian,
allowing us to absorb them into the
parameters of the theory. This is pre-
cisely what we saw in the case of elec-
trodynamics as well.

a term proportional to φ6; since the Lagrangian should have the dimensions
of (mass)4, this term will occur in the Lagrangian through a combination
V ∝ λ(φ6/μ4) where μ2 is a energy scale and λ dimensionless. The V ′′2 ∝
λ2(φ8/μ8) will occur in the two terms of Veff . It is now natural to use
the same μ which occurs in the Lagrangian to make the arguments of the
logarithms in dimensionless. Then we see that these terms are suppressed
by μ4 factors. So it makes sense to treat this model as an effective theory,
i.e as an approximation to a better theory, well below30 the scale μ.

Let us now see how the details work out when we take n = 4, which
is the maximally allowed interaction which will not generate new terms.
We will take (with an explicit subscript 0 added to the parameters of the
original Lagrangian)

V (φ) =
1

2
m2

0φ
2 +

λ0

4!
φ4; V ′′ =

(
m2

0 +
λ0

2
φ2

)
(4.67)

Then, Eq. (4.64) becomes:

Leff =
M2

32π2

(
m2

0 +
λ0

2
φ2

)
+

1

64π2

(
m2

0 +
λ0

2
φ2

)2

ln
μ2

M2

+
1

64π2

(
m2

0 +
λ0

2
φ2

)2

ln
1

2μ2

(
m2

0 +
λ0

2
φ2

)
(4.68)

We will rearrange this expression, dropping infinite constants and absorbing
divergent coefficients into ln M2,M2 etc. This will allow us to write

8π2Leff =
M2λ0

8
φ2 +

[
λ2
0

32
φ4 +

1

8
λ0m

2
0φ

2

]
ln

μ2

M2
(4.69)

+
1

8
(m2

0 +
λ0

2
φ2)2 ln(m2

0 +
λ0

2
φ2)

1

2μ2

= φ2

(
M2λ0

8
+

1

8
λ0m

2
0 ln

μ2

M2

)
+ φ4

(
λ2
0

32
ln

μ2

M2

)
+ 8π2Vfinite(φ;μ

2)

where the first two terms are divergent and the last one is finite when we
send the cut-off to infinity (M → ∞), with

Vfinite =
1

64π2

(
m2

0 +
λ0

2
φ2

)2

ln
1

2μ2

(
m2

0 +
λ0

2
φ2

)
. (4.70)

Adding this correction term to the original V (φ), we get31 the effective
potential to be:

V =
1

2
m2

0φ
2 +

λ0

4!
φ4 + Veff

≡ 1

2
m2φ2 +

λ

4
φ4 + Vfinite(φ, μ

2) (4.71)

where

m2 = m2
0 +

λ0

32π2

(
M2 +m2

0 ln
μ2

M2

)

λ = λ0 +
3λ2

0

32π2
ln

μ2

M2
(4.72)
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and

Vfinite =
1

64π2

(
m2 +

λ

2
φ2

)2

ln
1

2μ2

(
m2 +

λ

2
φ2

)
. (4.73)

in which we have replaced λ0,m0 by λ,m to the same order of accuracy as
we are working with.32

Let us take stock of the situation. The net effect of integrating out high
energy modes is to change the original potential to the form in Eq. (4.71)
which differs in two crucial aspects from the original potential. First, there
is a correction term in the form of Vfinite which is non-polynomial (since it
contains a log) that has been generated. This term is finite but depends
on a parameter μ which is completely arbitrary and hence needs to be
interpreted properly. We will come back to this issue. Second, all the
divergent terms have been absorbed into the two parameters of the original
Lagrangian, thereby changing m0 and λ0 to m and λ. In the expression for
Vfinite, we should actually be using m0 and λ0 but we will assume that, to
the lowest order, we can replace them by m and λ.

The constants m2 and λ are thought of as renormalized parameters
and, as we said before, in this particular case (n = 4) we could reabsorb all
the divergences by renormalizing the original parameters. The idea is that
the observed mass and coupling constant determined by some scattering
experiment, say, should be used for m and λ and the original parameters
m0 and λ0 are unobservable.33

Let us now get back to the apparent μ dependence of Vfinite. We know
that this is an arbitrary scale which we introduced into the theory and
Vfinite really should not depend on μ; that is, if we change μ, then Vfinite

should not change in spite of appearances. The clue to this paradox lies
in the fact that m2 and λ in Eq. (4.72) also depend on μ. So, when we
change μ, these parameters will also change, keeping Vfinite invariant. In
fact, this is apparent from the fact that μ was introduced into Veff in two
logarithmic terms such that it does not change the value of Veff . All we
have done is to rewrite this expression separating out the divergent and
finite pieces, thereby making m2, and λ functions of μ for a fixed M .

To see this more clearly, let us consider the expressions for λ for two
different values of μ2 given by μ2 = μ2

1 and μ2 = μ2
2. From Eq. (4.72), we

find that

λ(μ1)− λ(μ2) =
3λ2(μ1)

32π2
ln

μ2
1

μ2
2

(4.74)

This expression is completely independent of the cut-off M and tells you
how the strength of the coupling constant changes with the energy scale.
If we use a particular value of μ in Vfinite and the corresponding value of
λ(μ) as the coupling constant, then the numerical value of Vfinite will be
independent of μ. Of course, we need to fix the value of λ at some energy
scale through the experiment; once this is done, we know the value of the
coupling constant at all other energy scales. The above result can also be
stated in the form

λ(μ)− 3λ2(μ)

32π2
lnμ2 = constant (4.75)

or, more simply, as a differential equation

μ
∂λ

∂μ
=

3λ2

16π2
≡ β(λ) (4.76)

32Notice that the (divergent) correc-
tion to the bare mass m2

0 is propor-
tional to λ0M2 where M is the high
energy cut-off mass. The fact that
one picks up a correction which is
quadratic in M when one uses cut-
off regularization is related to what is
known as the hierarchy problem. If one
considers the theory having a scalar
field of massm and a large energy scale
M (which can act as a physical cut-off)
then Eq. (4.72) tells us that the physi-
cal mass of the theory will be driven to
M and we need to fine-tune the param-
eters of the theory to avoid this from
happening. This is known as the hier-
archy problem. We will see later that
such quadratic divergences do not oc-
cur if we use dimensional regulariza-
tion.

33The renormalization scheme we de-
scribed works even if you change the
sign of the m2φ2 term. Then, φ = 0 is
not the minimum and we need to worry
about spontaneous symmetry breaking
— a key ingredient in the standard
model of particle physics. What is nice
is that the renormalizability continues
to hold even in this context.
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The logarithmic derivative in the left hand side of the coupling constant is
the β function and the above result shows that β > 0, indicating that the
coupling becomes stronger at higher energies.

Incidentally, we can play the same game with the mass parameter as
well. From the first relation in Eq. (4.72), we find that

μ
∂m2

∂μ
=

λm2

16π2
≡ γ(m) (4.77)

which is sometimes called the gamma function of the flow. This tells you
how m2 runs with the scale μ to keep observable results independent of
E. We will say more about these issues after developing the perturbation
approach.

4.4 Perturbation Theory

In the last few sections, we discussed the behaviour of interacting fields non-
perturbatively by using the concept of an effective action. This required us
making some approximations in order to make the problem tractable but
we did not have to assume that the coupling constant in the theory (λ in
the λφ4 interaction or q in electromagnetic coupling) is a small parameter.
In fact, one of the results we obtained in the Schwinger effect is explicitly
non-perturbative in the electromagnetic coupling constant.

A completely different way of tackling interacting fields is to deal with
them perturbatively and calculate all physical observables in a series expan-
sion in powers of the coupling constant. In this approach we imagine that
there exists some kind of a free-field theory (containing, say, non-interacting
photons described by a vector field Al(x) and charged, spin-zero, massive
particles described by a complex scalar field φ(x)) when the relevant cou-
pling constant (in this case, the charge q of the scalar field) tends to zero.
We then think of “switching on” the interaction by introducing a coupling
between Al and φ, the strength of which is controlled by q. Further assum-
ing that the interaction can be treated as a perturbation of the free-field
theory, one can compute the effect of the interaction order-by-order as a
power series in the coupling constant. This is the essence of the perturba-
tive approach to studying interacting field theory.

The key advantage of this approach is that the entire procedure can
be made completely systematic in the form of a set of rules involving the
Feynman diagrams of the theory. Once the rules have been written down
from the structure of the theory, you can — in principle — compute any ob-
servable quantity in the perturbation series. When such computations are
done, certain amplitudes become divergent and one again has to renormal-
ize the parameters of the theory to obtain finite results. This, by itself, is
not a serious issue because — as we have already emphasized — the param-
eters in the Lagrangian need to be interpreted in a scale dependent manner
in any realistic theory. We have also seen that divergences arise even in
the context of non-perturbative computations and hence perturbation the-
ory cannot be blamed for these divergences. Moreover, the perturbative
approach has proved to be enormously successful both in the case of quan-
tum electrodynamics and in the study of electroweak interactions — which
alone makes it a worthwhile object to study from the practical point of
view.
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One downside of the perturbative approach is that it is very difficult
to rigorously demonstrate some of the constructs which form its basis. For
example, it is not easy to define rigorously (though it can be done with
a fair amount of mathematical formalism) the notion of a free asymptotic
field and its properties or the notion of “switching on” the interaction. It
is also not clear whether the perturbative series is convergent, asymptotic
or divergent for a general interacting field theory. In addition, we obvi-
ously cannot handle any non-perturbative features of the theory (like the
Schwinger effect or quark confinement) by such an approach.

On the whole, high energy physicists will claim — quite correctly —
that the advantages of the perturbative approach outweigh the disadvan-
tages. This is the point of view we will adopt and will now introduce the
perturbative approach in the very simple context of a self-interacting λφ4

theory.

4.4.1 Setting up the Perturbation Series

To understand how one goes about studying the λφ4 theory in the per-
turbative approach and obtain the relevant Feynman diagrams etc., let us
begin by briefly reviewing some of the results we obtained in Sect. 2.2.1
for the free-field theory and generalizing them suitably. Given an action
functional A(φ) for the scalar field, we can obtain the functional Fourier
transform Z(J) of eiA by the relation (see Eq. (2.54))

Z[J ] =

∫
Dφ exp

[
iA[φ] + i

∫
J(x)φ(x)d4x

]
(4.78)

If we compute the functional derivative of Z(J) with respect to J(x), we
bring down one factor of φ(x) for each differentiation. For example, if we
compute the functional derivative twice, we get:

1

Z(0)

(
δ

iδJ(x2)

)(
δ

iδJ(x1)

)
Z[J ]

∣∣∣
J=0

=
1

Z(0)

∫
Dφφ(x2)φ(x1) e

iA[φ]

= 〈0|T [φ(x2)φ(x1)]|0〉
≡ G(x2, x1) ≡ 〈x2|x1〉 (4.79)

where we have introduced the notation G(x1, x2) ≡ 〈x1|x2〉 for typograph-
ical simplicity.34 The above equation was obtained in Sect. 2.2.1 for the
case of free-fields, but it is obvious that the first equality is trivially valid
for arbitrary A[φ]. Further, since the time integral in the action goes from
t = −∞ to t = +∞, we can easily demonstrate (by, for example, analyt-
ically continuing to the Euclidean sector) that the path integral expres-
sion reduces to the vacuum expectation value (VEV) of the time-ordered
products even for an arbitrary action A[φ], so that the second equality in
Eq. (4.79) also holds for any A[φ].

In a similar manner, one can obtain the functional average or the VEV of
a product of n scalar fields φ(x1)φ(x2).....φ(xn) ≡ φ1φ2...φn [where we have
simplified the notation by writing φ(xj) = φj etc.] by taking n functional

34For reasons described at the end of
Sect. 1.4, do not attribute meanings to
|x1〉 and |x2〉. This is just a notation.
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35In the process we will also provide
an intuitive picture of how the n-point
functions are related to simple physi-
cal processes like the scattering of the
quanta of the field, because of the in-
teraction. Later on, in Sect. 4.6, we
will provide a more rigorous proof of
how the amplitude for scattering, etc.
can be related to the n-point functions.

x1 x2

Figure 4.3: Diagrammatic representa-
tion of G(x1, x2)

x3 x4

+

+

x1 x2

x3 x4

x3 x4

x1
x2

x1 x2

Figure 4.4: Diagrams contributing to
G(x1, x2, x3, x4)

derivatives with respect to J(x1), J(x2), ...J(xn). That is,

1

Z(0)

(
δ

iδJ(x1)

)(
δ

iδJ(x2)

)
...

(
δ

iδJ(xn)

)
Z[J ]

∣∣∣
J=0

=
1

Z(0)

∫
Dφφ1φ2...φn exp (iA[φ]) = 〈0|T [φ1φ2...φn]|0〉

≡ G(x1, x2, ...xn) (4.80)

Recalling our interpretation in Sect. 2.2.1 of exp(iA) as being analogous to
a probability distribution and Z(J) as being analogous to the generating
function for the probability distribution, we see that the above result gives
the n-th moment of the random variable φ(x) in terms of the probability
distribution as well as in terms of the derivatives of the generating function.
It is also clear that if all the moments are given, one can reconstruct Z(J)
as a functional Taylor series by:

Z(J) = Z(0)
∞∑
n=0

1

n!

∫
dx1dx2...dxn G(x1, x2, ...xn)J(x1)J(x2)...J(xn)

(4.81)
Obviously, the set of all n-point functions G(x1, x2, ...xn) contains the com-
plete information about the theory and if we can calculate them, we can
compute all other physical processes. Our first task is to set up a for-
malism by which these n-point functions can be computed in a systematic
manner.35

Since we are interested in setting up a systematic procedure for com-
puting various quantities, it will be useful to start from the free-field theory
as a warm up. In this case, we know that Z(J) can be explicitly computed
and is given by:

Z(J) = Z(0) exp−1

2

∫
d4x2 d

4x1J(x2)〈x2|x1〉J(x1) (4.82)

The n−point functions can be determined by expanding the exponential
in a power series and identifying the coefficients of J(x1)J(x2)...J(xn),
remembering the fact that this product is completely symmetric. For ex-
ample, the 4-point function, computed using Eq. (4.80), is given by:

G(x1, x2, x3, x4) = 〈x1|x2〉〈x3|x4〉+〈x1|x3〉〈x2|x4〉+〈x1|x4〉〈x2|x3〉 (4.83)

and similarly for higher orders. We are essentially computing the moments
of a Gaussian distribution for which all the information is contained in the
two-point function. The odd moments will vanish and the even moments
can be expressed as products of the two-point function, which is what
Eq. (4.83) tells you.

With future applications in mind, we will associate a diagrammatic rep-
resentation with these algebraic expressions. We will represent G(x1, x2)
by a line connecting the two events x1 and x2 as in Fig. 4.3. This term
occurs in the series expansion for Z(J) in the form G(x1, x2)J(x1)J(x2)
which can be interpreted as the source J creating a particle at one event
and destroying it at another, with the amplitude G(x1, x2) describing the
propagation. This is, of course, completely consistent with our earlier dis-
cussion and interpretation of 〈x1|x2〉. Let us next consider G(x1, x2, x3, x4)
which can be represented by the figure in Fig. 4.4. This term occurs in the
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form G(x1, x2, x3, x4) J(x1)J(x2)J(x3)J(x4) and one would like to inter-
pret this as a pair of particles produced and destroyed by two sources and
two sinks. The form of the expression in Eq. (4.83) clearly shows that the
particles do not affect each other — as to be expected in the absence of
any interactions — and this merely propagates from event to event in all
possible combinations.

The Fig. 4.4 has three pieces and each of them have two disconnected

components. It is obvious that when we look at 2n-point functions we
will get the same structure involving n particles, each propagating inde-
pendently amongst the 2n events without any interactions. Any particular
configuration will involve n lines of the kind in Fig. 4.4, each of which is
disconnected from the other.

It is clear that if we try to draw all these diagrams with disconnected
pieces and compute each term, we are duplicating the effort unnecessarily.
This problem is easily solved by writing Z(J) as exp[iW (J)] and working
with W (J). In the case of free field theory, W (J) is a quadratic functional
of J which leads to no higher than the two-point function. When we expo-
nentiate W (J) to get Z(J), we automatically generate the correct products
of disconnected diagrams, while W (J) has only connected diagrams. That
is, while

〈0|T [φ(x1) · · ·φ(xn)]|0〉 = (−i�)n
1

Z[J ]

∂nZ

∂J(x1) · · · ∂J(xn)

∣∣∣∣∣
J=0

(4.84)

the W (J), on the other hand, produces a similar quantity involving only
those Feynman diagrams which are connected; i.e.,

(−i�)n
∂nW [J ]

∂J(x1) · · · ∂J(xn)

∣∣∣∣∣
J=0

= −i�〈0|T [φ(x1) · · ·φ(xn)]|0〉connected
(4.85)

For example, when n = 2, we have the result

(−i�)2
∂2W

∂J1∂J2
= (−i�)3

∂

∂J1

(
1

Z

∂Z

∂J2

)
(4.86)

= (−i�)3
1

Z

∂2Z

∂J1∂J2
− (−i�)3

(
1

Z

∂Z

∂J1

)(
1

Z

∂Z

∂J2

)
= −i� [〈J |φ(x1)φ(x2)|J〉 − 〈J |φ(x1)|J〉〈J |φ(x2)|J〉]

where we have kept J �= 0 to illustrate the point. The second term, which is
subtracted out, involves all the disconnected pieces which we are not usually
concerned with. In presence of the source, even the one-point function
(which, of course, is connected) can be non-zero and is given by

∂W [J ]

∂J(x)
= −i�

1

Z

∂Z[J ]

∂J(x)
= 〈J |φ(x)|J〉 ≡ φJ (x) (4.87)

where the last relation defines φJ (x) as the expectation value of the field
φ in a state describing a source J(x).

This feature is quite generic in field theory36 and hence one prefers to
work with W (J) rather than Z(J). Alternatively, we can simply restrict
ourselves to connected diagrams in our computation, which is what we will
do eventually.

36It is not too difficult to prove; but
we won’t bother to do it since we will
directly work with connected Feynman
diagrams.
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4.4.2 Feynman Rules for the λφ4 Theory

Let us now consider the application of the above ideas to a self-interacting
λφ4 theory with the action

A[φ] =

∫
d4x

[
1

2
(∂mφ∂mφ−m2φ2)− λ

4!
φ4

]
(4.88)

and the corresponding generating function, in a condensed notation,

Zλ(J) =

∫
Dφ exp

{
i

∫
d4x

[
1

2

[
(∂φ)2 −m2φ2

]− λ

4!
φ4 + Jφ

]}
(4.89)

Since we cannot evaluate this exactly when λ �= 0, we will resort to a
perturbation series in λ. If we expand the relevant part of the exponential
as

exp

[
−i

λ

4!

∫
d4xφ4

]
=

∑
n=0

(
−i

λ

4!

)n

(4.90)

×
∫

d4x1d
4x2...d

4xnφ
4(x1)φ

4(x2)...φ
4(xn)

it is obvious that the n−th order term will insert the n factors of φ4 (with
integrals over each of them) inside the path integral. But this is exactly
what we would have obtained if we had differentiated the remaining path
integral (the one with λ = 0) n times with respect to δ4/δJ4. Therefore
we get:

Zλ[J ] =
∑
n=0

(
−i

λ

4!

)n ∫
d4x1d

4x2...d
4xn

δ4

δJ(x1)4
δ4

δJ(x2)4
....

δ4

δJ(xn)4
Z0[J ]

(4.91)
The generating function Z0[J ] for λ = 0 is of course known and is given by
Eq. (4.82). Therefore, we can write, in a compact notation:

Zλ[J ] = Z0[0] exp

[
−i

λ

4!

∫
d4x

δ4

δJ(x)4

]

× exp−1

2

∫
d4x2 d

4x1J(x2)〈x2|x1〉J(x1) (4.92)

The exponential operator is defined through the power series in λ given
explicitly in Eq. (4.91). The expression in Eq. (4.92) formally solves our
problem. Once we expand the exponential operator in a power series in
λ, we can compute the nth order contribution (involving λn) by carrying
out the functional differentiation in Z0(J). This is a purely algorithmic
procedure which will provide the perturbative expansion for Z(J). This,
in turn, leads to a functional series expansion for Z(J) in J as shown in
Eq. (4.81), the coefficients of which will give the n-point functions.

Before we discuss the nature of this expansion, we will also describe an
alternative way of obtaining the same result. If one expands Eq. (4.89) as
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a power series in J(x) directly, we will get

Zλ[J ] = Z0[0]

∞∑
n=0

1

n!

∫
dx1dx2 · · · dxnJ(x1) · · · J(xn)G

(n)(x1, · · · , xn)

=
∞∑

n=0

1

n!

∫
dx1dx2 · · · dxn J(x1) · · ·J(xn)

∫
Dφ φ(x1) · · ·φ(xn)

× exp

{
i

∫
d4x

[
1

2

[
(∂φ)2 −m2φ2

]− λ

4!
φ4

]}
(4.93)

which allows us to read off the different n-point functions as standard path
integral averages like

G(x1, x2) ≡ 1

Z0(0)

∫
Dφ φ(x1)φ(x2)

× exp

{
i

∫
d4x

[
1

2

[
(∂φ)2 −m2φ2

]− λ

4!
φ4

]}
= 〈0|T [φ(x1)φ(x2)]|0〉 (4.94)

and

G(x1, x2, x3, x4) ≡ 1

Z0(0)

∫
Dφ φ(x1)φ(x2)φ(x3)φ(x4)

× exp

{
i

∫
d4x

[
1

2

[
(∂φ)2 −m2φ2

]− λ

4!
φ4

]}
= 〈0|T [φ(x1)φ(x2)φ(x3)φ(x4)]|0〉 (4.95)

etc. These have the same structure as the 2-point and 4-point functions in
Eq. (4.79) and Eq. (4.80) but are now constructed for the interacting theory
with λ �= 0. For the same reason, we cannot evaluate these expressions
exactly and have to resort to a perturbative expansion in λ in Eq. (4.94)
and Eq. (4.95).

The two approaches (repeated functional differentiation with respect to
J4(x) of the non-interacting generating function, or evaluation of the path
integral average in Eq. (4.80) in a perturbative series in λ) are mathemati-
cally identical; they also involve substantially the same amount of effort in
calculation. The functional series expansion of Z(J) in J , however, gives
a clearer physical picture of particles being created and destroyed by the
source J(x). This allows us to interpret the term G(x1, x2)J(x1)J(x2), for
example, as the creation and destruction of a particle at x1 and x2 with
G(x1, x2) giving the propagation amplitude in the interaction theory. Sim-
ilarly, the term G(x1, x2, x3, x4)J(x1)J(x2)J(x3)J(x4) can be interpreted
as the creation of a pair of particles at x1 and x2, say, with their subse-
quent destruction at x3 and x4. In the free-field theory, we know that the
pair of particles will propagate in between, ignoring each other. But in
the interacting field theory, this process will also involve scattering of the
particles due to the interaction term.

To gain some insight into the explicit computation of these amplitudes,
let us try our hand in computing G(x1, x2, x3, x4) to the lowest order at λ.
This is given by the path integral average:

G(x1, x2, x3, x4) =
1

Z0(0)

(
− iλ

4!

)∫
d4x

∫
Dφφ(x1)φ(x2)φ(x3)φ(x4)φ(x)

4

× exp

{
i

∫
d4x

[
1

2

[
(∂φ)2 −m2φ2

]]}
(4.96)
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Figure 4.5: Three types of dia-
grams involved in the computation of
Eq. (4.96)

This is a path integral average of eight factors of φ with four factors
evaluated at the same event x and the other four factors evaluated at
(x1, x2, x3, x4). Because we are doing perturbation theory, the path inte-
gral is over the free particle action which is just a quadratic expression; in
other words, we just have to evaluate the 8-point function of the free-field

theory. Since the only non-trivial n-point function in the free-field the-
ory is the 2-point function 〈x1|x2〉, we know that each term in the 8-point
function will be the product of four 2-point functions taken in different
combinations. Let us sort out the kind of terms which will emerge in such
an expression.

If we combine x1 with any of x2, x3 or x4, we will get a factor like 〈x1|x2〉,
say. (This process is usually called ‘contracting’ φ(x1) with φ(x2).) The
remaining x3 and x4 can either be combined with each other or combined
with the xs in φ4(x). In either case, we see that there is a factor 〈x1|x2〉
represented by a single line disconnected from the rest (see Fig. 4.5(a), (b)).
The Fig. 4.5(a) represents the particles propagating without any interaction
from x1 to x2 and x3 to x4 with the four factors of φ4(x), contracted pair-
wise amongst themselves, leading to the closed figure-of-eight loop shown
in the figure. Similarly, Fig. 4.5(b) shows one particle propagating from
x1 to x2 while we combine x3 with an x in one of the φ(x) of the φ4(x)
term, x4 with an x in another φ(x) of the φ4(x) term and combine the
remaining two φ(x) together to get the closed loop corresponding to 〈x|x〉.
The processes in Fig. 4.5(a), (b) clearly belong to the disconnected type
with (at least) one particle propagating freely without interaction. What
we are interested in, of course, is the situation in which the two particles
do interact, which can happen only if we combine each of the x1, x2, x3

and x4 with one each of the φ(x) in the φ4(x) term. This will lead to the
amplitude we are after, given by

G(x1, x2, x3, x4) ∝ (−iλ)

∫
d4x 〈x1|x〉 〈x2|x〉 〈x3|x〉 〈x4|x〉 (4.97)

This is represented by the diagram in Fig. 4.5(c). This gives the lowest
order amplitude for scattering of the scalar particles by one another.

Just to understand the structure of these terms and their diagrammatic
representation better, let us see how the same result will be obtained if we
calculate the process using the technique of functional differentiation with
respect to J4(x). The linear term in λ arises from the expansion of the
operator

exp

[
−i

λ

4!

∫
d4x

δ4

δJ4(x)

]
= 1− i

λ

4!

∫
d4x

δ4

δJ4(x)
(4.98)

which should act on the free-field generating function Z0(J) again expanded
in a functional Taylor series in J . We want to isolate the term which will
be linear in λ and will have four factors of J surviving after the functional
differentiation. Since the linear term in λ in Eq. (4.98) involves four dif-
ferentiations with respect to J , the only term which can contribute is the
term involving eight factors of J in the expansion of Z0(J). Given the fact
that Z0(J) is an exponential of a quadratic, we are looking for the fourth
term in the expansion of the exponential which will contain eight factors
of J . This will lead to the computation of the term

A = −i
λ

4!

∫
d4x

δ4

δJ4(x)

1

4!

[
−1

2

∫
dx1dx2〈x1|x2〉J(x1)J(x2)

]4
(4.99)
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Expanding it out, we see that this term has the structure

A ∝ −iλ

∫
d4x

δ4

δJ4(x)

∫
dx1....dx8 J1J2J3J4J5J6J7J8

× 〈x1|x5〉〈x2|x6〉〈x3|x7〉〈x4|x8〉 (4.100)

in obvious notation. The structure of different terms arising from the func-
tional differentiation depends on how the different Jks are paired with the
differentiating Jx. When the four Jx factors hit J5, J6, J7 and J8, we get
the connected diagram Fig. 4.5(c) which we want. This has the algebraic
structure:

Ac ∝ −iλ

∫
d4x

∫
dx1....dx4 J1J2J3J4〈x1|x〉〈x2|x〉〈x3|x〉〈x4|x〉 (4.101)

This result is easy to understand. We think of two particles being created
at x1 and x2 and propagating to the same event x with the amplitude
〈x1|x〉 〈x2|x〉 (recall that 〈a|b〉 is symmetric in a and b), scattering with
an amplitude (−iλ) and then propagating from x to x3, x4 where they get
destroyed by the external source again. For the purpose of calculating the
4-point function G(x1, x2, x3, x4), we can imagine replacing the source Jk
by a Dirac-delta function at the event.

On the other hand, the functional differentiation will also contain a
term, say, in which the four factors of Jx in (δ4/δJ4

x) hit J3, J4, J7, J8.
This will lead to a term of the form

Aa ∝ −iλ

∫
dx1dx2dx5dx6 J1J2J5J6〈x1|x5〉〈x2|x6〉

∫
dx〈x|x〉〈x|x〉

(4.102)
which corresponds to Fig. 4.5(a). We interpret this as two particles created
by the sources at x1 and x2, propagating freely to x5 and x6 respectively.
Simultaneously, at some other event x, there arises a vacuum fluctuation
in terms of two closed loops with amplitude −iλ〈x|x〉 〈x|x〉. Clearly, this is
a disconnected process. One can similarly see that if two of the Jxs hit x1

and x5 respectively and others are paired off distinctively, we will pick up
just one factor of 〈x|x〉 and one freely propagating particle, corresponding
to Fig. 4.5(b) which is yet another disconnected process.

You should now be able to understand how the correspondence between
the Feynman diagrams and the functional differentiation works in order
to produce the same algebraic expressions. The expansion of Z0(J) in J
involves a bunch of Js at different events in spacetime connected by 〈xi|xj〉
factors which we denote by a line connecting xi and xj . For example, the 6-
th order term in the expansion will involve 6 factors of 〈xi|xj〉 connecting
12 events of which Fig. 4.6(a) shows a representative set. We have to
operate on these terms with the operator on the left hand side of Eq. (4.98)
which, when expanded out, will have a whole series of terms each involving
products of (δ4/δJ4

x). This operation essentially combines four ends of the
lines to a single event on which the differentiation acts. For example, the
term of order λ2 in our operator, involving

O = λ2

∫
d4x

∫
d4x′

[
δ

δJ(x)

]4 [
δ

δJ(x′)

]4
(4.103)

can (i) pick up four ends x2, x5, x4, x7 of Fig. 4.6(a) and will connect them
up at an event x and (ii) pick up x6, x9, x11 and x8 of Fig. 4.6(a) and

x

x′

(b)

x1 x3

x2
x4

x1 x3

x5

x6

x7

x8

x11

x12x10

x9

(a)

x10 x12

Figure 4.6: Diagrams relevant to the
computation of Eq. (4.102).
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z

Figure 4.7: Diagrams relevant to the
computation in Eq. (4.104).

combine them at an event x′. This leads to the diagram in Fig. 4.6(b).
The locations x and x′ are then integrated out to give the final amplitude.

In all the above cases we have been essentially concentrating on rep-
resentative terms and diagrams in each category. But given the fact that
many of the products involved are symmetric in their arguments, one needs
to keep count of a symmetry factor for a term of the diagram. As an il-
lustration, consider the correction to the 2-point function to order λ which
requires us to compute

B = − iλ

4!

∫
d4z 〈φxφyφ

4
z〉 (4.104)

where we have further simplified the notation by using 〈....〉 to denote the
path integral average. We can contract the six factors of φ pair-wise in
6C2 = 15 different ways and each one of them will give a contribution in
terms of products of three amplitudes 〈xi|xj〉. However, a little thought
shows that only two of these 15 are really different. If we contract φx with
φy, there are three ways of contracting the remaining four φs with each
other and all of these will give identical contribution. This way of combining
the factors leads to the disconnected diagram shown in Fig. 4.7(a). In
writing the corresponding algebraic expression, we have to multiply it by a
factor 3. The other possibility is to combine φx with one of the φ4

z (which
can be done in 4 ways), φy with another one of φ4

z which can be done in 3
ways, with the remaining two φz being combined with each other (which is
unique). This gives rise to the diagram in Fig. 4.7(b). The corresponding
algebraic expression will, therefore, be

B = 3×
(
− iλ

4!

)
〈x|y〉

∫
d4z 〈z|z〉〈z|z〉+12×

(
− iλ

4!

)∫
d4z 〈x|z〉〈y|z〉〈z|z〉

(4.105)
From these examples, you should be able to figure out the rules govern-

ing the Feynman diagrams by which every term in the perturbation series
can be computed. After one draws the relevant diagrams, for a given pro-
cess, we see that we have to do the following: (a) Associate the amplitude
〈x|y〉 with a line joining the events x and y. (b) Associate a factor −iλ with
every vertex at which four lines meet. Further, integrate over the space-
time event associated with the vertex. (c) Introduce the correct symmetry
factor for the diagram.

4.4.3 Feynman Rules in the Momentum Space

While the above rules certainly work, it is often easier to work in the mo-
mentum space by introducing the Fourier transforms of all the expressions,
especially the n-point functions. We will then label each line by a four-
momentum vector k (instead of the events at the end points) and associate
the propagation amplitude in momentum space i(k2−m2+ iε)−1 with that
line. It is obvious that, because of translational invariance, the Fourier
transform G(k1, k2, k3, k4), say, of G(x1, x2, x3, x4) will contain a Dirac-
delta function on the sum of the momenta ki. It is convenient to omit this
in the overall factor and also assume the momentum conservation at each
vertex. With these modifications, the Feynman rules in momentum space
will be the following:

(a) Draw the diagram in the momentum space associating a momentum
label with each of the lines. That is, we label each line with a momentum
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k and associate with it the factor i(k2 −m2 + iε)−1.
(b) Assume that momentum is conserved at each vertex. This is most

conveniently done by having in-going and out-going momentum vectors at
each vertex (denoted by suitable arrows) and ensuring that the net sum of
in-going momenta is equal to the sum of the out-going momenta.

(c) Momenta associated with internal lines are integrated over with the
measure d4k/(2π)4.

(d) Associate the correct symmetry factor with the diagram.
With these rules, the momentum space version of Fig. 4.5(c) will become

Fig. 4.8. The corresponding algebraic expression will correspond to the
amplitude

A = −iλ(2π)4δ(4)(k1 + k2 − k3 − k4)

4∏
a=1

(
i

k2a −m2 + iε

)
(4.106)

It is obvious that nothing is lost in omitting the propagator factors cor-
responding to the external lines and dropping the overall momentum con-
servation factor. This is usually done while writing down the algebraic ex-
pressions corresponding to the Feynman diagram. In the case of Fig. 4.8,
we will now get the amplitude to be remarkably simple:

A = −iλ (4.107)

To understand how this transition from the real space to momentum
space Feynman diagram works, let us do one more example — which we
will anyway need later, to study the running coupling constant — in some
detail. Consider the evaluation of the 4-point function G(x1, x2, x3, x4)
to order λ2 in the coupling constant. A typical diagram, among the set
of diagrams which will contribute, is shown in Fig. 4.10. This arises
from all possible pairings of the product of twelve φs in the expression
〈φ(x1)φ(x2)φ(x3)φ(x4)φ(x)

4φ(y)4〉. Let us first determine the overall sym-
metry factor for this diagram. One can combine φ(x1) with one of the φ(x)
and φ(x2) with another φ(x) in 4 × 3 possible ways; φ(x3) and φ(x4) can
similarly be combined with two of the φ(y)-s in another 4×3 possible ways;
the remaining two of the φ(x) can combine with the remaining two φ(y)
in two possible ways; finally, we can do the whole thing in two different
ways by exchanging x ↔ y, which gives another factor 2. Thus we get two
factors of 4! which nicely cancel with the (4!)2 which arises in the coefficient
(1/2)(−iλ/4!)2 (when we expand the exponential to quadratic order in λ)
leaving just (1/2)(−iλ)2. To this order, our real space Feynman rule will
translate the figure Fig. 4.9 to the algebraic expression

G(x1, x2, x3, x4) =
1

2
(−iλ)2

∫
d4y (4.108)

×
∫

d4x 〈x1|x〉 〈x2|x〉 〈x|y〉 〈x|y〉 〈y|x3〉 〈y|x4〉

When we go to Fourier space, we will work with the Fourier transform of
G(x1, x2, x3, x4) with respect to its arguments. It is convenient to associate
p1, p2 with x1, x2 and −k1,−k2 with x3 and x4, so that we can think of
in-going and out-going momenta with proper signs. We will denote the
Fourier transform of 〈x|y〉 by G(k) = i(k2 − m2 + iε)−1. The Fourier

k3 k4

k1 k2

Figure 4.8: Momentum space repre-
sentation of the vertex.

x

x3

x4

y

x1

x2

Figure 4.9: Diagram in real space cor-
responding to Eq. (4.108).



162 Chapter 4. Real Life I: Interactions
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Figure 4.10: Three momentum space
diagrams related to the same process.

transform will, therefore, be given by

1

2
(−iλ)2

∫
d4y

∫
d4x

∫
d4x1

∫
d4x2

∫
d4x3

∫
d4x4

× 〈x1|x〉 〈x2|x〉 〈x|y〉 〈x|y〉 〈y|x3〉 〈y|x4〉
× exp

(
i[p1x1 + p2x2 − k1x3 − k2x4]

)
=

1

2
(−iλ)2G(p1)G(p2)G(k1)G(k2)

∫
d4xd4y〈x|y〉2

× exp
(
i[(p1 + p2)x− (k1 + k2)y]

)
=

1

2
(−iλ)2G(p1)G(p2)G(k1)G(k2)(2π)

4δ(p1 + p2 − k1 − k2)

×
∫

d4k

(2π)4
G(k)G(k1 + k2 − k) (4.109)

You will get similar expressions if we join x1 and x3 to x and x2 and
x4 to y or if you join x1 and x4 to x and x2 and x3 to y. These three
situations appear in momentum space as the three diagrams in Fig. 4.10.
It is now clear that we again obtain four factors of G for the external
legs of the diagram, one integration over the internal line momentum, an
overall Dirac delta function expressing momentum conservation, individual
momentum conservation at each vertex and an overall symmetry factor.
This is precisely what we would have got if we had worked directly with the
diagrams in Fig. 4.10. You should be able to convince yourself that similar
features arise for arbitrarily complicated diagrams when we translate them
from real space to momentum space.

4.5 Effective Action and the Perturbation Ex-

pansion

Incidentally, the definition of Z(J) and W (J) — which we introduced in
order to facilitate the perturbation series — is also useful in another con-
text. We saw earlier that one way of obtaining non-perturbative results is
by using the concept of effective action which we defined in Sect. 4.1.1 from
a fairly physical point of view. There is a more formal way of defining the
effective action which you will find in several textbooks based on Z(J) and
W (J). This formal definition will be useful, for e.g., to relate the approach
based on the effective action with that based on perturbation theory etc.

To do this, we begin from the partition function Z(J) defined by the
standard relation

Z[J ] = eiW |J| =
∫

Dφ exp

{
i

[
A[φ] +

∫
d4xJφ

]}
(4.110)

The Green’s functions of the theory can be obtained either from the func-
tional derivatives of Z or from the functional derivatives of W with respect
to J . Usually we set J = 0 after the differentiations so as to obtain the time
ordered expectation values in the vacuum state. But if we keep J �= 0, we
obtain the relevant expectation values in a state |J〉 describing an external
source J(x).

We are now in a position to define the effective action Aeff [φ] as a
Legendre transform. To do this, we invert the equation Eq. (4.87) viz.,
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(∂W [J ]/∂J(x)) ≡ φJ (x), to express J as a function of φJ and omit the
subscript J on φJ to obtain the function J = J(φ). We then define the
effective action as the Legendre transform of W by

Aeff [φ] ≡ W [J(φ)] −
∫

d4xJ [φ(x)]φ(x) (4.111)

In this relation, J(φ) is treated as a functional of φ so that the left hand
side is a functional of φ, as it should. The standard relations which occur
in any such Legendre transform, viz.:

δAeff [φ]

δφ(x)

∣∣∣
φ=φJ

= −J(x);
δW [J ]

δJ(x)
= φJ (x) (4.112)

hold in this case as well and

W [J ] = Aeff [φ(J)] +

∫
d4xJ(x)φ[J(x)] (4.113)

gives the inverse Legendre transform. You can easily verify that the Aeff(φ)
defined by the above rule is the same as the effective action we have defined
earlier for quadratic actions.

One can now understand the properties of Aeff better through the above
approach. We recall that the functional Taylor series expansion of W (J)

gives all the connected end point functions G
(n)
c via the relation:

W [J ] = −i

∞∑
n=0

in

n!

∫
d4x1 · · · d4xnJ(x1) · · · J(xn)G

(n)
c (x1, · · · , xn)

(4.114)
Taking a cue from this, we can also expand Aeff(φ) in a functional Taylor
series with the coefficient Γ(n) defined through the relation37

Aeff [φ] =
∞∑
n=1

in

n!

∫
d4x1 · · ·

∫
d4xnΓ

(n)(x1, · · ·xn)φ(x1) · · ·φ(xn) (4.115)

Since we require δAeff/δφ = 0 when J = 0 with φc = 0, the above ex-
pansion implies that Γ(1) = 0. To understand what this expansion means,
let us concentrate on Γ(2)(x1, x2). We differentiate the second relation in
Eq. (4.112) with respect to φ(y). This gives

δ4(x− y) =
δ

δφ(y)

(
δW [J ]

δJ(x)

)
=

∫
d4z

δJ(z)

δφ(y)

δ2W [J ]

δJ(z)δJ(x)
(4.116)

But, from the first relation in Eq. (4.112), we have

−δJ(z)

δφ(y)
=

δ2Aeff [φ]

δφ(z)δφ(y)
(4.117)

Using this in Eq. (4.116) and evaluating it with φ = J = 0, we obtain a

simple relation between Γ(2) and G
(2)
c , given by:

−δ4(x− y) =

∫
d4z Γ(2)(y, z)G(2)

c (z, x) or Γ(2) = −
{
G(2)

c

}−1

(4.118)

In other words, the quadratic part of the effective action gives the inverse of
the connected two-point function. For example, we will show in Sec 4.7.1

37For simplicity, we have assumed
that 〈0|φ|0〉 is zero; otherwise we need
to make a shift φ → φ− φc.
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38In this sense, one often says that ef-
fective action is non-perturbative.

39You can happily skip this discussion
unless you are curious to know what
LSZ is all about.

that the sum over a set of loop diagrams in Fig. 4.12 will give G
(2)
c =

(p2−m2−Σ(p))−1 (see Eq. (4.145)). Then the relation in Eq. (4.118) tells us
that Γ(2) is then given by Γ(2)(p) ∝ (p2−m2−Σ(p)) in the momentum space.
In other words, the effective action succinctly summarizes the information
contained in the sum of all the diagrams in Fig. 4.12. This should be
contrasted with a perturbation expansion which will lead38 to the individual
terms in the expansion in Eq. (4.145).

An alternate way of obtaining a similar result is as follows. If we sub-
stitute the expression in Eq. (4.113) for exp[iW (J)] in Eq. (4.110) and use
the first relation in Eq. (4.112) in the right hand side, we get the result

exp i

(
Aeff +

∫
Jφd4x

)
=

∫
Dφ exp i

(
A[φ]−

∫
dxφ(x)

δAeff [φ]

δφ(x)

)
(4.119)

which can be written as

exp iAeff =

∫
Dφ exp i

(
A[φ]−

∫
dx(φ − ψ)

δAeff [ψ]

δψ(x)

)
(4.120)

If we now shift φ to ψ + φ, we can rewrite this result as

exp iAeff =

∫
Dφ exp i

(
A[ψ + φ]−

∫
dx φ(x)

δAeff [ψ]

δψ(x)

)
(4.121)

At first sight, you might think that this relation is not of much value since
both sides contain Aeff . However, the second term in the right hand side is
a higher order correction and hence we can iteratively calculate the result
as an expansion in �.

For example, at one loop order we obtain an extra factor from the
second term, which is given by

exp iA
(1)
eff [φ] ∝

∫
Dφ exp

{
i

2

∫
d4x φ(x)

∫
d4y φ(y)

δ2A0[φ]

δφ(x)δφ(y)

}
(4.122)

where A0 is the tree-level action. In a theory with

A0[φ] =

∫
dx

(
1

2
∂mφ∂mφ− 1

2
m2φ2 − V (φ)

)
(4.123)

we get the correction to be

exp iA
(1)
eff ∝

∫
Dφ exp

{
i

2

∫
d4x φ

(
�+m2 + V ′′(φ)

)
φ

}
(4.124)

This leads to an effective action of the form

A
(1)
eff = A0[φ] +

i

2
lnDet

[
�+m2 + V ′′(φ)

]
(4.125)

This is indeed the expression we have used before to compute the effective
action.

4.6 Aside: LSZ Reduction Formulas

The results obtained so far can be made much more rigorous in many dif-
ferent ways, one of which is called the LSZ (short for Lehmann-Symanzik-
Zimmermann) formalism.39 While we do not want to be unnecessarily
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formal, we will describe very briefly the ideas involved in this formalism in
order to clarify certain aspects of our previous discussion.

For the sake of definiteness, let us consider a physical process in which
two particles with momenta p1 and p2 scatter with each other and produce
a bunch of particles with momenta p3, p4, ...pn. We introduce an S-matrix
element — which is the matrix element of an operator S — denoted by
〈p3, p4, ....pn|S|p1, p2〉 which gives the amplitude for this process. We have
seen that such amplitudes can be computed in terms of Feynman diagrams
which, in turn, are short hand notations for algebraic expressions involving
vacuum expectation values of the time-ordered product of field operators
like the N point function:

G(x1, x2, . . . xN ) = 〈0|T [φ(x1)φ(x2) . . . φ(xN )]|0〉 (4.126)

The procedure based on the Feynman diagrams suggests that the S-matrix
element 〈p3, p4, ....pn|S|p1, p2〉 is directly related to the vacuum expecta-
tion values of the time ordered products like G(x1, x2, . . . xN ) defined by
Eq. (4.126). The LSZ reduction formula provides the formal relation be-
tween these two. For the process which we were discussing, one can show
that this relation is given by

〈p3 · · · pn|S|p1p2〉 =
[
i

∫
d4x1e

−ip1x1(�1 +m2)

]
· · · (4.127)

×
[
i

∫
d4xne

−ipnxn(�n +m2)

]
〈0|T {φ(x1)φ(x2)φ(x3) · · ·φ(xn)} |0〉

We will now describe briefly how such a relation comes about.
In general, the field will be described by an expansion of the form

φ(x) = φ(t,x) =

∫
d3p

(2π)3
1√
2ωp

[
ap(t)e

−ip·x + a†p(t)e
ip·x
]

(4.128)

which is an operator in Heisenberg picture. In a free field theory, ap(t)
will evolve as e−iωpt; but in an interacting theory, the evolution of these
operators will be non-trivial. Let us assume that all the interactions happen
during the time interval −T < t < T . At very early times (t → −∞) and
at very late times (t → +∞), the system is described by a free field theory
which satisfies the condition

〈0|φ(t = ±∞,x)|p〉 ∝ eip·x (4.129)

Further, since all interactions take place only during the interval −T <
t < T , the creation and annihilation operators evolve like in the free-field
theory at t → ±∞. So, asymptotically, we can construct the initial and
final states by acting on the vacuum with suitable creation operators. More
specifically, we have,

|p1, p2〉 ≡ |i〉 = √
2ω1

√
2ω2 a†p1

(−∞)a†p2
(−∞)|0〉 (4.130)

|p3, p4 · · · pn〉 ≡ |f〉 = √
2ω3 · · · √2ωn a

†
p3
(∞) · · · a†pn

(∞)|0〉 (4.131)

Therefore, the S-matrix element is just the amplitude given by

〈f |S|i〉 = √
2nω1 · · ·ωn 〈0|ap3(∞) · · · apn

(∞)a†p1
(−∞)a†p2

(−∞)|0〉
(4.132)
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Exercise 4.5: Prove these.

We first re-write this expression in a slightly different way which will prove
to be convenient. To begin with, we insert a time-ordering operator and
express it in the form

〈f |S|i〉 = √
2nω1 · · ·ωn 〈0|T {ap3(∞) · · · apn

(∞)a†p1
(−∞)a†p2

(−∞)
} |0〉
(4.133)

We next notice that this expression can be written in an equivalent form
as

〈f |S|i〉 =
√
2nω1 · · ·ωn

×〈0|T {[ap3(∞)− ap3(−∞)] · · · [apn
(∞)− apn

(−∞)]

× [a†p1
(−∞)− a†p1

(∞)][a†p2
(−∞)− a†p2

(∞)]
} |0〉 (4.134)

This trick works because the time-ordering moves all the unwanted a†(∞)
operators associated with the initial state to the left where they annihilate
on 〈f | while all the unwanted a(−∞) operators are pushed to the right
where they annihilate on |i〉. So, in order to determine 〈f |S|i〉 we only
need to find a suitable expression for [ap(∞)−ap(−∞)] (and its Hermitian
conjugate) for each of the creation and annihilation operators. Our aim is
to manipulate this expression and obtain Eq. (4.127).

The key to this result is the purely algebraic relation

i

∫
d4x eipx(�+m2)φ(x) =

√
2ωp [ap(∞)− ap(−∞)] (4.135)

in which the four-momentum is on-shell. To obtain this relation, we will as-
sume that all fields die off at spatial infinity, allowing a suitable integration
by parts. Then, we have the results

i

∫
d4x eipx(�+m2)φ(x) = i

∫
d4x eipx(∂2

t + ω2
p)φ(x) (4.136)

and

∂t[e
ipx(i∂t + ωp)φ(x)] = [iωpe

ipx(i∂t + ωp) + eipx(i∂2
t + ωp∂t)]φ(x)

= ieipx(∂2
t + ω2

p)φ(x) (4.137)

which can be proved by simple algebra. Combining these, we get

i

∫
d4x eipx(� +m2)φ(x) =

∫
d4x∂t[e

ipx(i∂t + ωp)φ(x)] (4.138)

=

∫
dt ∂t

[
eiωpt

∫
d3x e−ip·x(i∂t + ωp)φ(x)

]

Since the integrand is a total time derivative and the integration is over
the entire range −∞ < t < ∞, the result is only going to depend on the
behaviour of the integrand in the asymptotic limits. By construction, ap(t)
and a†p(t) are time-independent asymptotically. If we now use this fact and
the expansion in Eq. (4.128), we can easily show that∫

d3x e−ip·x(i∂t + ωp)φ(x) =
√
2ωp ap(t) e

−iωpt (4.139)

which allows us to write

i

∫
d4x eipx(� +m2)φ(x) =

∫
dt ∂t

[(
eiωpt

) (√
2ωp ap(t) e

−iωpt
)]

=
√
2ωp [ap(∞)− ap(−∞)] (4.140)
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Taking the Hermitian conjugate, we also have the result

−i

∫
d4x e−ipx(� +m2)φ(x) =

√
2ωp

[
a†p(∞)− a†p(−∞)

]
(4.141)

That is all we need. Substituting Eq. (4.141) into Eq. (4.134), we immedi-
ately obtain the relation in Eq. (4.127).

What does this relation mean? The time-ordered correlation function
contains a large amount of information about the dynamics of the field,
much of which is irrelevant for the amplitude we are interested in. The op-
erator �+m2, which becomes −p2+m2 in Fourier space, actually vanishes
in the asymptotic states where the field becomes free. Therefore, these
factors in Eq. (4.127) will remove all the terms in the time-ordered product
except those containing the factor (p2 −m2)−1. In other words, we are es-
sentially picking out the residue from each pole in the correlation function.
Thus, the S-matrix projects out the one-particle asymptotic states from
the time-ordered product of the fields. The LSZ reduction formula encodes
a careful cancellation between the zeros resulting from �+m2 acting on the
fields and the (�+m2)−1 arising from the one-particle states. This formal
relation is what is pictorially represented through the Feynman diagrams.

4.7 Handling the Divergences in the Pertur-
bation Theory

When we studied the self-interacting scalar field from a non-perturbative
perspective — using the effective action — in Sect. 4.3, we found that the
effective theory can be expressed in terms of certain physical parameters
mphy, λphy which are different from the parameters m0, λ0 which appear
in the original Lagrangian.40 We also found that for mphy, λphy to remain
finite, the bare parameters m0, λ0 have to be divergent. In particular,
the strength of the interaction in the theory, measured by the coupling
constant λphys, needs to be defined operationally at some suitable energy
scale. Once this is done, it gets determined at all other scales through the
equation Eq. (4.75). The question arises as to how we are led to these
results when we approach the problem perturbatively.

The answer to this question relies on the concept of perturbative renor-
malization which is an important technical advance in the study of quan-
tum field theory. The main application of this technique — leading to
definite predictions which have been observationally verified — occurs in
QED which we will study in the next chapter. At that time, we will also de-
scribe the conceptual aspects of the perturbative renormalization in some-
what greater detail. The purpose of this section is to briefly introduce these
ideas in the context of λφ4 theory as a preparation for the latter discussion
in QED.41

The really nontrivial aspects of any quantum field theory, in particular
λφ4 theory or QED, arise only when we go beyond the lowest order per-
turbation theory (called the tree-level). This is because, as long as there
are no internal loops, the translation of a Feynman diagram into an alge-
braic expression does not involve any integration. But when we consider
a diagram involving one or more internal loops, we have to integrate over
the momenta corresponding to these loops. The propagators correspond-
ing to the internal loops will typically contribute a (1/p2) or (1/p4) factor

40We have added the subscripts ‘phy’
and 0 to these parameters for later no-
tational convenience.

41The technical details of renormal-
ization depend crucially on the kind of
theory you are interested in. From this
point of view, λφ4 theory is somewhat
too simple to capture all the nuances
of this technique. This is one reason
for keeping this discussion rather brief
in this section.
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42The effective action is closely re-
lated to the expansion in loops. One
may therefore try to argue that, ulti-
mately, the source of all divergences is
in the loops. But the fact that the ef-
fective action can also lead to results
which are non-analytic in the coupling
constant — like the Schwinger effect —
suggests that it is better not to try and
interpret everything in quantum field
theory in terms of the perturbative ex-
pansion.

43When we study the λφ4 theory at
one loop order — which we will do in
the next section — we will find that
the mass m and the coupling constant
λ gets renormalized and this is ade-
quate to handle all the one loop di-
vergences. But when we proceed to
the next order, viz. O(λ2), we will en-
counter a new type of divergence which
can be handled through the renormal-
ization of the field, usually called the
wave function renormalization. This is
described in Problem 9 but we will dis-
cuss a similar renormalization in detail
when we study QED.

p

�

p

Figure 4.11: One loop correction to
the propagator.

to the integral at large momenta and the integration measure will go as
p3dp. This could lead to the contributions from these diagrams, to diverge
at large p. In fact, this disaster does occur in λφ4 theory and QED, and
the diagrams involving even a single loop produce divergent results. It is
necessary to understand and reinterpret the perturbation theory when this
occurs.

The situation described above is the usual motivation given in textbooks
for the procedure called renormalization; it is thought of as a practical
necessity needed to “save” the perturbative calculation technique. From
a conceptual point of view, this reasoning is at best misleading and at
worst incorrect. As we have stressed several times before, the process of
renormalization, a priori, has very little to do with the existence or removal
of divergences in perturbative field theory. We have also seen examples of
these divergences in nonperturbative calculations based on the concept of
effective action.42

It is now clear that, to implement the program of perturbative renor-
malization, we need to undertake the following steps. (a) Identify processes
or Feynman diagrams which will lead to a divergent contribution to a prob-
ability amplitude. (b) Regularize this divergence in some sensible manner;
this is usually done by introducing some extra parameter ε, say, such that
the contribution is finite and well defined when ε �= 0 and diverges in the
limit of ε → 0. (c) See whether all the divergent terms can be made to
disappear by changing the original parameters λ0

A in the Lagrangian of
the theory to the physically observable set λren

A . This is best done keeping
ε finite, so that you are dealing with regularized finite expressions. (d)
Re-express the theory and, in particular, the non-divergent parts of the
amplitude in terms of the physical parameters λren

A . This will form the
basis for comparing the theory with observations.

In any given theory, say e.g., λφ4 theory or QED, we will need to carry
out this program to all orders in perturbation theory in order to convince
ourselves that the theory is well defined.43 This is indeed possible, but we
shall concentrate on illustrating this procedure at the lowest order, which
essentially involves integration over a single internal momentum variable.
This will introduce the necessary regularization procedure and the concep-
tual details which are involved.

4.7.1 One Loop Divergences in the λφ4 Theory

After this preamble, let us consider the Feynman diagrams in the λφ4

theory which contain a single loop. There are essentially two such diagrams
of which the second one comes in three avatars. The first one shown in
Fig. 4.11 while the second one — which has three related forms — is shown
in Fig. 4.10. The analytic expression corresponding to Fig. 4.11 is given by
the integral

−iΣ(p2) = −iΣ(0) = −i
λ

2

∫
d4�

(2π)4
i

�2 −m2
0 + iε

(4.142)

On the other hand, the contribution from the sum of the three diagrams
in Fig. 4.10 is given by

iM = −iλ+A(p1 + p2) +A(k1 − p1) +A(k1 − p2) (4.143)
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where

A(p) ≡ (−iλ)2

2

∫
d4k

(2π)4
i

k2 −m2
0 + iε

i

(p− k)2 −m2
0 + iε

(4.144)

It is obvious that both the integrals are divergent; we also note that Σ(p2)
is actually independent of p and is just a divergent constant.44 The con-
tribution from Fig. 4.11 corrects the propagator from its expression at the
tree-level while the contribution from Fig. 4.10 changes the value of the
coupling constant.

Let us begin with the role played by the diagram in Fig. 4.11. To un-
derstand it in proper context, it is convenient to introduce the concept
of one-particle, irreducible (1PI) diagrams. The 1PI means that you start
with a single line and end with a single line and draw in between all possible
diagrammatic structures which cannot be cut apart by just cutting a single
line. Using this concept, one can draw a series of 1PI diagrams which will
correct the propagator in a geometric series as shown in Fig. 4.12. Translat-
ing this geometric series in diagrams into equivalent algebraic expressions,
we find that the Feynman propagator gets corrected as follows:

iG(p) = iG0(p) + iG0(p) [−iΣ(p)] iG0(p) + · · ·
=

i

p2 −m2
0 + iε

+
i

p2 −m2
0 + iε

[−iΣ(p)]
i

p2 −m2
0 + iε

+ · · ·

=
i

p2 −m2
0 + iε

[
1

1 + iΣ(p2) i
p2−m2

0+iε

]

=
i

p2 −m2
0 − Σ(p2) + iε

(4.145)

Since Σ(p2) = Σ(0) is a constant, it is obvious that the net effect of the
diagram in Fig. 4.11 — when used in the geometric series in Fig. 4.12 —
is to change the bare mass as m2

0 → m2
0 +Σ(0).

Our next job is to evaluate Σ(p) by some regularization procedure. As
usual, one could do this either by introducing a cut-off or by dimensional
regularization. This time we shall use the procedure of dimensional regu-
larization in order to illustrate an important difference with respect to the
cut-off regularization which we used earlier when we studied the effective
potential.

To do this, it is convenient at this stage to switch to the n-dimensional
Euclidean momentum space. As we described earlier, dimensional regular-
ization involves45 working in n-dimensions and analytically continuing the
results to all values of n and then taking the limit of n → 4. By and large,
this procedure has the advantage that it maintains the symmetries of the
theory.

Such a dimensional continuation of the integral in Eq. (4.142) will re-
quire us to essentially evaluate the integral given by

I ≡ λμ4−n

[∫
dn�

(2π)n
1

�2 +m2
0

]
(4.146)

The pre-factor μ4−n, where μ has the dimensions of energy, is introduced
in order to keep λ dimensionless46 even in n-dimensions, just as it was in
n = 4. It is also convenient to define a parameter ε by 2ε = 4 − n. The

44This is a rather special feature of
λφ4 theory and does not happen in
general.

=

+

+

+

Figure 4.12: Diagrammatic represen-
tation of the geometric progression
evaluated in Eq. (4.145).

45We will say more about this proce-
dure when we discuss QED in the next
chapter.

46Since we want dnx(∂φ)2 to be di-
mensionless, φ must have the dimen-
sions μ1−ε where μ is an energy scale.
Further, λφ4 must have the dimensions
of (∂φ)2. This will require λ to have
the dimensions of μ2ε = μ4−n in n-
dimensions. It is this factor which we
scale out in order to keep λ dimension-
less.
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Exercise 4.6: Fill in the algebraic de-
tails in Eq. (4.148) to Eq. (4.152).

47Do not confuse this mass scale μ
with the cut-off scale Λ which was used
to regularize divergences earlier. In di-
mensional regularization, the ultravi-
olet regulator is actually provided by
the parameter 2ε = 4 − n which mea-
sures the deviation from 4-dimensions.
The ε → 0 limit is equivalent to an
ultraviolet regulator scale Λ going to
infinity. The μ is not a regulator, but,
as we shall see, allows us to define a
renormalization point (usually a finite
mass scale of the order of the other
mass scales in the theory) used to de-
fine renormalized quantities.

integral in Eq. (4.146) is most easily evaluated by writing the integrand
(1/D) as

1

D
=

∫ ∞

0

ds exp(−sD) , (4.147)

carrying out the Gaussian integrations over � and then performing the in-
tegration over the parameter s. Analytically continuing back to Lorentzian
spacetime, we find that our result is given by

−iΣ(0) =
−iλm2

32π2

(
4πμ2

m2

)ε

Γ(−1 + ε) (4.148)

This result is finite for finite ε, but of course we require the limit of ε → 0
which will allow us to isolate the divergent terms in a clean fashion. We
first note that(

4πμ2

m2

)ε

= exp

[
ε ln

(
4πμ2

m2

)]
� 1 + ε ln

(
4πμ2

m2

)
(4.149)

while the Gamma function has the expansion near ε = 0 given by

Γ(−1 + ε) = −
[
1

ε
+ 1− γE +O(ε)

]
(4.150)

Putting these in, we find the final result which we are after, viz.,

−iΣ(0) =
iλm2

32π2

[
1

ε
+ 1− γE + ln

(
4πμ2

m2

)
+O(ε)

]
(4.151)

This result displays the structure of the divergence (which arises from the
(1/ε) term) and a dependence on the arbitrary mass scale μ through the
logarithmic term. We can take care of the divergence by replacing m2

0 by
m2 = m2

0 + δm2 which can be written as

m2
0 = m2 − δm2 = m2

[
1 +

λ

32π2

1

ε

]
(4.152)

We, of course, do not want the physical results to depend on the arbitrary
scale μ; this would require m and λ to vary with μ in a particular way.47

We will comment on this fact after discussing the renormalization of λ.
You might have noticed that the relation between m0 and m is now dif-

ferent from what we found in Eq. (4.72). In Eq. (4.72) we had a logarithmic
divergence proportional to λm2 and a quadratic divergence proportional to
λ. But in Eq. (4.152) we only have a single divergence proportional to λm2

and the quadratic divergence has disappeared. As we mentioned earlier,
this is a general feature of dimensional regularization. To understand this
better, consider the n-dimensional Euclidean momentum integral of the
form

Ik(n,m
2) =

∫
dnpE
(2π)n

1

(p2E +m2)k
(4.153)

This integral is most easily evaluated by using the following integral repre-
sentation for the integrand:

1

ak
=

1

Γ(k)

∫ ∞

0

dt tk−1e−at (a > 0) (4.154)
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and performing the Gaussian integrals over the momentum. This will give
the result

Ik(n,m
2) =

1

(4π)2+
n−4
2

Γ(k − 2− n−4
2 )

Γ(k)(m2)k−2− n−4
2

(4.155)

We can now take the limit of n → 4 and obtain

Ik(n,m
2) → (m2)2−k

16π2

2

n− 4
+ finite part (4.156)

We see that the nature of the divergence is independent of k and always
has a 1/(n− 4) behaviour.

On the other hand, if we compute the same integral using a momentum
space cut-off at some large value M , then we get the result which clearly
depends on k:

∫
|pE |<M

d4pE
(2π)4

1

(p2E +m2)k
∝

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

m2

8π2

[
M2

m2 − log
(

M2

m2

)]
k = 1

1
8π2

[
log
(

M2

m2

)
− 1

2

]
k = 2

m4−2k

8π2(k−1)(k−2) k > 2

⎫⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎭
(4.157)

We see that the k = 1 and k = 2 cases (which prop up repeatedly in quan-
tum field theory) have different structures of the divergence as compared
to what we found with dimensional regularization.48

In our case, we are interested in the k = 1 integral. If we do it using
a cut-off — as we did when we computed the effective potential — we
pick up two kinds of divergences, one quadratic and one logarithmic, as
seen in Eq. (4.157). On the other hand, if we had used the dimensional
regularization, we would not have picked up the quadratic divergence as can
be seen from Eq. (4.156). In some sense, this issue is irrelevant, because the
divergent terms are being absorbed into the parameters of the theory, and
no physical effects, including the running of the parameters, will depend on
whether we use dimensional regularization or cut-off regularization. It is
nevertheless important to appreciate that dimensional regularization makes
quadratic divergences disappear.49

4.7.2 Running Coupling Constant in the Perturbative
Approach

Let us next consider the contributions from the three diagrams in Fig. 4.9
which is given by the expression in Eq. (4.143) and Eq. (4.144), reproduced
here for convenience:

iM = −iλ+A(p1 + p2) +A(k1 − p1) +A(k1 − p2) (4.158)

where we have defined with

A(p) ≡ (−iλ)2

2

∫
d4k

(2π)4
i

k2 −m2 + iε

i

(p− k)2 −m2 + iε
(4.159)

Physically this represents the amplitude for a φφ → φφ scattering50 correct
to O(λ2). To the lowest order, we just have (−iλ) and to the next order
we have the contribution from the three diagrams in Fig. 4.9.

Exercise 4.7: Obtain the expressions
in Eq. (4.157).

48This is just another fact of life. You
cannot do anything about it except be
aware that the pattern of divergence
can depend on the regularization pro-
cedure you use and make sure no ob-
servable results are affected.

49Notice that, in the case of the inte-
gral I1(n,m2), we have a Γ((2− n)/2)
making its appearance. This has, be-
sides the pole at n = 4, another one
at n = 2. The original quadratic di-
vergence transforms itself into the exis-
tence of two such poles in the resulting
integral.

50The arguments of A in Eq. (4.158)
occur frequently in problems involv-
ing the scattering of two particles of
masses m1, m2 from the initial mo-
menta (p1, p2) to the final momenta
(p3, p4). For such a process, one de-
fines the Mandelstam variables s ≡
(p1 + p2)2, t ≡ (p1 − p3)2, u ≡ (p1 −
p4)2. You can easily verify that

√
s is

the center of mass energy for the scat-
tering and s+ t+u is equal to the sum
of the squares of the masses of the par-
ticles. They play an important role in
the study of the kinematics of the scat-
tering.



172 Chapter 4. Real Life I: Interactions

51For example, if we scatter two parti-
cles at very low momentum, we can say
that the energy scale is set by the rest
mass m of the particles, or if we scatter
two particles at energies far larger than
the rest mass energy, we could take the
center of mass energy

√
s as setting the

scale for this scattering, etc.

52We have, of course, come across the
same issue in Sect. 4.3 and have ex-
plained the philosophy behind tackling
this problem. It is not surprising that
the same issue arises in the perturba-
tive approach as well. In fact, you will
see that we will get exactly the same
result for the “running” of λ, which
is gratifying given the cavalier attitude
we have taken towards mathematical
rigour.

53This is usually called the Feyn-
man parameterization in textbooks,
though it has appeared in an earlier
work of Julian Schwinger in the ex-
ponential form. The discussion about
priorities in a conversation between
Schwinger and Harold (Hypothetically
Alert Reader Of Limitless Dedication;
a character, created by Schwinger, who
sets records straight) in page 338 of
the book Sources, Fields and Parti-

cles, Vol. I is amusing to listen to:
Harold : Is it not true, however, that

the usual intent of that device, to re-
place space-time integrations by invari-
ant parametric integrals, was earlier
exploited by you in a related exponen-
tial version, and that the elementary
identity combining two denominators,
in fact, appears quite explicitly in a pa-
per of yours, published in the same is-
sue that contains Feynman’s contribu-
tion?

Schwinger : Yes.

The most interesting (or disturbing, depending on your point of view)
feature of the expression in Eq. (4.158) is that the integral defining A is
logarithmically divergent. The way to handle this divergence, again, is as
we described before. The parameters in the Lagrangian — and in partic-
ular the coupling constant λ — have no intrinsic physical significance and
have to be defined through some operational procedure like the φφ → φφ
scattering, etc. When such an experiment is performed, one would work
at some energy51 scale E. With such a scattering experiment, one can
measure the amplitude M which will define for us the effective coupling
constant λeff(E) defined through the relation iM = −iλeff(E). This ef-
fective coupling constant could, of course, depend on the energy scale of
the scattering experiment which is indicated by an explicit functional de-
pendence in the expression. When such an experiment is performed, one
always gets finite answers for M and the experimental result takes into
account the interaction to all orders in the perturbation. So, we need to do
is to re-express all the answers in terms of the experimentally determined
λeff (at some scale). If the divergences disappear when the scattering am-
plitudes are re-expressed in terms of physically relevant parameters, then
we have a good theory which can be used to make useful predictions. We
will now see how this comes about.52

Our first task is to regularize the divergent integral in Eq. (4.159) and
isolate the divergences. To do this, we will again use dimensional reg-
ularization which requires us to work in n dimensions after analytically
continuing to the Euclidean sector. Assuming p2 < m2 and rotating to
the Euclidean plane in n-dimensions, we need to essentially evaluate the
integral:

F (p2) = −
∫

dnk

(2π)n
1

k2 +m2

1

(k − p)2 +m2
(4.160)

This naive procedure of analytic continuation does work in this case; but it
is worth noting the following subtlety (to which we will come back later).
Since we want to analytically continue k0 to imaginary values, let us ex-
amine the analytic structure of the integrand in Eq. (4.159), made of the
product of two propagators. The first factor has the poles at ωk − iε and
−ωk + iε. These two poles are the usual ones in the second and fourth
quadrant and do not prevent us from performing the Wick rotation in
k0eiθ from θ = 0 to θ = π/2. The poles of the second factor are at
(p0 +

√
(k− p)2 +m2 − iε) and (p0 −√(k− p)2 +m2 + iε). It is easy

to see that, if 0 < p0 < m, then these poles are also in the second and
fourth quadrant and hence do not create any obstacles for the Wick rota-
tion. Therefore, we can first determine the value of the integral for p2 < m2

and then analytically continue to the whole energy plane. This will require
a transition across a Riemann sheet (because of square roots) which can
be handled — as we shall see in the Mathematical Supplement 4.9.2 – by
evaluating the imaginary part of the integral explicitly if required. We will
now proceed with above integral in Eq. (4.160).

It is convenient at this stage to introduce a parametric integration to
combine the denominators of the two individual terms.53 Using again the
trick in Eq. (4.147), we obtain

F (p2) = −
∫ ∞

0

ds

∫ ∞

0

dt e−(s+t)m2

(4.161)

×
∫

dnk

(2π)n
exp
[− ((s+ t)k2 − 2kpt+ p2t

)]
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in which one can immediately perform the Gaussian integrals. This requires
completing the squares by writing

(s+ t)k2 − 2kpt+ p2t = (s+ t)

(
k − pt

s+ t

)2

+
st

s+ t
p2 (4.162)

and shifting the integration variable to

k̄ = k − pt

s+ t
(4.163)

We then get the result

F (p2) = − 1

(4π)n/2

∫ ∞

0

ds (4.164)

×
∫ ∞

0

dt
1

(s+ t)n/2
exp

{
−
[
(s+ t)m2 +

(
st

s+ t

)
p2
]}

To proceed further, it is useful to do a change of variable which can be
done formally as follows. We first insert a factor of unity

1 =

∫ ∞

0

dq δ(q − s− t) (4.165)

and introduce two variables α and β in place of s and t by the definitions
s = αq, t = βq. This leads to

F (p2) = − 1

(4π)n/2

∫ ∞

0

dq

∫ ∞

0

q dα

∫ ∞

0

q dβ
1

qn/2
δ(q(1 − α− β))

× exp
[−q(m2 + αβp2)

]
(4.166)

Using δ(qx) = δ(x)/q, we can do the q integration, obtaining∫ ∞

0

dq q1−n/2 exp
[−q(m2 + αβp2)

]
= Γ

(
2− n

2

) [
m2 + αβp2

]n
2 −2

(4.167)
Therefore,

F (p2) = − μn−4

(4π)2
Γ
(
2− n

2

)∫ 1

0

dα

[
m2 + α(1 − α)p2

4πμ2

]n
2 −2

(4.168)

In the last expression we have introduced an arbitrary mass scale μ by
multiplying and dividing by54 the factor μn−4. This makes the integral
dimensionless which will be convenient later on.

We now need to take the n → 4 limit of this expression when we get a
divergence from the Gamma function which has a simple pole at this point.
In this limit, we have the relation

Γ
(
2− n

2

)
=

Γ
(
3− n

2

)
2− n

2

→ 1

2− n
2

+ Γ′(1) ≡ 1

ε
− γE (4.169)

with ε = 2−(n/2) and γE being Euler’s constant. Using this in Eq. (4.168)
and pulling out a μn−4 factor to provide the dimensions, we can express
our result as

F (p2) = μn−4

[
− 1

(4π)2
1

ε
+ Ffin(p

2)

]
(4.170)

54That ensures the result is indepen-
dent of μ; right? Now watch the fun.
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55Algebra alert: For most purposes,
we can set μ2ε in Eq. (4.175) to unity
when ε → 0, which is what we have
done here. But occasionally, the fact
that μ2ε ≈ 1+ ε lnμ can be relevant to
regularize certain results.

56If you expand the denominator of
Eq. (4.179) in a Taylor series, you
can easily see that this reduces to
Eq. (4.74). Writing the result as in
Eq. (4.179) involves pretending that
Eq. (4.178) is exact. We shall com-
ment on the domain of validity of ex-
pressions like Eq. (4.179) in a moment.

where the finite part is:

Ffin(p
2) = − 1

(4π)2

∫ 1

0

dα

{
Γ (ε)

[
4πμ2

m2 + α(1 − α)p2

]ε
− 1

ε

}
(4.171)

These expressions clearly isolate the divergent and finite parts of the func-
tion. In fact, using xε = eε lnx ≈ 1+ ε lnx for small ε and the expansion in
Eq. (4.169), we can easily show that the finite part is given by the integral
representation:

Ffin(p
2) =

1

(4π)2

{
γE −

∫ 1

0

dα ln

[
4πμ2

m2 + α(1 − α)p2

]}
(4.172)

in the Euclidean space. Analytically continuing back to the Lorentzian
space, p2 will become −p2 and we will get

Ffin(p
2) =

1

(4π)2

{
γE −

∫ 1

0

dα ln

[
4πμ2

m2 − α(1 − α)p2

]}
(4.173)

We can evaluate the integral explicitly, but before we do that, let us
once again demonstrate how the running of the coupling constant arises
from this expression. The total scattering amplitude in Eq. (4.158) now
reads as

−M = λ+
1

2
λ2

[
− 3

(16π2)

1

ε
+ Ffin(s) + Ffin(t) + Ffin(u)

]
+O(λ3) (4.174)

with s = (p1+p2)
2, t = (p1−p3)

2, u = (p1−p4)
2. We now define a physical

coupling constant λphy by the relation

λ = λphyμ
2ε

(
1 +

3

2

λphy

16π2

1

ε

)
+O(λ3

phy) → λphy

(
1 +

3

2

λphy

16π2

1

ε

)
+O(λ3

phy)

(4.175)
with λphy being finite, so that the scattering amplitude becomes:55

−M = λphy +
1

2
λ2
phy [Ffin(s) + Ffin(t) + Ffin(u)] +O(λ3

phy) (4.176)

This expression is now perfectly finite and we have taken care of the diver-
gence.

As usual, the λphy depends on the scale μ which is lurking inside Ffin.
Obviously, we cannot have the amplitude M to depend on this arbitrary
scale μ. This is taken care of by arranging the μ dependence of λphy to be
such that M becomes independent of μ. This leads to the condition:

0 = −dM
dμ

=
dλphys

dμ
+ λphys

dλphys

dμ
[Ffin(s) + Ffin(t) + Ffin(u)] (4.177)

+
1

2
λ2
phy

d

dμ
[Ffin(s) + Ffin(t) + Ffin(u)] +O(λ3

phy)

Since (dFfin/dμ) = −(1/16π2)(2/μ), this condition reduces to

μ
dλphys

dμ
=

3

16π2
λ2
phys +O(λ3

phy) ≡ βλ2
phys +O(λ3

phy) (4.178)

with β ≡ (3/16π2) > 0. This is exactly the same “running” of the coupling
constant obtained earlier Eq. (4.76). If we formally integrate this relation,
we get56
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λphys(μ) =
λphys(μ0)

1− 3

16π2
λphys(μ0) ln

μ

μ0

≡ λphys(μ0)

1− βλphys(μ0) ln
μ

μ0

(4.179)

If you expand the denominator of Eq. (4.179), it will lead to an expansion
in powers of logarithms, given by:

λphy(μ) = λ0 +
3λ2

0

(4π)2
ln

μ

μ0
+

9λ3
0

(4π)4
ln2

μ

μ0
+ · · · (4.180)

where λ0 ≡ λphy(μ0). The first term in this expansion is the coupling
constant λ0 at the scale μ0 which we take as fixed. The second term with
a single logarithm represents the momentum dependence arising from the
one loop correction to the 4-point function. In fact, it is easy to see that the
higher order terms provide an expansion in terms of the number of loops.
An n-loop diagram will have n + 1 vertices, giving rise to a factor λn+1

and the n momentum integrals will give a factor (4π)−2n. The momentum
dependence of the type lnn(μ/μ0) arises from regions of integrals where all
the loop momenta have similar scales.

Since the β function was obtained in a perturbation series, you may won-
der whether it is legitimate to integrate the resulting equation Eq. (4.178)
and obtain an expression like the one in Eq. (4.179) which contains arbi-
trary powers of the coupling constant. To see what is involved, let us write
the the series expansion of Eq. (4.179) formally as:

λphy(μ) = λ0

[
1 +

∞∑
n=1

cn(μ)λ
n
0

]
; cn(μ) =

(
β ln

μ

μ0

)n

(4.181)

In the case of the λφ4 theory, β = (3/16π2) > 0, but let us consider a more
general situation for a moment. The series in Eq. (4.181) (as well as the
result in Eq. (4.179)) can indeed be interpreted as arising due to summing
up a subset of Feynman diagrams in a geometric progression. To check the
limits of its validity, we need to know what the higher loop corrections do
to this expansion. The effect of higher loop corrections to the β functions,
it turns out, is to modify cn(μ) to the form

cn(μ) =

[
β ln

μ

μ0
+O(ln ln(μ/μ0))

]n
(4.182)

which, in turn, is equivalent to adding additional terms proportional to
ln lnμ to the denominator of Eq. (4.179). This means the term with (lnμ)n

is unaffected by higher order corrections to β, but at each order, cn will
also pick up terms of the order (lnμ)n−1 and smaller. These are the terms
which are missed when we use the one loop β function.

It follows that the re-summation of a special class of diagrams leading
to something like Eq. (4.179) is useful when ln(μ/μ0) � 1; in this case, we
are actually picking the dominant term at high energies at each order of
n. But this, in turn, means that the procedure is really useful only when
β < 0. This is required because we simultaneously demand ln(μ/μ0) � 1
(to validate the re-summation) and λphys � 1 (to validate the perturbation
theory).57 This suggests that, by using the expression in Eq. (4.179), one
can improve significantly the accuracy of the perturbative expansion at
the scale μ, differing significantly from the scale μ0 at which the original
coupling constant λ0 was defined. In fact, even at the one loop level we

57In both λφ4 theory — and in QED,
as we will see later — we have β > 0.
But we do have β < 0, in asymp-
totically free theories like QCD, which
makes the coupling constant smaller at
higher energies. In such theories, it
is computationally easier to isolate the
divergent parts — containing the poles
in (d − 4) — than to calculate the fi-
nite parts. The coefficient of the diver-
gent part can be used to integrate the β
function equation and thus obtain the
running of the coupling constant in the
leading log approximation. This turns
out to be quite useful computationally.
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notice that the effective coupling constant is not really λ0 but λ0 ln(μ/μ0).
So even if λ0 was small at the scale μ0, the factor λ0 ln(μ/μ0) can become
large when μ is not comparable to μ0. The denominator in Eq. (4.179) tells
us that λphy can be actually small even if λ0 ln(μ/μ0) is large (if β < 0),
thereby providing us with a better expansion parameter.

Let us now close the discussion on the running of m, which we came
across at the end of the last section. Once we determine the running of λ,
we can determine the running of m, from Eq. (4.152). Using the condition
that m0 cannot depend on the arbitrary scale λ, we get:

μ
∂m2

0

∂μ
= 0 = μ

∂m2

∂μ

[
1 +

λ

32π2ε

]
+m2μ

∂λ

∂μ

1

32π2

1

ε
(4.183)

which can be solved to give:

μ
∂m2

∂μ
= −m2μ

∂λ

∂μ

1

32π2

1

ε

[
1− λ

32π2

1

ε

]
(4.184)

In this expression, we need to careful about evaluating μ(∂λ/∂μ) because
of the (1/ε) term. Using the first expression in Eq. (4.175), we have
μ(∂λ/∂μ) = −2ελ

[
1− (3λ/32π2ε)

]
, which leads to the result

μ
∂m2

∂μ
= −m2(−2ελ)

[
1− 3λ

32π2

1

ε

]
1

32π2

1

ε

[
1− λ

32π2

1

ε

]

⇒ m2

[
λ

16π2
+O(λ2)

]
(4.185)

where the last relation holds when ε → 0. This is precisely what we ob-
tained earlier in Eq. (4.77) from the effective action approach. With this
scaling, all physical results will be independent of the parameter μ.

All that remains is to evaluate the finite part, Ffin(p
2) in Eq. (4.173).

If we do not worry about the analytic structure, Riemann sheets etc., this
can be done by using the result∫ 1

0

dα ln

[
1 +

4

b
α(1 − α)

]
= −2 +

√
1 + b ln

(√
1 + b + 1√
1 + b − 1

)
(4.186)

to obtain the final answer as:

Ffin(s) =
1

(4π)2

{
ln

(
m2eγE

4πμ2

)
+

√
1− 4m2

s
ln

[√
s− 4m2 +

√
s√

s− 4m2 −√
s

]
− 2

}

(4.187)
The original integral in Eq. (4.186) is valid only when b > 0, but we have
quietly continued the result to all values of p2. While the final result
is correct, this misses some interesting physics contained in the branch
cuts of the scattering amplitude, which is discussed in the Mathematical
Supplement, Sect. 4.9.2.

4.8 Renormalized Perturbation Theory for the
λφ4 Model

In the previous sections, we studied the renormalization of the λφ4 model
in the perturbative approach. We started with the bare Lagrangian of the
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form

L =
1

2
(∂mφ0)

2 − 1

2
m2

0φ
2
0 −

λ0

4!
φ4
0 (4.188)

where we have now introduced the subscript 0 to make it explicit that this
Lagrangian is written in terms of bare quantities. You have already seen
that the bare parameters m0 and λ0 get renormalized to mR and λR (now
denoted with subscript R for emphasis) order by order in the perturbation
theory. We haven’t seen any evidence for the renormalization of the field
φ itself, but it turns out that this will be required when we study two-loop
diagrams (see Problem 9). Just to be formally correct, we have also put a
subscript 0 to the field φ. We can now set up a perturbation expansion in
λ0 which will lead to the results discussed earlier.

The purpose of this brief section is to redo the analysis somewhat dif-
ferently — using renormalized quantities and counter-terms — which has
significant formal advantage. As you will see, a similar procedure works
in the case of QED as well and learning it in the context of λφ4 theory is
somewhat simpler. In this spirit, we shall not work through the algebra
again, but will merely borrow the results from the previous discussions,
concentrating on the conceptual features.

We will begin by rescaling the field by φ0 = Z1/2φR and introducing
the three parameters (δZ , δm, δλ) by the definitions

Z = 1+ δZ , m2
0Z = m2

R + δm, Z2λ0 = λR + δλ (4.189)

This reduces the Lagrangian to the form

L =
1

2
(∂mφR)

2 − 1

2
m2

Rφ
2
R − λR

4!
φ4
R +

1

2
δZ(∂mφR)

2 − 1

2
δmφ2

R − δλ
4!
φ4
R + ρ

(4.190)
where we have added a constant ρ to cancel out any other infinite constants
we might encounter. This Lagrangian splits into two parts. We would
expect the first three terms to remain finite at all orders of perturbation
theory once we choose the constants (δZ , δm, δλ) and ρ appropriately. What
is more, we will now do the perturbation theory with the renormalized
coupling constant λR, which makes a lot of physical sense.58 We already
know the Feynman diagrams corresponding to the first three terms of the
Lagrangian in Eq. (4.190). The three counter-terms involving (δZ , δm, δλ)
will generate new Feynman diagrams of very similar structure, as indicated
in Fig. 4.13.

With this preamble, let us again look at the four-point and two-point
functions of the theory. In the four-point function, we have the standard
diagrams which led to the results in Eq. (4.158) and Eq. (4.159). We will
now have to add to it the first diagram in Fig. 4.13, contributing a term
−iδλ. With a slight change in notation, the final amplitude in Eq. (4.158)
can be written as

iM = −iλR + (−iλR)
2 [iB(s) + iB(t) + iB(u)]− iδλ (4.191)

where

B(p2) = i

2

∫
d4k

(2π)4
i

k2 −m2
R + iε

i

(p1 + p2 + k)2 −m2
R + iε

(4.192)

We know that the integral for B(p2) is infinite. As before, we shall handle
it using dimensional regularization which will lead to (see Eq. (4.173) and

58Note, however, that at this stage
we have not identified the renormal-
ized parameters with the physical mass
and the physical coupling constants,
though they will be closely related.

= −iδλ

= i(p2δZ − δm)

Figure 4.13: The diagrams generated
by the counter-terms and their alge-
braic equivalents.
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59This is not a priori equal to mR; we
will relate to mR in a moment.

Eq. (4.170))

B(p2) = − 1

32π2

∫ 1

0

dx

(
2

ε
+ log

[
4πe−γEμ2

m2
R − x(1 − x)p2

])
(4.193)

Substituting back, and doing a little bit of cleaning up, we get the final
result to be

iM = −iλR +
iλ2

R

32π2

∫ 1

0

dx

[
6

ε
+ (4.194)

log

(
(4πe−γEμ2)3

[m2
R − x(1 − x)s][m2

R − x(1− x)t][m2
R − x(1 − x)u]

)]
− iδλ

The integral in this expression is divergent, but we can cancel the divergence
by choosing δλ appropriately. Since one could have subtracted any finite
quantity along with the divergent result, the finite part — after eliminating
the divergence — has some ambiguity. This ambiguity is usually resolved
by choosing what is known as a subtraction scheme which we will now
describe.

There are essentially three subtraction schemes which are used exten-
sively in the literature. The first one, called minimal subtraction (MS)
consists of cancelling out only the divergent part. This is done by choosing

δλ =
λ2
R

32π2

∫ 1

0

dx
6

ε
=

3λ2
R

16π2ε
(4.195)

thereby leading to a well defined final result given by

iM = −iλR +
iλ2

R

32π2
(4.196)

×
∫ 1

0

dx log

(
(4πe−γEμ2)3

[m2
R − x(1 − x)s][m2

R − x(1 − x)t][m2
R − x(1− x)u]

)

The result, of course, depends on the arbitrary scale μ, but we know how
to handle this by letting λR run with the scale.

The second subtraction scheme is a slight variant on MS usually called
MS in which one takes out the 4π and γE . This involves the choice

δλ =
λ2
R

32π2

∫ 1

0

dx

[
6

ε
+ 3 log(4πeγE )

]
=

λ2
R

32π2

[
6

ε
+ 3 log(4πeγE )

]
(4.197)

leading to the final expression

iM = −iλR +
iλ2

R

32π2
(4.198)

×
∫ 1

0

dx log

(
(μ2)3

[m2
R − x(1 − x)s][m2

R − x(1 − x)t][m2
R − x(1− x)u]

)

The third possibility is to choose δλ such that λR is actually a physically
relevant observable quantity. To do this, we choose what is called a renor-
malization point at which the coupling constant λR is actually measured in
some experiment. One choice, for example, could be s0 = 4m2

P , t0 = u0 = 0
where mP is called the pole mass.59 We then demand that, at the renor-
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malization point, M should be equal to the observed value λR. This leads
to the condition

−iλR = −iλR +
iλ2

R

32π2

∫ 1

0

dx

[
6

ε
+ log

(
(4πe−γEμ2)3

m4
R [m2

R − 4x(1− x)m2
P ]

)]
− iδλ

(4.199)
which can be solved for δλ. Substituting back, the result we get now is
given by

iM = −iλR +
iλ2

R

32π2
(4.200)

×
∫ 1

0

dx log

(
m4

R

[
m2

R − 4x(1− x)m2
P

]
[m2

R − x(1 − x)s][m2
R − x(1 − x)t][m2

R − x(1− x)u]

)

Notice that, in this procedure — in contrast to the MS and MS schemes
— the final result is independent of the arbitrary scale μ. The result in
Eq. (4.200) has a very direct physical meaning. In this expression, λR

is defined to be the coupling constant measured in an experiment at the
renormalization point characterized by the scale mP . Once your experi-
mentalist friend tells you what mP and λR are, you can predict the value
of M without any further arbitrariness.

Let us next consider what happens to the two-point function in this ap-
proach. Here, we will stick with the first two diagrams in Fig. 4.12 and add
to them the diagram arising from the counter-term (given by the second
one in Fig. 4.13). Adding up the relevant contributions and using the stan-
dard dimensional regularization, we can compute the resulting amplitude
to be

iM =
i

p2 −m2
R + iε

+

(
im2

RλR

32π2

[
2

ε
+ 1 + log

(
4πe−γEμ2

m2
R

)]

+ i(p2δZ − δm)

)(
i

p2 −m2
R + iε

)2

(4.201)

We now have two parameters, δZ and δm, to play around with and remove
the divergences. As in the previous case, we need to choose a subtraction
scheme and the three schemes described earlier will again lead to three
different final expressions. First, in the MS scheme, we cancel out only the
divergent part which can be achieved by the choice

δZ = 0, δm =
m2

RλR

16π2ε
(4.202)

leading to the result

iM =
i

p2 −m2
R + iε

+
im2

RλR

32π2

[
1 + log

(
4πe−γEμ2

m2
R

)](
i

p2 −m2
R + iε

)2

(4.203)

The μ dependence of the result remains and has to be compensated by the
running of mR as we have seen earlier. In the MS scheme, we take out the
4π and γE as well, by choosing:

δZ = 0, δm =
m2

RλR

32π2

[
2

ε
+ log

(
4πe−γE

)]
(4.204)

Exercise 4.8: Prove Eqs. (4.196) to
(4.200).
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Exercise 4.9: Prove Eqs. (4.202) to
(4.208).

which leads to the final result

iM =
i

p2 −m2
R + iε

+
im2

RλR

32π2

[
1 + log

(
μ2

m2
R

)](
i

p2 −m2
R + iε

)2

(4.205)
The third procedure will now involve interpreting mR as the physical

mass of the particle, which requires the propagator to have the structure

iM =
i

p2 −m2
R + iε

+ (terms that are regular at p2 = m2
R) (4.206)

That is, we demand the final propagator to have a simple pole at mR with
a residue i. These conditions require the choice

δZ = 0, δm =
m2

RλR

32π2

[
2

ε
+ 1 + log

(
4πe−γEμ2

m2
R

)]
(4.207)

thereby leading to the simple result where the pole mass is indeed mR:

iM =
i

p2 −m2
R + iε

(4.208)

Notice that we could do everything consistently keeping δZ = 0. In
other words, we do not have to perform any renormalization of the field
strength φ to this order. This is not true at higher orders (see Problem 9),
but with just the three counter-terms (δZ , δm, δλ) one can handle the di-
vergences at all orders of perturbation. This is why you call the λφ4 theory
as renormalizable.

4.9 Mathematical Supplement

4.9.1 Leff from the Vacuum Energy Density

We have seen earlier that Leff can be thought of as the vacuum energy of
the field oscillators (see Eq. (2.71)). It is possible to use this interpretation
directly to obtain the effective Lagrangian for the electromagnetic field
along the following lines.

First, note that, in the case of a pure magnetic field, the H in Eq. (4.21)
reduces to the harmonic oscillator Hamiltonian. Using the standard eigen-
values for harmonic oscillators, we can sum over the zero point energies
to obtain Leff . Differentiating this expression twice with respect to m2,
summing up the resulting series and integrating again, one can identify
the finite part which will lead to the result in Eq. (4.31) with E = 0.
The expression for the pure electric field can be obtained by noting that
Leff must be invariant under the transformation E → iB, B → −iE.
Getting the complete expression requires a little more more work: It in-
volves noting that the eigenvalues of H in Eq. (4.21) depend on E only
through the combination τ = (qE)−1(m2 + qB(2n+1)) and have the form
E0 =

∑∞
n=0(2qB)G(τ). This expression can be summed up using Laplace

transform techniques, thereby leading to the result in Eq. (4.31).
It is easy to obtain Leff for a pure magnetic field. Let us suppose that

the background field satisfies the conditions E ·B = 0 and B2 −E2 > 0.
In such a case, the field can be expressed as purely magnetic in some
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Lorentz frame. Let B = (0, B, 0); we choose the gauge such that Ai =
(0, 0, 0,−Bx). The Klein-Gordon equation

[(i∂μ − qAμ)
2 −m2]φ = 0 (4.209)

can now be separated by taking

φ(t,x) = f(x) exp i(kyy + kzz − ωt). (4.210)

where f(x) satisfies the equation

d2f

dx2
+ [ω2 − (qBx− kz)

2]f = (m2 + k2y)f (4.211)

This can be rewritten as

−d2f

dξ2
+ q2B2ξ2f = εf (4.212)

where

ξ = x− kz
qB

; ε = ω2 −m2 − k2y (4.213)

Equation Eq. (4.212) is that of a harmonic oscillator with mass (1/2) and
frequency 2(qB). So, if f(x) has to be bounded for large x, the energy ε
must be quantized:

εn = 2(qB)

(
n+

1

2

)
= ω2 − (m2 + k2y) (4.214)

Therefore, the allowed set of frequencies is

ωn =

[
m2 + k2y + 2qB

(
n+

1

2

)]1/2
(4.215)

The ground state energy per mode is 2(ωn/2) = ωn because the complex
scalar field has twice as many degrees of freedom as a real scalar field. The
total ground state energy is given by the sum over all modes ky and n. The
weightage factor for the discrete sum over n in a magnetic field is obtained
by the correspondence:

dkx
2π

dky
2π

→
∑
n

(
qB

2π

)
dky
2π

(4.216)

Hence, the ground state energy is

E0 =

∞∑
n=0

(
qB

2π

) +∞∫
−∞

dky
(2π)

[
(k2y +m2) + 2qB(n+

1

2
)

]1/2
= −Leff (4.217)

This expression, as usual, is divergent. To separate out a finite part we will
proceed as follows: Consider the quantity

I ≡ −
(
2π

qB

)
∂2E0

∂(m2)2
=

(
2π

qB

)
∂2Leff

∂(m2)2
. (4.218)
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60This - and the subsequent expres-
sions - have a divergence at the lower
limit of integration. This divergence
can be removed by subtracting the con-
tribution with E = B = 0 as done in
the main text. The integration with
respect to m2 also produces a term
like (c1m2 + c2) with two (divergent)
integration constants c1 and c2. We
have not displayed this term here; this
divergence is also connected with the
renormalization of Leff .

which can be evaluated in the following manner:

I =
1

4

∞∑
n=0

∫ +∞

−∞

1

2π

dky[
k2y +m2 + 2qB(n+ 1

2 )
]3/2 (4.219)

=
1

4π

∞∑
n=0

1

[m2 + 2qB(n+ 1
2 )]

= − 1

4π

∞∑
n=0

∫ ∞

0

dηe−η(m2+2qB(n+ 1
2 ))

=
1

4π

∫ ∞

0

dηe−ηm2

e−qBη 1

1− e−2qBη

=
1

4π

∫ ∞

0

dη
e−ηm2

eqBη − e−qBη
=

1

8π

∫ ∞

0

dη
e−ηm2

sinh qBη
=

(
2π

qB

)
∂2Leff

∂(m2)2

The Leff can be determined by integrating the expression twice with respect
to m2. We get60

Leff =
qB

(4π)2

∫ ∞

0

dη

η2
e−ηm2

sinh qBη
=

∫ ∞

0

dη

(4π)2
.
e−ηm2

η3
.

qBη

sinh qBη
(4.220)

If the Leff has to be Lorentz and gauge invariant then it can only depend
on the quantities (E2 −B2) and E ·B. We will again define two constants
a and b by the relation

a2 − b2 = E2 −B2; ab = E ·B (4.221)

Then Leff = Leff(a, b). In the case of the pure magnetic field we are consid-
ering, a = 0 and b = B. Therefore, the Leff can be written in a manifestly
invariant way as:

Leff =

∫ ∞

0

dη

(4π)2
.
e−ηm2

η3
.

qbη

sinh qbη
(4.222)

Because this form is Lorentz invariant, it must be valid in any frame in
which E2 −B2 < 0 and E ·B = 0. In all such cases,

Leff =

∫ ∞

0

dη

(4π)2
e−ηm2

η3
qη

√
B2 − E2

sinh qη
√
B2 − E2

. (4.223)

The Leff for a pure electric field can be determined from this expression
if we analytically continue the expression even for B2 < E2. We will find,
for B = 0,

Leff =

∫ ∞

0

dη

(4π)2
e−ηm2

η3
qηE

sin qηE
(4.224)

The same result can be obtained by noticing that a and b are invariant
under the transformation E → iB,B → −iE. Therefore, Leff(a, b) must
also be invariant under these transformations: Leff(E,B) = Leff(iB,−iE).
This allows us to get Eq. (4.224) from Eq. (4.220).

We will now consider the general case with arbitrary E and B for which
a and b are not simultaneously zero. It is well known that by choosing our
Lorentz frame suitably, we can make E and B parallel, say along the y-
axis. We will describe this field [E = (0, E, 0);B = (0, B, 0)] in the gauge
Ai = [−Ey, 0, 0,−Bx]. The Klein-Gordon equation becomes

[(i∂μ − qAμ)
2 −m2]φ (4.225)

=

[(
i
∂

∂t
+ qEy

)2

+
∂2

∂x2
+

∂2

∂y2
−
(
i
∂

∂z
+ qBx

)2

−m2

]
φ = 0
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Separating the variables by assuming

φ(t,x) = f(x, y) exp−i(ωt− kzz) (4.226)

we get[(
∂2

∂x2
+

∂2

∂y2

)
+ (ω + qEy)2 − (kz − qBx)2

]
f = m2f (4.227)

which separates out into x and y modes. Writing

f(x, y) = g(x)Q(y) (4.228)

where g(x) satisfies the harmonic oscillator equation

d2g

dx2
− (kz − qBx)2g = −2qB

(
n+

1

2

)
g (4.229)

we get

d2Q

dy2
+ (ω + qEy)2Q =

[
m2 + 2qB

(
n+

1

2

)]
Q (4.230)

Changing to the dimensionless variable

η =
√
qEy +

ω√
qE

(4.231)

we obtain
d2Q

dη2
+ η2Q =

1

qE

(
m2 + 2qB(n+

1

2
)

)
Q. (4.232)

To proceed further, we use a trick. The above expression shows that the
only dimensionless combination which occurs in the presence of the electric
field is τ = (qE)−1(m2 + qB(2n + 1)). Thus, purely from dimensional
considerations, we expect the ground state energy to have the form

E0 =

∞∑
n=0

(2qB)G(τ) (4.233)

where G is a function to be determined. Introducing the Laplace transform
F of G, by the relation

G(τ) =

∫ ∞

0

F (k)e−kτdk (4.234)

we can write

Leff = (2qB)

∞∑
n=0

∫ ∞

0

dkF (k) exp

[
− k

qE
(m2 + qB(2n+ 1))

]
(4.235)

Summing the geometric series, we obtain

Leff = 2(qB)(qE)

∫ ∞

0

dsF (qEs)e−sm2

e−qBs.
1

1− e−2qBs

= 2(qB)(qE)

∫ ∞

0

ds
F (qEs)e−sm2

eqBs − e−qBs

= (qB)(qE)

∫ ∞

0

ds
F (qEs)

sinh qBs
e−m2s (4.236)
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We now determine F by using the fact that Leff must be invariant under
the transformation E → iB,B → −iE. This means that

Leff = (qB)(qE)

∫ ∞

0

dse−m2s F (iqBs)

− sinh(iqEs)
(4.237)

Comparing the two expressions and using the uniqueness of the Laplace
transform with respect to m2, we get

F (qEs)

sinh qBs
= − F (iqBs)

sinh(iqEs)
(4.238)

Or, equivalently,

F (qEs) sin qEs = F (iqBs) sin(iqBs) (4.239)

Since each side depends only on either E or B alone, each side must be a
constant independent of E and B. Therefore

F (qEs) sin qEs = F (iqBs) sin(iqBs) = constant = A(s) (4.240)

giving

Leff = (qB)(qE)

∫ ∞

0

ds
e−m2sA(s)

sin qEs sinh qBs
(4.241)

The A(s) can be determined by comparing this expression with, say,
Eq. (4.220) in the limit of E → 0. We have

Leff(E = 0, B) = qB

∫ ∞

0

ds

s
e−m2s.

A(s)

sinh qBs

= qB

∫ ∞

0

ds

(4π)2s2
e−m2s 1

sinh qBs
(4.242)

implying

A(s) =
1

(4π)2s
(4.243)

Thus we arrive at the final answer

Leff =

∫ ∞

0

ds

(4π)2
e−m2s

s3

(
qEs

sin qEs

)(
qBs

sinh qBs

)
(4.244)

In the situation we are considering, E and B are parallel making a2 − b2 =
E2 − B2 and ab = E ·B. = EB. Therefore E = a and B = b. Thus, our
result can be written in a manifestly invariant form as

Leff(a, b) =

∫ ∞

0

ds

(4π)2
e−m2s

s3

(
qas

sin qas

)(
qbs

sinh qbs

)
(4.245)

This result will be now valid in any gauge or frames with a and b determined
in terms of (E2 −B2) and (E ·B).

4.9.2 Analytical Structure of the Scattering Ampli-
tude

In the text, we computed the φφ → φφ scattering amplitude to the one
loop order, ie., to O(λ2). There is a curious connection between the imag-
inary part of any scattering amplitude evaluated at one loop order and the
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real part of the scattering amplitude at the tree-level. Since tree-level am-
plitudes do not have divergences, the amplitude we computed at one loop
level can have a divergence only in the real part. We will first prove this
connection which arises from the unitarity of the S-matrix and then briefly
describe how it relates to the analytical structure of the amplitude we have
computed.

Let us introduce the S-matrix somewhat formally and consider its struc-
ture. Given the fact that the states evolve according to the law |Ψ; t〉 =
e−iHt|Ψ; 0〉 we can identify the S-matrix operator for a finite time t as
S = exp(−itH). Since the Hamiltonian is Hermitian with H† = H , we
have the unitarity condition for the S-matrix given by S†S = 1. It is con-
ventional to write S = 1 + iT where the T matrix will be related to the
amplitude of transition between an initial and final states M(i → f) by an
overall momentum conservation factor:

〈f |T |i〉 = (2π)4 δ4(pi − pf )M(i → f) (4.246)

(This M and hence the T is what you would compute using, say, the
Feynman diagrams). While S is unitary, T satisfies a more complicated
constraint, viz.,

i(T † − T ) = T †T (4.247)

Using Eq. (4.247) and Eq. (4.246) we immediately obtain:

〈f |i(T † − T )|i〉 = i〈i|T |f〉∗ − i〈f |T |i〉 (4.248)

= i(2π)4 δ4(pi − pf ) (M∗(f → i)−M(i → f))

Introducing a complete set of states, we can express the right hand side of
Eq. (4.247) as:

〈f |T †T |i〉 =
∑
ψ

∫
dΓψ〈f |T †|ψ〉〈ψ|T |i〉

=
∑
ψ

(2π)4 δ4(pf − pψ)(2π)
4 δ4(pi − pψ)

×
∫

dΓψM(i → ψ)M∗(f → ψ) (4.249)

Therefore, we conclude that the unitarity of the S-matrix implies the rela-
tion

M(i → f)−M∗(f → i) (4.250)

= i
∑
ψ

∫
dΓψ(2π)

4 δ4(pi − pψ)M(i → ψ)M∗(f → ψ)

which goes under the name generalized optical theorem because of historical
reasons. Notice that the left hand side is linear in the amplitudes M while
the right hand side is quadratic in the amplitudes. This relation must hold
order-by-order in any perturbation theory in some coupling constant, say,
λ. This implies that, at O(λ2), for example, the left hand side must be a
loop amplitude if it has to match a tree-level amplitude on the right hand
side.61

We will now compute the imaginary part of the scattering amplitude
and determine its analytical structure. In the process, we will also be

61Therefore, the imaginary parts of
loop amplitudes at a given order are
related to products of tree-level ampli-
tudes and a theory without loops will
be inconsistent within this formalism.∫ ∣∣∣∣∣

∣∣∣∣∣
2

=
Im

Figure 4.14: The result in diagram-
matic form.
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able to verify the above relation in this simple case — which, in terms
of Feynman diagrams, is given in Fig. 4.14. Let us now get back to the
explicit evaluation of Ffin(p

2) in Eq. (4.173). We see that the integrand in
Eq. (4.173) involves the logarithm of the factor m2−α(1−α)p2. We write
this expression as

m2 − α(1 − α)p2 = m2 + α(1 − α)p2 − α(1 − α)p20 (4.251)

The sum of the first two terms is greater than or equal to m2 for 0 ≤ α ≤ 1
while the second term is less than or equal to p20. Therefore, the whole
expression is greater than or equal to (m2 − p20), making the argument of
the logarithm positive in the original range 0 < p0 < m which we considered
and also, obviously, for p2 < 0. The logarithm is well defined in this range
and our aim now is to analytically continue the expression for all values of
p0. To do this when the argument of the logarithm becomes negative, we
have to use the proper Riemann sheet to define the function in the entire
complex plane. We will now show how this can be done.

We continue working in the Euclidean space (and have again dropped
the subscript E in p2E) and do an integration by parts to obtain

∫ 1

0

dα ln

[
m2 + α(1 − α)p2

4πμ2

]
= ln

(
m2

4πμ2

)
− p2

∫ 1

0

dα
α(1 − 2α)

m2 + α(1 − α)p2

(4.252)
Introducing a Dirac delta function into the integrand by

1 =

∫ ∞

0

ds′ δ
(
s′ − m2

α(1 − α)

)
(4.253)

we can write the integral in the form of a dispersion relation:

−
∫ 1

0

dα
α(1− 2α)

m2 + α(1− α)p2
=

∫ ∞

0

ds′
ρ(s′)
s′ − s

(4.254)

where

ρ(s′) = −
∫ 1

0

dα
1− 2α

1− α
δ

(
s′ − m2

α(1 − α)

)

= − 1

s′

∫ 1

0

dα α(1− 2α) δ

(
α(1− α)− m2

s′

)
(4.255)

and we have set p2 = −s. Factorizing the quadratic form in the delta
function, it is easy to see that ρ(s′) is given by

ρ(s′) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
0 (s′ < 4m2),

1

s′

√
1− 4m2

s′
(s′ ≥ 4m2)

(4.256)

Since s′ plays a role similar to m2, the prescription m2 → m2 − iε is the
same as an iε prescription on s. Using this, we can express our result in
the form

Ffin(s) =
1

(4π)2
ln

(
m2eγE

4πμ2

)
+

s

(4π)2

∫ ∞

4m2

ds′
ρ(s′)

s− s′ + iε
(4.257)
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We now see, using the result

Im
1

x− iε
= π δ(x) (4.258)

for s > 4m2, that the imaginary part of the amplitude is given by

Im Ffin(s) = − s

16π
ρ(s) = − 1

16π

√
1− 4m2

s
(4.259)

It is easy to show, by explicit computation, that this expression can also
be written in the form

Im F (p) = −1

2

∫
d3k

(2π)32Ek

d3q

(2π)32Eq

(2π)4δ(p− k − q) ≡ −1

2
Γ(2)(p)

(4.260)
where Γ(2)(p) is the volume of the two-body phase space. From this rela-
tion, it is easy to verify that our general theorem relating the imaginary
part of the loop amplitude to the real part of tree-level amplitude does
hold.

Further, because of the analytic structure of the scattering amplitude,
Ffin is uniquely determined by: (i) its discontinuity across the cut, viz.,
2i ImFfin, (ii) its asymptotic behaviour and (iii) its value at some point.
The asymptotic behaviour is given by

lim
|s|→∞

s

∫ ∞

4m

ds′
ρ(s′)
s− s′

= lim
|s|→∞

s

∫ ∞

const.

ds′
[
1

s′
− 1

s′ − s

]
= ln s+ const.

(4.261)
while the value at s = 0 is given by

Ffin(0) =
1

(4π)2
ln

(
m2eγE

4πμ2

)
(4.262)

A function which has all these properties is indeed given by:

Ffin(s) =
1

(4π)2

{
ln

(
m2eγE

4πμ2

)
+

√
1− 4m2

s
ln

[√
s− 4m2 +

√
s√

s− 4m2 −√
s

]
− 2

}

(4.263)
which is, therefore, the required expression for the finite part of the scat-
tering amplitude.

Exercise 4.10: Do this.



Chapter 5

Real Life II: Fermions and
QED

5.1 Understanding the Electron

The formalism of quantum field theory we have developed in the previous
chapters allows us to think of (what we usually call) particles as quantum
excitations of (what we usually call) fields. The clearest example is that
of a photon which arises as an excitation of the electromagnetic field. We
have also discussed how we can describe the interaction of the particles,
say, e.g., their scattering, starting from a field theoretical description. We
did all these using a scalar field and the electromagnetic field as prototypes.

It turns out that we run into new issues when we try to describe
fermionic particles — the simplest and the most important one being the
electron — using this formalism. We need to cope with several new fea-
tures and extend our formalism to cover these. The purpose of this —
rather long — last chapter is to orient you towards understanding these
issues and illustrate the (suitably extended) formalism in the case of quan-
tum electrodynamics, which describes the quantum interaction of electrons
with photons.

The first issue in dealing with the electron, which hits you even in
NRQM, is that it is a spin-half particle. A spinless non-relativistic particle
can be studied using the Schrodinger equation iψ̇ = Hψ where |ψ(t,x)|2
will give you the probability to find the particle around the event (t,x).
But an electron could be found around this event with spin up (along, say,
the z−axis) or spin down or, more generally, in a linearly superposed spin
state. So, at the least, we need to describe it with a two component wave
function (ψ+(t,x), ψ−(t,x)) corresponding to the spin up and spin down
states.

If you think of (ψ+, ψ−) as a column vector, then the Hamiltonian H
in the Schrodinger equation iψ̇ = Hψ probably should be some kind of a
2× 2 matrix. What is more, the doublet (ψ+, ψ−) must have some specific
transformation properties when we rotate the coordinate systems, changing
the direction of the z−axis. (Such a non-trivial transformation of the wave
function was not required in the study of spinless particles in NRQM.)1

What we have said so far, in some sense, is just the kinematic aspect
of the spin. Spin also has a dynamical aspect in the sense that it carries

1You might have learnt all these in a
QM course and might have even known
that the description of spin is quite
closely related to the 3-dimensional ro-
tation group SO(3) or — more pre-
cisely — to SU(2). If not, don’t worry.
We will do all these and more as we go
along.
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2Mnemonic (with c = 1): The mag-
netic moment of a current loop is μ =
JA where J is the current and A is the
area of the loop. For an orbiting elec-
tron, J is the charge/orbital period;
i.e. J = eω/2π and A = πr2 with
L = mωr2. So you get μ = JA =
(e/2π)(ωπr2) = (e/2m)L.

3This behaviour of the fermions can
be understood from fairly sophisti-
cated arguments of quantum field the-
ory. Occasionally someone comes up
with a fraudulent “proof” of this result
within NRQM, which never stands up
to close scrutiny. No amount of your
staring at the relevant non-relativistic
Hamiltonian will allow you to discover
the Pauli exclusion principle. It is also
not like the relativistic corrections to a
non-relativistic Hamiltonian which can
be understood in some Taylor series in
v/c. The “strength” of the Pauli exclu-
sion principle cannot be measured in
terms of some small parameter in the
problem which takes you from QFT to
QM continuously! Here is an O(1) ef-
fect which manifests itself in the ap-
proximate theory and is actually a relic
of the more exact theory. This is a pe-

culiar situation with no other parallel

in theoretical physics. When a result
can be stated quite simply, but requires
very elaborate machinery for its proof,
it is usually because we have not un-
derstood the physics at an appropri-
ately deep level.

with it a magnetic moment, which couples to any external magnetic field.
Observations tell us that the magnetic moment associated with the spin
angular momentum s = �/2 is given by μ = e�/2m = (e/2m)(2s). On
the other hand, the orbital angular momentum L of a charged particle
(like an electron) produces a magnetic moment2 given by (e/2m)L. So
the spin angular momentum couples with twice as much strength as the
orbital angular momentum. Why the electron spin should behave like an
angular momentum, and why it should produce a coupling with twice as
much strength are questions for which NRQM has no clear answer; they
just need to be taken as phenomenological inputs while constructing the
Hamiltonian for the electron in an electromagnetic field. As we shall see,
making things consistent with relativity helps in this matter to a great
extent.

The second dynamical aspect related to electron (and its spin) is a lot
more mysterious. To bring this sharply in focus, let us consider a system
with two electrons (like e.g., the Helium atom). Suppose you manage to
solve for the energy eigenstates of the (non-relativistic) Hamiltonian for this
system, obtaining a set of wave functions ψE(x1,x2). (We have suppressed
the spin indices for the sake of simplicity.) Your experimental friend will
tell you that not all these solutions are realized in nature. Only those
solutions in which the wave function is antisymmetric with respect to the
exchange x1 ⇔ x2 occur in nature. This is a characteristic property of
all fermions (including the electron) which should also be introduced as an
additional principle3 (the Pauli exclusion principle) in NRQM.

You could easily see that Pauli exclusion principle is going to throw
a spanner into the works when we try to think of an electron as a one-
particle excitation of a field, if we proceed along the lines we did for, say,
the photon. In that approach, we start with a vacuum state |0〉, and act on
it by a creation operator a†α to produce a one-particle state a†α|0〉 ∝ |1α〉,
act on |0〉 twice to produce a two-particle state a†αa

†
β|0〉 ∝ |1α, 1β〉 etc.

Here, α, β etc. specify the properties of the excitations in that state like
the spin, momentum etc. Since a†α commutes with a†β , these states are
necessarily symmetric with respect to the interchange of particles; i.e.,
|1α, 1β〉 = |1β, 1α〉. In particular, one can take the limit of α → β leading
to a state with two particles with the same properties (spin, momentum
...), by using (a†α)

2|0〉 ∝ |2α〉.
This procedure simply won’t do if we have to create electrons starting

from the vacuum state. To begin with we need |1α, 1β〉 = −|1β, 1α〉 to
ensure antisymmetry. If we denote the creation operator for electron by
b†α, then we must have b†αb

†
β = −b†βb

†
α. So the creation operator for the

fermions must anti-commute rather than commute:

{b†α, b†β} = 0 (5.1)

In particular, this ensures that (b†α)
2|0〉 = 0 so that you cannot create two

electrons in the same state α thereby violating the Pauli exclusion principle.
A couple of operators anticommuting — rather than commuting — may

not disturb you too much, given the sort of strange things you have already
seen in QFT. But the situation is a bit more serious than that. Recall that
we build the field by multiplying the creation and annihilation operators
by functions like exp(±ipx). This form of the mode function is dictated
by translational invariance and the fact that we are using the momentum
basis; you need this mode function to describe particles with momentum
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k and energy ωk ≡ (k2 + m2)1/2. So, for the field ψ(x) describing the
electron, you would expect an expansion which goes something like4

ψ(x) =
∑
α

∫
d3k

(2π)3
√
2ωk

(
bαkuαk e−ikx + d†αkvαk eikx

)
(5.2)

Here we have separated out the spin variable α from the momentum vari-
able k and introduced a creation operator b†αk capable of creating an elec-

tron (with spin orientation α and momentum k) and an operator d†αk for
creating its antiparticle, viz., the positron. The c-number coefficients uαk

and vαk take care of the normalization and the correct Lorentz transfor-
mation properties in the presence of spin. (This is just kinematics — but
important kinematics — which we will describe in detail later on.) The
key point to note is that ψ(x) will inherit the anti-commuting properties

of b†αk and dαk. In fact, we would expect something like ψ2(x) = 0 to hold
for the field describing an electron, which is rather strange.5

We will now take up these issues and develop a field-theoretic formalism
for electrons. For this purpose, we will start by asking fairly innocuous
questions.

5.2 Non-relativistic Square Roots

5.2.1 Square Root of pαp
α and the Pauli Matrices

We have seen that the two key new features related to electrons involve (i)
the relation between its spin and magnetic moment and (ii) some kind of
inherent anticommutativity of the operators. There is a rather curious way
in which these ideas can be introduced even in NRQM which will help us
to understand the relativistic aspects better. With this motivation, we will
start by asking a question which, at first sight, has nothing to do with the
electron (or even with physics!).

Consider a 3-vector, say, the momentum p of a particle with components
pα in a Cartesian coordinate system. The magnitude of this vector |p| ≡
(−ηαβp

αpβ)1/2 scales6 linearly with its components in the sense that, if
you rescale all the components by a factor λ, the magnitude |p| changes
by the same factor λ. This prompts us to ask the question: Can we write
the magnitude as a linear combination of the components in the form |p| ≡
(−ηαβp

αpβ)1/2 = Aαp
α with some triplet Aα that is independent of the

vector in question? For this result to hold, we must have 7

−ηαβp
αpβ = AαAβp

αpβ =
1

2
{Aα, Aβ} pαpβ (5.3)

which requires the triplet Aα to satisfy the anti-commutation rule

{Aα, Aβ} = −2ηαβ = 2δαβ (5.4)

Obviously, the Aαs cannot be ordinary numbers if they have to behave
in this way. The simplest mathematical structures you would have come
across, which will not commute under multiplication, are matrices. So
we might ask whether there exist three matrices Aα which satisfy these
relations. Indeed there are, as you probably know from your NRQM course,

4This is exactly in analogy with what
we did for the complex scalar field in
Sect. 3.5, Eq. (3.148) and for the pho-
ton in Sect. 3.6.1 , Eq. (3.172). For the
complex scalar field, we did not have to
worry about the spin while for the pho-
ton we did not have to worry about a
distinct antiparticle. For the electron,
we need to introduce both the compli-
cations.

5Unlike the electromagnetic field
which definitely has a classical limit or
a scalar field for which we can cook
up a classical limit if push comes to
shove, there is no way you are going to
have a classical wave field the quanta
of which will be the electrons — or any
fermions for that matter. Fermions, in
that sense, are rather strange beasts of
which the world is made of.

6With our signature, (−ηαβ) is just
a fancy way of writing a unit 3 × 3
matrix.

7In this discussion, we will not distin-
guish between the subscripts and su-
perscripts of Greek indices correspond-
ing to spatial coordinates when no con-
fusion is likely to arise.
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8Mnemonic: You know that J =
σ/2 satisfies the standard angular mo-
mentum commutation rules [Jα, Jβ ] =
iεαβγJγ which explains the factor 2.

9You would have seen a special case
of this expressed as exp−[(iθ/2)(σ ·
n)] = cos(θ/2) − i(σ · n) sin(θ/2) in
NRQM; but it is more general.

10Or rather, the Pauli equation, after
Pauli who came up with this.

and these are just the standard Pauli matrices; that is, Aα = σα where, for
definiteness, we take them to be:

σx =

(
0 1
1 0

)
, σy =

(
0 −i
i 0

)
, σz =

(
1 0
0 −1

)
(5.5)

Before proceeding further, let us pause and recall some properties of the
Pauli matrices which will be useful in our discussion.

(1) They satisfy the following identity: (Again, as far as Pauli matrices
are concerned, we will not worry about the placement of the index as
superscript or subscript; σα = σα etc., by definition.)

σασβ = δαβ + iεαβγσ
γ (5.6)

From which it follows that8:

[σα, σβ ] = 2iεαβγσ
γ ; {σα, σβ} = 2δαβ (5.7)

(2) For any pair of vectors a, b we have:

(σ · a) (σ · b) = a · b+ iσ · (a× b) (5.8)

(3) Any arbitrary function of Q ≡ a+ b · σ can be reduced to a linear
function of σ! That is, for any arbitrary9 function f(Q), we have

f(Q) = A+B · σ (5.9)

with

A =
1

2
[f(a+ b) + f(a− b)], B =

b

2b
[f(a+ b)− f(a− b)] (5.10)

Getting back to our discussion of square roots, we see that the square
root of |p|2 can be thought of as the 2 × 2 matrix, p ≡ σαp

α, in the sense
that (σαp

α)(σβp
β) = |p|2. Since the left hand side is a 2 × 2 matrix, we

need to interpret such relations as matrix identities, introducing the unit
2× 2 matrix wherever required.

5.2.2 Spin Magnetic Moment from the Pauli Equation

This might appear to be an amusing curiosity, but it will soon turn out
to be more than that. We know that the Hamiltonian for a free electron
is usually taken to be H = p2/2m = (−i∂α)

2/2m. But with our enthu-
siasm for taking novel square roots, one could also write this free-particle
Hamiltonian and the resulting Schrodinger equation10 in the form:

H =
(−iσ · ∇) (−iσ · ∇)

2m
; iψ̇ =

(−iσα∂α)(−iσβ∂β)

2m
ψ (5.11)

Because of the identity Eq. (5.8) and the trivial fact p×p = 0, it does not
matter whether you write p2 or (p ·σ)(p ·σ) in the Hamiltonian for a free

electron. But suppose we use this idea to describe — not a free electron —
but an electron in a magnetic field B = ∇×A. We know that the gauge
invariance requires the corresponding Hamiltonian to be obtained by the
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replacement p → p − eA. So we now have to describe an electron using
the Hamiltonian

Hem =
1

2m
σ · (p− eA)σ · (p− eA)

=
1

2m
(p− eA)2 +

i

2m
σ · [(p− eA)× (p− eA)]

=
1

2m
(p− eA)

2 − e�

2m
σ ·B (5.12)

where we have used the identity

(p×A) + (A× p) = −i�(∇×A) (5.13)

The first term in the Hamiltonian in Eq. (5.12) is exactly what you would
have obtained if you had used H = p2/2m as the Hamiltonian and made
the replacement p → p− eA; that would have been the correct description
of a spinless charged particle in a magnetic field. For a constant magnetic
field B with A = (1/2)B × x, this term will expand to give

1

2m
(p− eA)

2
=

1

2m

(
p− e

2
B × x

)2
≈ p2

2m
− e

2m
(B × x) · p

� p2

2m
− e

2m
B ·L+O(B2) (5.14)

with L = x× p being the orbital angular momentum. One can see that,
to the linear order in the magnetic field, the orbital angular momentum
contributes a magnetic moment m = (e/2m)L.

But we have a surprise in store when we look at the second term in
Eq. (5.12). This tells you that the spin s ≡ (�/2)σ of the electron con-
tributes a magnetic moment m = (e/m)s, making the coupling of the
spin to the magnetic field is twice as strong as that of orbital angular mo-
mentum. When we take into account both the orbital and spin angular
momentum, the relevant coupling term in the Hamiltonian will be given
by11

Hcoupling = − e

2m
(L+ 2s) ·B (5.15)

This is precisely what is seen in spectroscopic observations. So our trick of
taking the square root by

√
p2 = p · σ and constructing the Hamiltonian

from this, produces the correct coupling of the electron spin to the magnetic
field observed in the lab!

5.2.3 How does ψ Transform?

So, clearly, the way you take the square root of p2 changes physics and
it is worth looking more closely12 at the modification in Eq. (5.11). Our
modification of the Schrodinger equation will require interpreting ψ as a
two-component column vector ψA (called a spinor) with A = 1, 2. The
first worry you should have with such an equation is what happens when
we rotate the coordinate system by the standard linear transformation
xα → x′α, where

x′α = M α
γ xγ ; M α

γ ≡ ∂x′α

∂xγ
; M α

γ M β
α = δβγ (5.16)

Exercise 5.1: Prove the following
claim. One needs to be careful in gen-
eral, while computing (p − eA)2, be-
causeA(x) and p won’t commute. But
when we use the gauge ∇ · A = 0, as
we have done, A ·p = p ·A and we can
be careless.

11The ratio between the magnetic mo-
ment and the angular momentum is
usually written as eg/2m and we see
that g = 1 for the orbital angular mo-
mentum while g = 2 for the electron
spin. (Actually it is g = 2+ (α/π) but
that part of the story comes later.) In
normal units, the ratio is (e�/2mc)g.

12More precisely, we should be look-
ing at Eq. (5.12) but this distinction is
unimportant for what we are going to
do.
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13Hopefully you know that it is best
to think of rotations as “rotations in a
plane”. When D = 3, thinking of a ro-
tation in the xy plane is equivalent to
thinking of it as a rotation about the
z-axis; but if you are in a D = 4 Eu-
clidean space (x, y, z, w), you can still
talk about rotations in the xy-plane
but now you don’t know whether it is
a rotation about the z-axis or w-axis!
All these happen for the same reason
as why you can define a cross product
A×B giving another vector in D = 3
but not in other dimensions; it is re-
lated to the curious fact that 3−2 = 1.

14Sanity check: If you start with a lin-
ear transformation for the components
as ψ′

1 = aψ1 + bψ2;ψ′
2 = cψ1 + dψ2

(with 4 complex or 8 real parameters)
you will find that the bilinear form
ψ1φ2 − ψ2φ1 transforms to (ad − bc)
times itself. This requires it to rep-
resent a spin-zero state and hence we
must have (ad − bc) = 1. Further, the
demand that the |ψ1|2 + |ψ2|2 should
be a scalar, will require a = d∗; b =
−c∗. These 1+4 conditions on the 8
parameters, show that the linear trans-
formation has 3 free parameters, ex-
actly what a rotation has.

15The right hand side is what you will
write as σ′α if the σα-s transformed
like the components of a vector. The
left hand side tells you that this is al-
most true, except for a similarity trans-
formation by a matrix R.

which leaves xαx
α invariant. For a general rotation, the form of the matrix

M α
γ is a bit complicated, but — to study the invariance properties —

we can get away by just looking at infinitesimal rotations. Under such a
rotation, by an infinitesimal angle θ around an axis represented by a unit
vector n, the coordinates change according to x′ = x+(θ)n×x ≡ x+θ×x

where θ ≡ θn. This can be written in component form as:

x′α = xα + [θ × x]α = xα + εαβγθ
βxγ ≡ xγ [δαγ + ω α

γ ] ≡ M α
γ xγ (5.17)

where we have defined

ωγα ≡ εγαβθ
β ; θμ =

1

2
εμαβωαβ (5.18)

The antisymmetry of ωαβ is required for (and guarantees) |x|2 to remain
invariant under such a rotation.

Before proceeding further, we should confess to the crime we are com-
mitting by talking about “rotations about an axis”13 . To every rotation
described by three parameters (say, θα ≡ θnα with n2 = 1) we can also
associate a 3-dimensional antisymmetric tensor, ωαγ , defined in Eq. (5.18)
with three independent components, such that ω12 = θn3 etc. While θn3

makes you think of “rotation about the z-axis”, the ω12 makes you think
of “rotation in the xy-plane”, which is more precise and generalizes easily
to D = 4.

For this approach to give sensible results, we would like quantities like
σα∂αψ to transform like ψ does; that is, the σα should behave “like a
vector” under rotation. The operator ∂α does change under the rotation
to ∂′

β = (∂xα/∂x′β)∂α but the σα, being a mere set of numbers, does
not change. Further we do expect the components of ψ to undergo a
linear transformation14 of the form ψ′ = Rψ where R is a 2 × 2 matrix.
(Physically, ψ1 should give you the amplitude for a spin-up state along,
say, the original z− axis which has now been rotated. So ψ better change
when we rotate coordinates.) The question is whether we can associate a
2 × 2 matrix R with each rotation such that σα∂αψ → R[σα∂αψ] under
that rotation.

We can do this if we can find a matrix R such that, for a general
rotation specified by a rotation matrix M α

γ in Eq. (5.16), the following
relation holds15:

R−1σαR = M α
γ σγ (5.19)

On multiplying both sides of this equation by ∂′
α and using M α

γ ∂′
α =

(∂x′α/∂xγ)∂′
α = ∂γ we immediately get

R−1[σα∂′
α]R = σγ∂γ ; σα∂′

α = R[σγ∂γ ]R
−1 (5.20)

Multiplying the second relation by ψ′ = Rψ, side by side, we get

σα∂′
αψ

′ = R[σγ∂γψ] (5.21)

which is what we wanted. In fact, all the powers of this operator, viz.
[σγ∂γ ]

n, — especially the square, which occurs in H — transform in the
same manner. So the Pauli equation will indeed retain its form under
rotations.

All that we have to do now is to find an R such that Eq. (5.19) holds.
This is again easy to do by considering infinitesimal rotations (and ‘expo-
nentiating’ the result to take care of finite rotations). If we write R = 1−iA
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(where A is a first order infinitesimal matrix that needs to be determined),
we have, for any matrix Q, the result R−1QR = Q + i[A,Q]. So the left
hand side of Eq. (5.19) is R−1σαR = σα + i[A, σα]. The right hand side of
Eq. (5.19), for an infinitesimal rotation, is (σα + εαβγθ

βσγ). (This is same
as Eq. (5.17) with x replaced by σ.) So the A has to satisfy the condition
[σα, A] = iεαβγθ

βσγ . From the first relation in Eq. (5.7), we immediately
see that the choice A = (1/2)σαθ

α = (1/2)θ · σ satisfies this relation! So
we have succeeded in finding an R such that Eq. (5.19) holds:

R = 1− (iθ/2)(σ · n) (5.22)

The result for rotation by a finite angle is given by the usual exponentiation:

R(θ) = exp− iθ

2
(σ · n) = cos

(
θ

2

)
− i(σ · n) sin

(
θ

2

)
(5.23)

In the process we have discovered how the two components of the spinor
ψA transform under this rotation: ψ′ = Rψ (interpreted as a matrix equa-
tion). Since ψ′ = Rψ looks like x′ = Mx, you might think spinors are ‘like
vectors’; well, it is true, but, only to a limited extent. If you rotate about
any axis by 2π, vectors — and most of the stuff in the lab — do not change
but spinors flip sign, thanks to the θ/2 in R! Clearly, something peculiar
is going on and we will come back to this issue later while discussing the
Lorentz group.16

This transformation law ψ′A = RA
Bψ

B for the two-component spinors
ψA could in fact be taken as the definition of a 2-spinor. This will demand

the complex conjugate to transform as ψ∗ → R∗ψ∗ but the probability
density |ψ1|2 + |ψ2|2 = ψ†ψ (summed over the spin states) should be a
scalar under rotations. This is assured because σ† = σ and R† = R−1

making (ψ†ψ)′ = (ψ†R†)(Rψ) = (ψ†R−1)(Rψ) = (ψ†ψ).
As we said before it is a crime to think of “rotations about an axis” but

that issue is easily remedied. We have

σαθ
α = σα

(
1

2
εαβγωβγ

)
=

1

2

(
εαβγσα

)
ωβγ = − i

4
[σβ , σγ ]ωβγ (5.24)

which allows us to write R in Eq. (5.23) as

R = exp

[
− i

2
ωαβS

αβ

]
; Sαβ ≡ − i

4
[σα, σβ ] (5.25)

Instead of thinking of σα being associated with rotations “about the xα-
axis”, we now think of Sβγ as being associated with rotations “in the βγ
plane” which is a much better way to think of rotations.17 After this
preamble, let us move along and see what relativity does to all these.

5.3 Relativistic Square Roots

5.3.1 Square Root of pap
a and the Dirac Matrices

The reason we spent so much of time with the “curiosity” p2 = (p·σ)(p·σ)
is because it generalizes rather trivially to the relativistic context. You just
go from D = 3 to D = 4, the rotation group to the Lorentz group and Pauli
matrices to Dirac matrices! Let us see how.

16There is a simple connection be-
tween the factor −1 arising from a
2π rotation and the antisymmetry of
the wave functions describing a pair of
electrons. To see this, consider two
electrons located at x and −x with
spins along the z-axis. Such a state
is represented by the product of two
spinors Ψ12 ≡ ψup(x)ψup(−x). If we
now perform a rotation around the z-
axis by π, we will end up interchang-
ing the two particles without affecting
their spins. Such a rotation will intro-
duce a factor R = −i for each spinor
so that Ψ12 → −Ψ21. Therefore, the
wave function picks up a factor −1
when the particles are interchanged.

17A precise characterization of what
the phrase “being associated with”
means will require some group theory.
We will do it in Sect. 5.4.



196 Chapter 5. Real Life II: Fermions and QED

18Notation alert: We treat the index
a of γa like a four-vector index so that
we can define γa ≡ ηabγ

b etc. Purely
algebraically, we will then have γapa =
γbp

b etc., which is convenient.

Exercise 5.2: Do it yourself!

19Very imaginatively called gamma
matrices.

In the relativistic case, we would have loved to write down some kind of
“Schrodinger equation” of the form iφ̇ = Hφ with H given by

√
p2 +m2

(see Sect. 1.4.6). Taking a cue from the previous analysis, one would like
to express this square root as a linear function of p and m in the form
(αm+β ·p). This will lead to what we want but there is a more elegant way
of doing it, maintaining formal relativistic invariance, which is as follows.

We know that the content of the wave equation describing the relativis-
tic free particles is given by (p2 − m2)ψ(x) = 0 with pa ≡ i∂a. Our aim

now is to think of the square root
√
p2, in the relativistic case, as being

given by γipi where the four entities γi need to be determined.18 Then we
can write the relation

√
p2 =

√
m2 as γapa = m; so our wave equation can

now take the form:

(γapa −m)ψ ≡ (iγa∂a −m)ψ = 0 (5.26)

This is quite straightforward and we play the same game which led to
Eq. (5.3) but now in 4-dimensions. We need

ηijpipj = (γipi)(γ
jpj) = (γiγj)pipj =

1

2

{
γi, γj

}
pipj (5.27)

As in the case of Eq. (5.4), we now need to discover a set of four anti-

commuting matrices which satisfy the condition{
γi, γj

}
= 2ηij (5.28)

Though we will not bother to prove it, you cannot satisfy these relations
with 2×2 or 3×3 matrices. The smallest dimension in which the relativistic
square root works is in terms of 4×4 matrices. One useful set of matrices19

which satisfy Eq. (5.28) is given by

γ0 =

(
0 1
1 0

)
, γα =

(
0 σα

−σα 0

)
(5.29)

(This particular choice of matrices which obey Eq. (5.28) is called the Weyl
representation). This can be written more compactly as

γm =

(
0 σm

σ̄m 0

)
(5.30)

where we have upgraded the Pauli matrices to 4-dimensions with the no-
tation:

σm = (1, σα), σ̄m = (1,−σα) (5.31)

Here, σα are the standard Pauli matrices and 1 stands for the unit matrix.
As you might have guessed, the form of γ-matrices is far from unique and
which set you choose to use depends on what you want to do. Another set
(called the Dirac representation) which we will occasionally use is given by:

γ0 =

(
1 0
0 −1

)
, γα =

(
0 σα

−σα 0

)
(5.32)

It is convenient, for future purposes, to define the commutators of the
gamma matrices by the relation:

σmn ≡ i

2
[γm, γn] (5.33)
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In the Weyl representation, the explicit form of these commutators are
given by

σ0α = −i

(
σα 0
0 −σα

)
, σαβ = εαβκ

(
σκ 0
0 σκ

)
(5.34)

So, in this representation, σαβ is just block diagonal matrix built from
Pauli matrices; for e.g., σ12 = dia(σ3, σ3).

So we have successfully taken a relativistic square root and (given a set
of γ-s), we can explicitly write down the equation Eq. (5.26). We will now
enquire what an equation like Eq. (5.26) could possibly mean and how does
it behaves if we perform a rotation (which we needed to worry about even
in D = 3) or a Lorentz boost (which is a D = 4 feature!).

5.3.2 How does ψ Transform?

To begin with, the ψ in Eq. (5.26) is a 4-component20 object ψα with
α = 1, 2, 3, 4 which is acted upon by the 4× 4 matrix from the left. Since
we are already familiar with a 2-component spinor describing the electron
from the previous section, let us write the column vector ψ in terms of a
pair of quantities ψL and ψR, each having two components, and investigate
this pair.21 That is, we write

ψ =

(
ψL

ψR

)
(5.35)

If we expand out the 4 × 4 matrix equation Eq. (5.26) — which we will
hereafter call the Dirac equation, giving credit where credit is due — into
a pair of 2× 2 matrix equations, we will get:

(i∂t + iσ · ∇)ψR = mψL; (i∂t − iσ · ∇)ψL = mψR (5.36)

This shows that we are indeed dealing with a pair of 2-component objects
coupled through the mass term; when m = 0 they separate into a pair of
uncoupled equations. Our next task is to figure out what happens to this
equation under rotations and Lorentz boosts.

Rotations are easy. If we rewrite Eq. (5.36) in the form:

i(σ · ∇)ψR = mψL − i∂tψR; −i(σ · ∇)ψL = mψR − i∂tψL (5.37)

the only non-trivial term affected by rotations is σ · ∇ = σα∂α. But
we already know from the previous section how this term changes under
rotations! We see that the Eq. (5.37) will be form-invariant under rotations
if ψR and ψL transform as the standard 2-spinors we introduced in the
previous section. That is, under pure rotations,

ψL → RψL; ψR → RψR (5.38)

with (see Eq. (5.25)):

R = exp
{
(−iθ) ·

σ

2

}
= exp[− i

2
ωαβS

αβ] (5.39)

where Sαβ ≡ −(i/4)[σα, σβ ]. This solves part of the mystery: Our ψ is
actually made of a pair of objects each of which transforms as an ordinary
2-spinor as far as spatial rotations go.22

20These, of course, are not spacetime
indices.

21The subscripts L and R will not
make sense to you at this stage but will
become clearer later on; right now, just
think of them as labels.

22Once again, there is a peculiar sign
flip on the 2π rotation which we need
to get back to later on.
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23We will continue to call this trans-
formation ‘Lorentz transformation’,
even though it includes rotations as a
subset; once we do this, we will be able
to reproduce — and check — the pre-
vious results for rotations as a special
case.

24Make sure you appreciate the
smooth transition 3 → 4. Here we
have merely retyped Eq. (5.20) chang-
ing Pauli matrices to Dirac matrices,
R → R and Greek indices to Latin in-
dices!

25This is again essentially Eq. (5.25)
retyped with R → R, Pauli matrices
to Dirac matrices and Greek → Latin,
except for a sign flip in Sαβ compared
to Smn. This is just to take care of
the fact that [γα, γβ ] for spatial in-
dices is dia (−[σα, σβ ],−[σα, σβ ]) with
a minus sign, because of the way we
have defined the γ-matrices. So the
minus sign in the definition of Smn

in Eq. (5.45) vis-a-vis the definition of
Sαβ in Eq. (5.25) ensures that when
we consider pure rotations, we will get
back the previous results.

Exercise 5.3: Prove the claim.
(Hint: First prove [γl, Smn] =
(i/2)[γl, γmγb] = i[ηlmγn − ηlnγm];
then, if you use the infinitesimal ver-
sion of Lorentz transformation, it is
straight forward.)

Of course, we now have to ensure invariance under the full Lorentz
transformations — not just spatial rotations. This is again very easy be-
cause the idea is essentially the same as the one we encountered in the
last section. Recall that the rotational invariance worked because, for a
rotation described by xα → x′α ≡ M α

γ xγ , we could find a matrix R such
that

R−1σαR = M α
γ σγ (5.40)

holds. This immediately implies that R(σ ·∇)R−1 = (σ ·∇′) and we could
keep the equation invariant by postulating ψ → Rψ.

Now we have to consider the more general class of transformations
xa → x′a ≡ La

bx
b representing both rotations and Lorentz transforma-

tions, which keep xax
a invariant.23 The infinitesimal version is given by

x′a ≡ [δab + ωa
b]x

b where the six parameters of the antisymmetric tensor
ωab = −ωba now describe ‘rotations’ in the six planes (xy, yz, zx, tx, ty, tz);
i.e., three rotations and 3 boosts. Everything will work out fine, if we can
find a 4× 4 “rotation matrix” R such that

R−1γmR = Lm
nγ

n =
∂x′m

∂xn
γn (5.41)

[Compare with Eq. (5.19).] As before, multiplying by ∂′
m will lead24 to the

results:
R−1[γa∂′

a]R = γc∂c; γa∂′
a = R[γc∂c]R−1 (5.42)

If we now postulate the ψ transforms under the Lorentz transformation as

ψ′ = Rψ (5.43)

we can again multiply equations Eq. (5.42) and Eq. (5.43) side by side, to
obtain

γa∂′
aψ

′ = R[γc∂cψ] (5.44)

This will keep the Dirac equation invariant under a Lorentz transformation.
So, if we find a matrixR that satisfies Eq. (5.41), we are through; as a bonus
we find how ψ transforms under Lorentz transformations. (And since these
include rotations as a special case, we can check out the previous results.)

Can we find such an R? Very easy. You can again write R = 1 − iA
and play the same game we did to arrive at Eq. (5.23). But since the R for
3-D rotations is given by Eq. (5.23) with 3 rotational parameters in ωαβ

and Sαβ is made from the commutators of the Pauli matrices, it is a good
guess25 to try:

R ≡ exp

(
− i

2
ωmnS

mn

)
; Smn ≡ i

4
[γm, γn] (5.45)

You can now verify that, with the ansatz in Eq. (5.45), the condition in
Eq. (5.41) holds, which in turn implies Eq. (5.42). So, the Dirac equation
will be Lorentz invariant provided the ψ transforms as:

ψ → Rψ = exp

(
− i

2
ωmnS

mn

)
ψ (5.46)

What does this transformation mean? We already know that under
pure rotations, the ψL and ψR of which ψ is made of, transform in iden-
tical manner, just like non-relativistic two-spinors. To see what happens
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under Lorentz transformations, let us consider a pure boost with ωαβ =
0, ω0α ≡ ηα so that we can write (i/2)ωmnS

mn = iω0αS
0α and use the

fact that (in the Weyl representation) S0α = −(i/2)dia(σα,−σα) to obtain
(i/2)ωmnS

mn = (1/2)dia(η ·σ,−η ·σ). Substituting this into the transfor-
mation law Eq. (5.46) and using the block-diagonal nature of the matrices,
we find that ψL and ψR transform differently under a Lorentz boost:

ψL → RLψL ≡ exp

(
−1

2
η · σ

)
ψL; ψR → RRψR ≡ exp

(
1

2
η · σ

)
ψR

(5.47)
Thus, under pure rotations, ψL and ψR transform identically26 but they
transform differently under Lorentz boost.

For practical computations, it is convenient to write η = rn where r is
the rapidity of the Lorentz boost given by (v/c) = tanh(r). In this case,
the relevant transformation matrices become:

RL = exp
(
− r

2
n · σ

)
, RR = exp

(
+
r

2
n · σ

)
(5.48)

In fact, using Eq. (5.9), we can explicitly evaluate these transformation
matrices to get

R2
L = exp(−rn · σ) = cosh(r) − sinh(r)(n · σ) = γ − βγ(n · σ) (5.49)

and similarly for R2
R. This leads to the alternative expressions for the

transformation matrices:

RL =
√
γ − βγn · σ, RR =

√
γ + βγn · σ (5.50)

We can now demystify the subscripts L and R by considering how
rotations and Lorentz boosts are affected by the parity transformation,
P ≡ (t → t,x → −x). Under parity, rotations are unaffected while Lorentz
boosts flip sign. So under the parity transformation, ψL and ψR are inter-
changed. That is,

P : ψR(t,x) → ψL(t,−x); P : ψL(t,x) → ψR(t,−x) (5.51)

This can be written more concisely in terms of the 4-spinor ψ, using the
γ0 matrix, as

P : ψ(t,x) → γ0ψ(t,−x) (5.52)

From this, it is trivial to verify that if ψ(t,x) satisfies the Dirac equation,
the parity transformed spinor defined as γ0ψ(t,−x) also satisfies27 the
Dirac equation:

(iγ0∂t+iγα∂α−m)γ0ψ(t,−x) = γ0(iγ0∂t−iγα∂α−m)ψ(t,−x) = 0 (5.53)

Putting together the results in Eq. (5.39) and Eq. (5.47), we can write down
how ψL, ψR transform under the most general Lorentz transformations,
specified by ωmn made of ωαβ ≡ εαβγθ

γ , ω0α ≡ ηα. This is given, in full
glory, by:

ψL → exp
{
(−iθ − η) ·

σ

2

}
ψL (5.54)

and
ψR → exp

{
(−iθ + η) ·

σ

2

}
ψR (5.55)

Interesting, but rather strange. We will have more to say about this in
Sect. 5.4.

26Since NRQM only cares about ro-
tations as a symmetry, we need not
distinguish between ψL and ψR in the
context of NRQM. In (relativistic) lit-
erature, the index of ψL is denoted by
α̇ and one often uses the terminology of
‘dotted’ and ‘undotted’ spinors rather
than that of L and R spinors.

27Algebra alert: The extra minus sign
arising from γ0 moving through γα is
nicely compensated by the derivative
acting on −x instead of x.
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28The argument for this replacement
is exactly the same as that in the
case of complex scalar field we stud-
ied earlier, in Sect. 3.1.5. Under the
transformation ψ → exp[−iqα(x)]ψ,
Am → Am + ∂mα, we see that
Dmψ → {exp[−iqα(x)]}Dmψ, main-
taining gauge invariance.

5.3.3 Spin Magnetic Moment from the Dirac Equation

Let us next check whether the Dirac equation gives the correct magnetic
moment for the electron, which we obtained from the Pauli equation in
the last section. As in the non-relativistic case, this fancy square root of
p2 really comes into its own only when we introduce the electromagnetic
coupling. In the relativistic case, this will change Eq. (5.26) to the form28

(iγmDm −m)ψ = 0; Dm ≡ ∂m − ieAm (5.56)

To see what this implies for the electromagnetic coupling, multiply this
equation by (iγaDa +m) and use the results

γmγnDmDn =
1

2
({γm, γn}+ [γm, γn])DmDn = DmDm − iσmnDmDn

iσmnDmDn =
i

2
σmn [Dm, Dn] =

e

2
σmnFmn (5.57)

Simple algebra now gives(
DmDm − e

2
σmnFmn +m2

)
ψ = 0 (5.58)

The first term D2 ≡ DmDm is exactly what we would have got for the
spinless particle and, as before, we do not expect anything new to emerge
from this term. Expanding it out, we can easily see that the spatial part
will give, as before, the contribution

(Dα)
2 = ∇

2 − eB · (x× p) +O(A2
α) (5.59)

The orbital angular momentum will contribute to the Hamiltonian a mag-
netic moment m = (e/2m)L.

As before, we find that there is indeed an extra term (e/2)σmnFmn

which arises due to our fancy square-rooting. To see its effect, let us again
consider a magnetic field along the z−axis, in which case the (e/2)σmnFmn

will contribute a term(e
2

)
σ3(F12 − F21) =

(e
2

)
2σ3B = 2eB · s; s = σ/2 (5.60)

Clearly, we get an extra factor of 2 in the contribution of the spin to the
magnetic moment; so this result is not an artifact of the non-relativistic
discussion in the previous section.

To summarize, we have discovered a new class of objects ψ built from a
pair of 2-spinors which have nice Lorentz transformation properties. This
puts them in the same “respectability class” as scalars, four vectors, tensors,
etc. using which one can construct relativistically invariant field theories.
At this stage, you will find it rather mysterious that a new class of objects
like ψα even exists and — since they do — whether there are more such
objects to be discovered. The answer to this question involves classifying
the representations of the Lorentz group and introducing the fields which
can “carry” these representations. This is something which we will turn our
attention to in the next section. We will approach the entire problem from
a slightly more formal angle which will tie up the loose ends and clarify
what is really going on.
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5.4 Lorentz Group and Fields

5.4.1 Matrix Representation of a Transformation Group

Consider the set of all linear transformations, xa → x̄a ≡ La
bx

b, of the
Cartesian 4-dimensional coordinates which preserves the interval s2 =
ηabx

axb = t2 − |x|2. This condition
ηmnx̄

mx̄n = ηmn(L
m

rx
r)(Ln

sx
s) = ηrsx

rxs (5.61)

will hold for all xa if the matrix L satisfies the condition

ηrs = ηmnL
m
rL

n
s; η = LT ηL (5.62)

Taking the determinant, we have [det L]2 = 1 and we will take29 det L = 1
which corresponds to, what is called, proper Lorentz transformations. Fur-
ther, if you expand out the zero-zero component of Eq. (5.62), it is easy to
show that (L0

0)
2 ≥ 1 which divides the proper Lorentz transformations into

two disconnected components with L0
0 ≥ 1 (“orthochronous”) and the one

with L0
0 ≤ 1 (“non-orthochronous”). We will stick with the orthochronous,

proper, Lorentz transformations.30 This is what you would have usually
thought of as the Lorentz transformations from a special relativity course.

A subset of these transformations will be pure rotations in the three
dimensional space with x̄0 = x0, x̄α = Lα

βx
β ; another subset will be pure

Lorentz boosts along some direction. The successive application of two
rotations will lead to another rotation so they form a group by themselves;
but the successive application of two Lorentz boosts along two different
directions will, in general, lead to a rotation plus a Lorentz boost.31 This
fact, along with the existence of the identity transformation and the inverse
transformation, endows the above set of linear transformations with a group
structure, which we will call the Lorentz group. The composition law for
two group elements L1 ◦ L2 will be associated with the process of making
the transformation with L2 followed by L1. As we said before, the group
structure is determined by identifying the element of the group L3 which
corresponds to L1 ◦ L2 for all pairs of elements.

This description is rather abstract for the purpose of physics! By and
large, you can get away with what is known as the matrix representation

of the group rather than with the abstract group itself. We can provide a
matrix representation to any group (and, in particular, to the Lorentz group
which we are interested in) by associating a matrix with each element of the
group such that, the group composition law is mapped to the multiplication
of the corresponding matrices. That is, the group element g1 ◦ g2 will
be associated with a matrix that is obtained by multiplying the matrices
associated with g1 and g2.

In the case of the Lorentz group, a set of k× k matrices D(L) will pro-
vide a k−dimensional representation of the Lorentz group if D(L1)D(L2) =
D(L1 ◦L2) for any two elements of the Lorentz group L1, L2 where L1, L2

etc. could correspond to either Lorentz boosts or rotations. We can also
introduce a set of k quantities ΨA with A = 1, 2, ...k, forming a column
vector, on which these matrices can act such that, under the action of an
element L1 of Lorentz group (which could be either a Lorentz transforma-
tion or a rotation), the ΨAs undergo a linear transformation of the form
Ψ′

A = DB
A(L1)ΨB where DB

A(L1) is a k×k matrix representing the element
L1.

29Transformations with det L = −1
can always be written as a product of
those with det L = +1 and a discrete
transformation that reverses the sign
of an odd number of coordinates.

30The non-orthochronous transforma-
tions can again be obtained from the
orthochronous ones with a suitable in-
version of coordinates.

31So Lorentz boosts alone do not form
a group. You may have learnt this from
a course in special relativity; if not,
just work it out for yourself. We will
obtain this result in a more sophisti-
cated language later on.
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32The k = 4 case is sometimes called
the fundamental (or defining) repre-
sentation of the Lorentz group.

33The set of elements GA which rep-
resent elements close to the identity el-
ement are called the generators of the
group.

34This will miss out some global as-
pects of the group but they can be
usually figured out e.g., by looking at
the range of εA. The generators de-
fine what is known as the Lie algebra
of the Lie group and for most purposes
we will just concentrate on the Lie al-
gebra of the Lorentz group.

The simplest example of such a set of k−tuples ΨA occurs when k = 4.
Here we identify ΨA with just the components of any four vector va and the
matricesDB

A with the Lorentz transformation matrices Lb
a. This, of course,

should work since it is this transformation which was used in the first
place, to define the group.32 It is also possible to have a trivial “matrix”
representation with k = 1 where we map all the group elements to identity.

In general, however, DB
A(L1) can be a k × k matrix where k need not

be 4 (or 1). In such a case, we have effectively generalized the idea of
Lorentz transformation from 4-component objects to k-component objects
ΨA which have nice transformation properties under Lorentz transforma-
tion. In the case of k = 1, the one-component object can be thought of as
a real scalar field φ(x) which transforms under the Lorentz transformation
trivially as φ̄(x̄) = φ(x). In the case of k = 4, it could be a 4-vector field
Aj(x) which transforms as Āj(x̄) = Lj

kA
k(x). In both these cases, we

could say that the fields “carry” the representation of the Lorentz group.
So you see that, if we have a k−dimensional representation of the

Lorentz group, we can use it to study a k−component field which will
have nice properties and could lead to a relativistically invariant theory.
Hence, the task of identifying all possible kinds of fields which can exist in
nature, reduces to finding all the different k × k matrices which can form
a representation of the Lorentz group. We will now address this task.

5.4.2 Generators and their Algebra

The key trick one uses to accomplish this is the following. You really do
not have to find all the k × k matrices which satisfy our criterion. We
only have to look at matrices which are infinitesimally close to the identity
matrix and understand their structure. This is because any finite group
transformation we are interested in can be obtained by “exponentiating”
an infinitesimal transformation close to the identity element. If we write
the matrix corresponding to an element close to the identity as D ≡ 1 +
εAGA where εA are a set of infinitesimal scalar parameters, then a finite
transformation can be obtained by repeating the action of this element N
times and taking the limit N → ∞, εA → 0 with NεA ≡ θA remaining
finite. We then get

lim
N→∞
ε→0

(
1 + εAGA

)N
= exp(NεAGA) = exp(θAGA) (5.63)

which represents some generic element of the group.33

So our task now reduces to finding the matrix representation of the
generators GA of the group34 rather than the matrix representation for all
the elements of the group. What is the property the matrices representing
the generators of the group need to satisfy? To find this out, consider two
matrices U1 = 1 + iε1G1 and U2 = 1 + iε2G2 representing two elements
of the group close to the identity (with the factor i introduced for future
convenience). We then know that the element U3 = 1 + iε3G3 defined by
the operation U3 = U−1

1 U2U1 is also another element of the group close to
the identity. An elementary calculation shows that G3 = G2 + iε1[G2, G1]
which, in turn, implies that the commutator [G2, G1] of two generators is
also another generator. For a group with N generators, the element close
to identity can be expressed in the form U = 1 + iεAGA, and the above
analysis tells us that the commutator between any pair of generators must
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be a linear combination of other generators:

[GA, GB] = if C
AB GC (5.64)

where the set of numbers f C
AB are called the structure constants of the

group. These structure constants determine the entire part of the group
which is continuously connected to the identity since any finite element in
that domain can be obtained by exponentiating a suitable element close to
the identity.

So, all we need to do is to: (i) Determine the structure constants for the
relevant group and (ii) discover and classify all the k × k matrices which
obey the commutation rule given by Eq. (5.64) with the structure constants
appropriate for the Lorentz group. We will now turn to these tasks.

5.4.3 Generators of the Lorentz Group

Let us start with a Lorentz transformation which is close to the identity
transformation represented by the transformation matrix Lm

n = δmn +
ωm

n. The condition in Eq. (5.62) now requires ωmn = −ωnm. Such an
antisymmetric 4 × 4 matrix has 6 independent elements, so we discover
that the Lorentz group has 6 parameters.35 This also means that there
will be six generators JA (with A = 1, 2, ..., 6) for the Lorentz group and
a generic group element close to the identity can be written in the form
1+θAJA where the six parameters θA corresponds to the angles of rotation
in the six planes. We can get any other group element by exponentiating
this element close to the identity.

Since we have chosen to represent the 6 infinitesimal parameters by the
second rank antisymmetric tensor ωmn (which has six independent com-
ponents) rather than by a six component object θA, it is also convenient
to write the generators JA in terms of another second rank antisymmet-
ric tensor as Jmn with Jmn = −Jnm. We are interested in the structure
constants of the Lorentz group, for which, we need to work out the com-
mutators of the generators [Jmn, Jrs]. Since the structure constants are
independent of the representation, we can work this out by looking at the
defining representations of the Lorentz group (the k = 4 one), for which we
know the explicit matrix form of the Lorentz transformation. In this repre-
sentation, Jmn is represented by a 4× 4 matrix with components (Jmn)rs,
the explicit form of which is given by36

(Jmn)rs = i (ηmrδns − ηnrδms ) (5.65)

This is a 4-dimensional representation under which all the components of
the four-vector gets mixed up, and hence this is an irreducible representa-
tion.

You can now work out the form of [Jmn, Jrs] using the explicit form of
matrices in Eq. (5.65) and obtain:

[Jmn, Jrs] = i (ηnrJms − ηmrJns − ηnsJms + ηmsJnr) (5.66)

This is the formal result which completely determines the structure of the
Lorentz group. All we need to do is to find k × k matrices for the six
generators in Jmn such that these matrices satisfy the same commutation
rule as given above. That will also allow us to determine and classify
all possible matrix representations of the Lorentz group. Obviously, there

35This, of course, makes sense. Since
one can think of Lorentz boost along,
say, x-axis as a rotation (albeit with a
complex angle) in the tx plane, the 6
parameters correspond to rotations in
the 6 planes xy, yz, zx, tx, ty, tz. We
see the virtue of ‘rotations in planes’
compared to ‘rotations about an axis’.

36This is easily verified by noticing
that, under an infinitesimal transfor-
mation, any four vector changes as
δV m = ωm

nV
n which can be writ-

ten as δV r = −(i/2)ωmn(Jmn)rsV
s.

Substituting the form of the matrix in
Eq. (5.65) reproduces the correct re-
sult.

Exercise 5.4: Work this out. It
builds character, if not anything else.
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37Recall your QM 101, plus the fact
that with our signature, xα = −xα to
understand the signs.

38Make sure you understand the dif-
ference between the local change δ0φ
of the field φ′(x)−φ(x) (where the co-
ordinate label is the same) compared
to the change in the field at the same
physical event φ′(x′)− φ(x), which, of
course, vanishes for a scalar field.

Exercise 5.5: This is, of course, a rep-
resentation of the generators as differ-
ential operators on the space of func-
tions. The commutators of these gen-
erators are now straightforward to find
by just operating on any arbitrary
function. Do it and reproduce the
result in Eq. (5.66) (which will build
more character).

Exercise 5.6: Verify this claim.

39Notation/sign alert: We use the
notation that boldface 3-vectors have
contravariant components [i.e (v)α ≡
vα] and the boldface dot product
of 3-vectors is the usual one with
positive signature [i.e. a · b =
δαβa

αbβ ]; but with our spacetime sig-
nature vα = −vα etc. and hence
a ·b = −ηαβa

αbβ = −aαbα. Also note
that ε123 = 1.

should be a cleverer way of doing this — and there is. Since it also helps
you to connect up the structure of Lorentz group with what you know
about angular momentum in QM, we will follow that route.

The trick is to think of a representation in the space of (scalar) functions
and come up with a set of differential operators (which act on functions)
and could represent Jmn. Since a pure rotation in the αβ plane will have
as generator the standard angular momentum operator 37, Jαβ = i(xα∂β −
xβ∂α) it is a safe guess that the Lorentz group generators are just:

Jmn = i(xm∂n − xn∂m) (5.67)

This can be obtained more formally by, say, considering the change δ0φ ≡
φ̄(x)−φ(x) of a scalar field φ(x) at a given xa under an infinitesimal Lorentz
transformation x̄m = xm + δxm = x̄m + ωm

nx
n. From φ̄(x̄) = φ̄(x+ δx) =

φ(x), we find38 that φ̄(x) = φ(x− δx) = φ(x)− δxm∂mφ. This leads to the
result

δ0φ = φ′(x) − φ(x) = −δxm∂mφ = −ωmnxn∂mφ

= −1

2
ωmn(xn∂m − xm∂n)φ ≡ − i

2
ωmnJmnφ (5.68)

In arriving at the third equality, we have used the explicit form for δxm =
ωm

nx
n and in getting the fourth equality we have used the antisymmetry

of ωmn. The last equality identifies the generators of the Lorentz transfor-
mations as guessed in Eq. (5.67).

It is now easy to figure out the matrix representations of the Lorentz
group. In Eq. (5.67) we get back the standard angular momentum operators
of quantum mechanics for Jαβ while J0α leads to a Lorentz boost in the α-
direction. Introducing the six parameters (θμ, ημ) in place of ωαβ by the
standard trick ωαβ ≡ εαβμθ

μ, ωα0 ≡ ηα and defining six new generators
J ,K by:

Jα = −1

2
εαβγJ

βγ , Kα = Jα0 (5.69)

we can express39 the relevant combination (1/2)ωmnJ
mn as:

1

2
ωmnJ

mn =
1

2
ωαβJ

αβ +
1

2
ωα0J

α0 × 2 = θ · J − η ·K (5.70)

which actually has the structure of θAGA with the six generators and six
parameters explicitly spelt out. A generic element L of the Lorentz group
will be given by exponentiating the element close to the identity, and can
be expressed in the form:

L = exp[(−i/2)ωmnJ
mn] = exp [−iθ · J + iη ·K] (5.71)

Clearly, Jα are the generators for the spatial rotations; the Kα are the
generators of the Lorentz boosts.

Using the representation in Eq. (5.67) and the definitions in Eq. (5.69)
we find that Jα and Kα obey the following commutation rules.

[Jα, Jβ] = iεαβγ J
γ ; [Jα,Kβ] = iεαβγ K

γ ; [Kα,Kβ] = −iεαβγ J
γ

(5.72)
These relations have a simple interpretation. The first one is the standard
commutation rule for angular momentum operators. Since these commuta-
tors of J close amongst themselves, it is obvious that the spatial rotations
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alone form a sub-group of the Lorentz group. The second one is equivalent
to saying that Kα behaves like a 3-vector under rotations. The crucial
relation is the third one which shows that the commutator of two boosts is
a rotation (with an important minus sign); so Lorentz boosts alone do not
form a group.

To provide an explicit matrix representations for the Lorentz group, we
only have to provide a matrix representation for the infinitesimal generators
of the Lorentz group in Eq. (5.72). That is, we have to find all matrices
which satisfy these commutation relations.

5.4.4 Representations of the Lorentz Group

To do this, we introduce the linear combination aα = (1/2)(Jα + iKα) and
bα = (1/2)(Jα − iKα). This allows the commutation relation in Eq. (5.72)
to be separated into two sets

[aα, aβ] = iεαβμa
μ; [bα, bβ] = iεαβμb

μ; [aμ, bν ] = 0 (5.73)

These are the familiar commutation rules for a pair of independent angular
momentum matrices in quantum mechanics. We therefore conclude that
each irreducible representation of the Lorentz group is specified by two
numbers n,m, each of which can be an integer or half-integer with the di-
mensionality (2n+1) and (2m+1). So the representations can be character-
ized in increasing dimensionality as (0, 0), (1/2, 0), (0, 1/2), (1, 0), (0, 1), ...
etc.

We have already stumbled across two of these representations, one cor-
responding to the trivial representation by a 1 × 1 matrix (‘scalar’) and
the other corresponding to the defining representation with the generators
represented by 4× 4 matrices (‘four-vector’) given explicitly in Eq. (5.65).
The really interesting case, for our purpose, arises when we study the rep-
resentations corresponding to (1/2, 0) and (0, 1/2). These representations
have dimension 2 and hence must be represented by 2× 2 matrices. From
the commutation relations in Eq. (5.73), it is clear that we can take these
matrices to be two copies of the standard Pauli matrices. They will act
on two component objects ψα with α = 1, 2 treated as a column vector.
We will denote these spinors by the L,R notation (introduced in the last
section), in anticipation of the fact that they will turn out to be identical
to the beasts we came across earlier. That is, we use the notation (ψL)α
with α = 1, 2 for a spinor in the representation (1/2, 0) and by (ψR)α with
α = 1, 2 for a spinor in the representation (0, 1/2). We could call ψL as
the left-handed Weyl spinor and ψR as the right-handed Weyl spinor.40 To
make the connection with the last section, we have to explicitly determine
how these spinors transform, which requires determining the explicit form
of the generators J ,K while acting on the Weyl spinors. In the case of the
(1/2, 0) representation, b is represented by σ/2 while a = 0. This leads to
the result41

J = a+ b =
σ

2
; K = −i(a− b) = i

σ

2
(5.74)

We can now write down the explicit transformation of the left-handed Weyl
spinor using Eq. (5.71) which leads to

ψL → L(1/2)LψL = exp
{
(−iθ − η) ·

σ

2

}
ψL (5.75)

40As we shall see, they transform dif-
ferently under the action of the Lorentz
group, a fact we already know from the
discussion in the last section. These
are also called ‘dotted’ and ‘undotted’
spinors in the literature.

41Note that, in this representation the
generator K is not Hermitian, which
is consistent with a theorem that non-
compact groups have no non-trivial
unitary representations of finite dimen-
sions. This is, in turn, related to
the fact that a and b are complex

combinations of J and K. This has
some important group theoretical con-
sequences which, however, we will not
get into.
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In the case of the (0, 1/2) representation, we have J = σ/2 andK = −iσ/2
and the corresponding transformation law is

ψR → L(1/2)RψR = exp
{
(−iθ + η) ·

σ

2

}
ψR (5.76)

This is precisely what we found earlier for ψL and ψR in the last sec-
tion working out separately for rotations (see Eq. (5.38)) and boosts (see
Eq. (5.47)). The infinitesimal forms of these relations are given by

δψR =
1

2
[(−iθ + η) · σ]ψR; δψL =

1

2
[(−iθ − η) · σ]ψL (5.77)

The corresponding results for the adjoint spinor are

δψ†
R =

1

2
(iθ + η) · (ψ†

Rσ); δψ†
L =

1

2
(iθ − η) · (ψ†

Lσ) (5.78)

Before concluding this section, let us settle this business of something
becoming the negative of itself under a 2π rotation. To be precise, this
can never happen under the action of the Lorentz group. Almost by def-
inition, the rotation group, which is a subgroup of Lorentz group, map
2π rotations to identity elements. So, if we are really obtaining the rep-
resentations of the Lorentz group, we cannot have the funny business of
something becoming the negative of itself under a 2π rotation. Actually,
by exponentiating the elements of the Lie algebra, we have in fact generated
a different group called SL(2,C) which is known as the universal covering
group of the Lorentz group. To be precise, spinors transform under the
representations of SL(2,C) rather than under the representations of the
Lorentz group SO(1,3).

The reason this is not a problem in QFT is because one has the freedom
in the choice of the phase in quantum theory so that two amplitudes differ-
ing by a sign lead to the same probability. Mathematically, this means that
we need not have an exact representation of the Lorentz group but can be
content with what is known as the projective representations of the Lorentz
group. If we have two matrices, M(g1) and M(g2) corresponding to two
group elements g1 and g2, then the usual requirement of a representation
is that M(g1)M(g2) = M [g1 ◦ g2]. But if we allow the projective represen-
tations, we can also have M(g1)M(g2) = eiφM [g1 ◦ g2] where φ could, in
general, depend on g1 and g2. It turns out that the projective represen-
tations of SO(1,3) are the same as the representations of the SL(2,C) and
that is how we get spinors in our midst. The flip of sign ψ → −ψ under the
θ = 2π rotation is closely related to the fact that the 3-D rotation group is
not simply connected.

While all this is frightfully interesting, it does not make any difference
to what we will be doing. So we will continue to use phrases like “spinor
representations of Lorentz group” etc. without distinguishing between pro-
jective representations and honest-to-God representations.

5.4.5 Why do we use the Dirac Spinor?

As a bonus, we also now know how the 4-spinor ψ built from a pair of
two spinors (ψL, ψR) transforms under Lorentz transformations. From the
discussion in the previous section, this has to be in accordance with the
rule in Eq. (5.46) reproduced below:

ψ → L1/2ψ = exp

(
− i

2
ωmnS

mn

)
ψ; Smn ≡ i

4
[γm, γn] (5.79)
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Formally, one says that the Dirac spinor (which is another name for this
4-spinor) transforms under the reducible representation (1/2, 0)⊕ (0, 1/2)
of the Lorentz group. For this to work, it is necessary that Smn defined
in Eq. (5.79) must satisfy the commutation rules for the generators of the
Lorentz group in Eq. (5.66); i.e., if we set Jmn = Smn in Eq. (5.66), it
should be identically satisfied. You can verify that this is indeed true.
This shows that Smn can also provide a representation for the Lorentz
group algebra, albeit a reducible one. We saw earlier [see Eq. (5.65)] that
the transformation of the four-vectors provides an irreducible 4-dimensional
representation of the Lorentz group. What we have here is another, dif-
ferent 4-dimensional representation of the Lorentz group but a reducible
one.

But how come the Dirac equation uses the 4-spinor ψ (belonging to
a reducible representation) rather than either ψL or ψR which belong to
the irreducible representations? The reason has to do with parity. We saw
earlier that, under the parity transformation, ψL and ψR are interchanged42

but ψ goes to γ0ψ keeping the Dirac equation invariant. (See Eq. (5.53).) In
other words, if we use ψL and ψR separately, we do not get a basis which is
true to parity transformations. While parity is indeed violated by the weak
interactions, the physics at scales below 100 GeV or so, should conserve
parity. So the field we choose should provide a representation for both
Lorentz transformation and parity transformation. This is the fundamental
reason why we work with ψ rather than with ψL or ψR individually.43

In the Weyl representation we have used, L1/2 came up as a block
diagonal matrix and one could separate out the Dirac spinor into L and R
components quite trivially. But we know that one could have equally well
used some other representation related to the Weyl representation by:

γm → UγmU−1; ψ → Uψ (5.80)

in which case it is not obvious how one could define the left and right
handed components in terms of ψ. Is there an invariant way of effecting
this separation?

Indeed there is and this brings us to yet another gamma matrix44 de-
fined as

γ5 ≡ −iγ0γ1γ2γ3 (5.81)

You can easily verify that {γ5, γm} = 0, (γ5)2 = +1. Further, γ5 commutes
with Smn so that it behaves as a scalar under rotations and boosts. Since
(γ5)2 = 1, we can now define two Lorentz invariant projection operators

PL ≡ 1

2
(1− γ5); PR ≡ 1

2
(1 + γ5) (5.82)

which obey the necessary properties P 2
L = PL, P 2

R = PR, PLPR = 0 of
projection operators. These operators PL and PR allow us to project out
ψL and ψR from ψ by the relations

ψL =
1

2
(1− γ5)ψ; ψR =

1

2
(1 + γ5)ψ (5.83)

One can trivially check that, in the Weyl representation, γ5 is given by

γ5 =

(
1 0
0 −1

)
(5.84)

Exercise 5.7: Verify this.

42More generally, under (t,x) →
(t,−x), we have K → −K and J →
J . This leads to the interchange a ↔
b. Therefore, under the parity trans-
formation, an object in the (n,m) rep-
resentation is transformed to an object
in the (m,n) representation.

43In fact, in the standard model of the
electroweak interaction, which we will
not discuss, the left and right handed
components of spin-1/2 particles enter
the theory in a different manner in or-
der to capture the fact that weak in-
teractions do not conserve parity.

44With this notation we do not have a
γ4 and you jump from γ3 to γ5. This is
related to calling time, the zero-th di-
mension rather than the fourth dimen-
sion! If time was the fourth dimension,
we would have γa with a = 1, 2, 3, 4,
and the next in line would have been
γ5!
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and hence these relations are obvious. Since everything is done in an in-
variant manner, this projection will work in any basis.

We thus discover that the four component Dirac spinor — we (and
Dirac) stumbled on by taking a fancy square root — actually arises from a
much deeper structure. Just to appreciate this fact, let us retrace the steps
which we followed in this section to arrive at the Dirac spinor.

(1) We note that the set of all Lorentz boosts plus rotations form a
group with six parameters that specify the six rotational “angles” in the
six planes of the 4-dimensional space.

(2) We identify the six generators Jmn = −Jnm of this group and
determine their commutator algebra — which is given by Eq. (5.66).

(3) We look for k × k matrices which satisfy the same commutator
algebra as these generators to determine all the matrix representations
of the Lorentz group. In addition to the trivial representation (k = 1),
we already know a representation by 4 × 4 matrices which is used in the
transformation law for the normal four-vectors.

(4) We separate out the Lorentz algebra into two decoupled copies of
angular momentum algebra given by Eq. (5.73). This allows us to classify
all the representations of the Lorentz group by (n,m) where n and m are
either integers or half-integers.

(5) This takes us to the spinorial representations of the Lorentz group
(1/2, 0) and (0, 1/2). The corresponding 2-spinors ψL and ψR transform
identically under rotations but differently under Lorentz boosts. These
are the basic building blocks from which all other representations can be
constructed.

(5) One can obtain a reducible representation of Lorentz group by build-
ing a 4-spinor out of the pair (ψL, ψR). This is the Dirac spinor which
appears in the Dirac equation.

5.4.6 Spin of the Field

Finally, let us clarify how the notion of spin arises from the Lorentz trans-
formation property for any field. As an example, let us consider the
local variation of the left-handed Weyl spinor under the transformation
x → x′ = x+ δx, ψL(x) → ψ′

L(x
′) = RψL(x), which is given by

δ0ψL ≡ ψ′
L(x)− ψL(x) = ψ′

L(x
′ − δx)− ψL(x)

= ψ′
L(x

′)− δxr∂rψL(x) − ψL(x)

= (R− 1)ψL(x) − δxr∂rψL(x) (5.85)

We now see that the variation has two parts. One comes from the variation
of the coordinates δxr, which is nonzero even for a spinless scalar field, as we
have seen before. This will lead to the standard orbital angular momentum
contribution given by

−δxr∂rψL = − i

2
ωmnJ

mnψL; Jmn ≡ i(xm∂n − xn∂m) (5.86)

On the other hand, in the term involving (R − 1), the Taylor expansion
of the Lorentz transformation group element R = exp[−(i/2)ωmnS

mn] will
give an additional contribution. So, the net variation is given by δ0ψL =
−(i/2)ωmnJmnψL where Jmn = Jmn + Smn.

This result is completely general and describes how we get the correct
spin for the field from its Lorentz transformation property. The orbital
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part Jmn comes from kinematics and has the same structure for all fields
(including the spinless scalar) while the extra contribution to the angular
momentum — arising from the spin — depends on the specific represen-
tation of the Lorentz group which the field represents. In the special case
of the left-handed Weyl spinor, we know the explicit form of Smn from
Eq. (5.75). This tells us that

Sα =
1

2
εαβγSβγ =

σα

2
; Sα0 = i

σα

2
(5.87)

The left-handed Weyl spinors correspond to S = σ/2. In fact, the right-
handed Weyl spinor will also lead to the same result except for a flip of
sign in Sα0.

5.4.7 The Poincare Group

The quantum fields which we study (like the scalar, spinor, vector etc.) are
directly related to the representations of the Lorentz group in the manner
we have outlined above. But to complete the picture, we also need to
demand the theory to be invariant under spacetime translations in addition
to the Lorentz transformations.

A generic element of the spacetime translation group has the structure
exp{−iamPm} where am defines the translation xm → xm + am and Pm

are the standard generators of the translation. Lorentz transformations,
along with spacetime translations, form a larger group usually called the
Poincare group. Let us briefly study some properties of this group.

The first thing we need to do is to work out all the new commutators
involving Pm. Since translations commute, we have the trivial relation
[Pm, Pn] = 0. To find the commutation rule between Pm and Jrs, we can
use the following trick. Since energy is a scalar under spatial rotations, we
must have

[
Jα, P 0

]
= 0. Similarly, since Pα is a 3-vector under rotations,

we have
[
Jα, P β

]
= iεαβγP γ . What we need is a 4-dimensional, Lorentz

covariant commutation rule which incorporates these two results. This rule
is unique and is given by

[Pm, Jrs] = i(ηmrP s − ηmsP r) (5.88)

Along with the standard commutation rules of the Lorentz group, this
completely specifies the structure of the Poincare group. In terms of the
1+3 split, these commutation rules read (in terms of Jα,Kα, P 0 ≡ H and
Pα):[

Jα, Jβ
]
= iεαβγJγ ,

[
Jα,Kβ

]
= iεαβγKγ ,

[
Jα, P β

]
= iεαβγP γ

(5.89)[
Kα,Kβ

]
= −iεαβγJγ ,

[
Pα, P β

]
= 0,

[
Kα, P β

]
= iHδαβ (5.90)

[Jα, H ] = 0, [Pα, H ] = 0, [Kα, H ] = iPα (5.91)

The physical meaning of these commutation rules is obvious. Equation
(5.89) tells us that Jα generates spatial rotations under which Kα and Pα

transform as vectors. Equation (5.91) tells us that Jα and Pα commute
with the Hamiltonian (which is the time translation generator) and hence
are conserved quantities. On the other hand, Kα is not conserved which is
why the eigenvalues of Kα do not assume much significance.

Exercise 5.8: Prove this.
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45Such a representation is infinite di-
mensional because of the labeling by
the continuous parameter p. Re-
call that we cannot have unitary, fi-

nite dimensional representations of
the Poincare group because it is non-
compact.

Exercise 5.9: Prove that W 2 com-
mutes with all generators. (Hint: This
is fairly easy. W 2, being a Lorentz in-
variant scalar, clearly commutes with
Jmn. Further, from its explicit form
and the antisymmetry of εmnrs, it is
easy to see that it commutes with Pm

as well.)

46There is an intuitive way of un-
derstanding this result. When m 	=
0, suitable Lorentz transformations
can reduce Pm to the form Pm =
(m, 0, 0, 0). Having made this choice,
we still have the freedom of performing
spatial rotations. That is, the space
of one-particle states with momentum
fixed as Pm = (m, 0, 0, 0) can still act
as a basis for the representation of spa-
tial rotations. Since we also want to
include spinor representations, the rel-
evant group is SU(2). This brings in
the second spin label j = 0, 1/2, 1, .....

47The most straightforward way of
obtaining this result is to consider
an infinitesimal Lorentz transforma-
tion with parameters ωmn and impose
the condition ωmnPn = 0 with Pm =
(ω, 0, 0, ω). Solving these equations
will determine the structure of the
group element generating the transfor-
mation. Identifying with the result in
Eq. (5.96) is then a matter of guess
work.

At the classical level, relativistic invariance is maintained if we use fields
which transform sensibly under the Poincare group. At the quantum level,
these fields become operators and they act on states in a Hilbert space. In
particular, the one-particle state (which emerges from the vacuum through
the action of a field) should exhibit proper behaviour under the action of the
Poincare group in order to maintain relativistic invariance at the quantum
level. So we need to understand how the Poincare group is represented in
the one-particle states of the Hilbert space.

One particle states, which carry such a representation, will be labelled
by the Casimir operators — which are the operators that commute with all
the generators— of the Poincare group. One Casimir operator is obviously
P 2 ≡ PmPm which clearly commutes with all other generators. If we
label45 the one-particle state by |p, s〉 where p is the momentum of the
particle and s denotes all other variables, then P 2 has the value m2 in this
one-particle state. It follows that one of the labels which characterize the
one particle state is the mass m of the particle, which makes perfect sense.

There is another Casimir operator for the Poincare group, given by
W 2 = WiW

i where

Wm = −1

2
εmnrsJnrPs (5.92)

is called the Pauli-Lubanski vector. So, we can use its eigenvalue to further
characterize the one-particle states. Let us first consider the situation when
m �= 0. We can then compute this vector in the rest frame of the particle,
getting W 0 = 0, and:

Wα =
m

2
ε0αβγJβγ =

m

2
εαβγJβγ = mJα (5.93)

Clearly, the eigenvalues of W 2 are proportional to those of J2 which we
know are given by j(j+1) where j is an integer or half integer. Identifying
this with the spin of a one-particle state with mass m and spin j, we have
the result

−WmWm|p, j〉 = m2j(j + 1)|p, j〉, (m �= 0) (5.94)

So, the massive one particle states are labelled by46 the mass m and the
spin j. As a bonus we see that a massive particle of spin j will have 2j+1
degrees of freedom.

The massless case, in contrast, turns out to be more subtle. We can
now bring the momentum to the form Pm = (ω, 0, 0, ω). Let us ask what
further subgroup of Poincare group will leave this vector unchanged. (Such
a subgroup is called the Little Group.) An obvious candidate is the group
of rotations in the (x, y) plane corresponding to SO(2) and this obvious
choice will turn out to be what we will use. But there is actually another
— less evident47 — Lorentz transformation which leaves Pm = (ω, 0, 0, ω)
invariant. The generator for this transformation is given by

Λ = e−i(αA+βB+θC) (5.95)

where α, β and θ are parameters and A,B,C are matrices with the following
elements

Cm
n = (J3)mn; Am

n = (K1 + J2)mn; Bm
n = (K2 − J1)mn (5.96)

These operators J3, A,B obey the commutation rules:[
J3, A

]
= +iB,

[
J3, B

]
= −iA, [A,B] = 0 (5.97)
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This is formally the same algebra as that generated by the operators
px, py, Lz = xpy − ypx which describe translations and rotations of the
Euclidean plane. Also note that the matrices Am

n and Bm
n (with one

upper and one lower index) are non-Hermitian; this is as it should be,
since they provide a finite dimensional representation of the non-compact
Lorentz generators. For our purpose, what is important is the expression
for W 2 which is now given by

−WmWm = ω2(A2 +B2) (5.98)

In principle, we should now consider one-particle states |p; a, b〉 with labels
corresponding to eigenvalues (a, b) of A and B as well. It is then fairly easy
to show that, unless a = b = 0, one can find a continuous set of eigenvalues
for labeling this state with an internal degree of freedom θ (see Problem 11).
While it is a bit strange that nothing in nature seems to correspond to this
structure, the usual procedure is to choose the one-particle states with
eigenvalues a = b = 0. Therefore, from Eq. (5.98), we conclude that the
massless one-particle states have48 W 2 = 0.

Once we have eliminated this possibility, what remains as the Little
Group are the rotations in the x − y plane, viz., SO(2). The irreducible
representations of SO(2) are one-dimensional and the generator is the an-
gular momentum J3. So the massless representations can be labelled by the
eigenvalue h of J3 which represents the angular momentum in the direction
of propagation of the massless particle. (This is called helicity.) Taking a
cue from standard angular momentum lore, one would have thought that
h = 0,±1/2,±1 etc. Again, this result turns out to be true but its proof
requires using the fact that the universal covering group of the Lorentz
group is SL(2,C) and that is a double covering.49

One — rather non-obvious — conclusion we arrive at is that massless
particles are characterized by a single value h of the helicity. The helic-
ity h = P · J is a pseudoscalar. So if the interactions conserve parity, to
each state of helicity h there must exist another state of helicity −h and
the question arises whether both represent the same particle. Since elec-
tromagnetic interactions conserve parity, it seems sensible to represent the
photon through a representation of Poincare group and parity, correspond-
ing to the two states h = ±1. Then the massless photon will have two
degrees of freedom. In contrast, for massless neutrinos which participate
only in the weak interactions (we always ignore gravity, because we don’t
understand it!) which do not conserve parity, we can associate h = −1/2
with a neutrino and h = +1/2 with an antineutrino.

So, guided by physical considerations plus the group structure, we asso-
ciate with different particles, the relevant states in the Hilbert space such
that they transform under unitary representations of the Poincare group.
As we said before, all such representations should necessarily be infinite
dimensional; a single particle state |ψ〉 will be an eigenstate of Pa with
Pa|ψ〉 = pa|ψ〉 for the momentum eigenvalues pa with p0 > 0 and p2 ≥ 0.
The |ψ〉 will transform as |ψ〉 → exp(iθabS

ab)|ψ〉 where the boost and ro-
tation are specified by the parameters θab and Sab are the generators of
Lorentz group relevant to the particle.50 This Hilbert space is complete
with respect to these states in the sense that

1 =
∑
ψ

∫
dΓψ |ψ〉〈ψ|; dΓψ ≡

∏
j∈ψ

d3pj
(2π)3

1

2Ej
(5.99)

48This agrees well with the limitm →
0 in Eq. (5.94). One could have taken
the easy way out and argued based on
this idea. However, it is intriguing that
a continuous one-parameter represen-
tation is indeed allowed by the Little
Group structure for massless particles.
Nobody really knows what to make of
it, so we just ignore it.

49The standard proof (for SU(2)) that
jz is quantized is purely algebraic. One
considers the matrix elements of jx +
ijy and using the angular momentum
commutation relations, shows that a
contradiction will ensue unless jz is
quantized. Unfortunately, for the Lit-
tle Group of massless particles, we do
not have any jx, jy and we are treat-
ing the generator jz of SO(2) as a sin-
gle entity. This is why the usual proof
fails.

50Multi-particle states behave in a
similar way with the transformations
induced by the representations corre-
sponding to each of the particles.
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51This is related to the fact mentioned
earlier, viz. that the representation of
the Lorentz algebra is not unitary.

Exercise 5.10: Verify that ψ̄γmψ
transforms as a vector.

52To be precise, we only want the
equation of motion to be Lorentz in-
variant rather than the action being
a scalar. (The so called ΓΓ action in
GR is not generally covariant but its
variation gives the covariant Einstein’s
equations.) If you had constructed an
action A′ by using ψ† rather than ψ̄
in Eq. (5.105), you can still obtain the
Dirac equation for ψ by varying ψ†.
But if you vary ψ you will end up get-
ting a wrong equation which is not con-
sistent with the Dirac equation. (Inci-
dentally, this is a good counter exam-
ple to the folklore myth that equations
obtained from a variational principle
will be automatically consistent.) The
real problem with A′, as far as varia-
tional principle goes, is that it is not
real while A is. While we can be cav-
alier about the action being a Lorentz
scalar, we do not want it to become
complex.

where dΓψ is the Lorentz invariant phase space element (except for an
overall delta function) for the total momentum.

5.5 Dirac Equation and the Dirac Spinor

5.5.1 The Adjoint Spinor and the Dirac Lagrangian

Once we think of ψ(x) as a field with definite Lorentz transformation prop-
erties, it is natural to ask whether one can construct a Lorentz invariant
action for this field, varying which we can obtain the Dirac equation —
rather than by taking dubious square-roots — just as we did for the scalar
and the electromagnetic fields. Let us now turn to this task.

This would require constructing scalars, out of the Dirac spinor, which
could be used to build a Lagrangian. Normally, given a column vector ψ,
one would define an adjoint row vector ψ† ≡ (ψ∗)T and hope that ψ†ψ will
be a scalar. This will not work in the case of the Dirac spinor. Under a
Lorentz transformation, we have ψ → L1/2ψ, ψ

† → ψ†L†
1/2; but ψ

†ψ does

not51 transform as a Lorentz scalar because L†
1/2L1/2 �= 1.

However, this situation can be easily remedied as follows. Since in
the Weyl representation of the gamma matrices we have (γ0)† = γ0 and
(γα)† = −γα, it follows that γ0γmγ0 = (γm)†, and hence

(Smn)† = −(i/4)
[
(γn)†, (γm)†

]
= (i/4)[(γm)†, (γn)†] (5.100)

leading to the result

γ0(Smn)†γ0 =
i

4
[γ0(γm)†γ0, γ0(γn)†γ0] =

i

4
[γm, γn] = Smn (5.101)

Therefore,

(γ0L1/2γ
0)† = γ0 exp(iθmnS

mn)†γ0 = exp(−iθmnγ
0Smn†γ0)

= exp(−iθmnS
mn) = L−1

1/2 (5.102)

giving us

ψ†γ0ψ → (ψ†L†
1/2)γ

0(L1/2ψ) = (ψ†γ0L−1
1/2L1/2ψ) = ψ†γ0ψ (5.103)

Therefore, if we define a Dirac adjoint spinor ψ̄ by the relation

ψ̄(x) = ψ†(x)γ0 (5.104)

it follows that ψ̄ψ transforms as a scalar under the Lorentz transformations.
In a similar manner, we can show that ψ̄γmψ transforms as a four-vector
under the Lorentz transformations.

Given these two results, we can construct the Lorentz invariant action
for the Dirac field to be

A =

∫
d4x ψ̄(x) (iγm∂m −m)ψ(x) ≡

∫
d4xLD (5.105)

Since ψ is complex, we could vary ψ and ψ̄ independently in this action;
varying ψ̄ leads to the Dirac equation, while varying ψ leads to the equation
for the adjoint spinor which, of course, does not tell you anything more.52
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(If you want a more symmetric treatment of ψ and ψ̄, you can write down
another action by integrating Eq. (5.105) by parts and allowing ∂m to act
on ψ̄. If you then add the two and divide by 2, you end up getting a more
symmetric form of the action.)

It is also instructive to rewrite the Dirac Lagrangian in terms of the
two spinors with ψ = (ψL, ψR). A simple calculation gives

LD = iψ†
Lσ̄

m∂mψL + iψ†
Rσ

m∂mψR −m(ψ†
LψR + ψ†

RψL) (5.106)

where σm and σ̄m are defined in Eq. (5.31). You could easily verify that

ψ†
Lσ̄

mψL and ψ†
Rσ

mψR transforms as a four-vector under the Lorentz trans-

formations and the pair ψ†
LψR and ψ†

RψL are invariant. For example, using

Eq. (5.77) and Eq. (5.78), it is easy to see that ψ†
RψR is not Lorentz invari-

ant because

δ(ψ†
RψR) =

1

2
ψ†
R[(−iθ+η)·σ]ψR+

1

2
(iθ+η)·(ψ†

Rσ)ψR = η ·(ψ†
RσψR) �= 0

(5.107)

On the other hand, ψ†
LψR is indeed Lorentz invariant:

δ(ψ†
LψR) = ψ†

L

1

2
[(−iθ + η) · σ]ψR +

1

2
(iθ − η) · (ψ†

LσψR) = 0 (5.108)

From these, we can form two real combinations ψ†
LψR+ψ†

RψL and i(ψ†
LψR−

ψ†
RψL). But since parity interchanges ψL and ψR, only the first combina-

tion is a scalar (while the second one is a pseudoscalar). This explains the
structure of the terms which occur in the Dirac Lagrangian in Eq. (5.106)
in terms of the two-spinors.

Varying ψ∗
L and ψ∗

R in Eq. (5.106) we again get the Dirac equation in
terms of ψR and ψL obtained earlier in Eq. (5.36):

σ̄mi∂mψL = mψR, σmi∂mψR = mψL (5.109)

Acting by σmi∂m on both sides of the first equation, and using the second
and the identity {σm, σ̄n} = 2ηmn, we immediately obtain

(�+m2)ψL = 0 (5.110)

and a similar result for ψR. Thus each component of the Dirac equation
satisfies the Klein-Gordon equation with mass m.

5.5.2 Charge Conjugation

Another important transformation of the Dirac spinor corresponds to an
operation called charge conjugation. To see this in action, let us start with
the Dirac equation in the presence of an electromagnetic field

[iγm(∂m − ieAm)−m]ψ = 0 (5.111)

obtained by the usual substitution ∂m → Dm ≡ ∂m − ieAm. Taking the
complex conjugate of this equation will give

[−iγm∗(∂m + ieAm)−m]ψ∗ = 0 (5.112)

But since −γm∗ obeys the same algebra as γm, it must be possible to
find a matrix M such that −γm∗ = M−1γmM ; if we now further define

Exercise 5.11: Prove that the global
symmetry of the Dirac Lagrangian un-
der ψ → eiαψ, leads to a conserved
current proportional to the ψ̄γmψ we
met earlier.
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53The only imaginary gamma matrix
is γ2 in both Dirac and Weyl represen-
tations.

ψc ≡ Mψ∗, then it follows that ψc satisfies the same Dirac equation with
the sign of the charge reversed:

[iγm(∂m + ieAm)−m]ψc = 0 (5.113)

It is easy to verify that γ2γm∗γ2 = γm. Therefore, we can define the charge
conjugated53 spinor ψc as:

ψc ≡ γ2ψ∗ (5.114)

Roughly speaking, if ψ describes the electron, ψc will describe the positron.

5.5.3 Plane Wave solutions to the Dirac Equation

We saw earlier (see Eq. (5.110)) that each component of the Dirac equa-
tion satisfies the Klein-Gordon equation with mass m. So a good basis for
the solutions of the Dirac equation is provided by the plane wave modes
exp(±ipx). Let us consider the solutions of the form u(p, s)e−ipx and
v(p, s)eipx for ψ where

(γapa −m)u(p, s) = 0; (γapa +m)v(p, s) = 0 (5.115)

The variable s = ±1 takes care of the two possibilities: spin-up and spin-
down. The two spinors u and v behave like ψ under the Lorentz transfor-
mation and, in particular, ūu and v̄v are Lorentz scalars. In the rest frame
with pi = (m, 0), we have γjpj−m = m(γ0−1). Hence, the spinor solution
to the Dirac equation in the rest frame u(p = 0, s) will satisfy (γ0−1)u = 0.
All we now need to do is to solve this in the rest frame and normalize the
solutions in a Lorentz invariant manner; then we will have a useful set of
plane wave solutions for the Dirac equation. The expressions for u(p, s)
and v(p, s) in an arbitrary frame can be obtained by using a Lorentz boost
since we know how the Dirac spinor changes under a Lorentz boost. There
are many ways to do this and we will illustrate two useful choices.

In the Weyl basis, (γ0 − 1)u = 0 implies that u is made of a pair of
identical two-spinors (ζ, ζ). (We have suppressed the spin dependence ζ(s)
in the rest frame to keep the notation simple.) Similarly, v is made of a
pair of spinors (η,−η). For example, we can choose this set to be

u↑ =

⎛
⎜⎜⎝
1
0
1
0

⎞
⎟⎟⎠ and u↓ =

⎛
⎜⎜⎝
0
1
0
1

⎞
⎟⎟⎠ ; v↑ =

⎛
⎜⎜⎝
−1
0
1
0

⎞
⎟⎟⎠ and v↓ =

⎛
⎜⎜⎝

0
1
0
−1

⎞
⎟⎟⎠
(5.116)

One convention for normalizing this spinor is by u†u = 2Ep which implies
ζ†ζ = m in the rest frame. We will rescale the spinor and take it to have
the form ζ =

√
mξ in the rest frame. Under a Lorentz boost, these spinors

transform as

u(p, s) = Ru(m, s) =

(RL 0
0 RR

)(√
mξ√
mξ

)
=

(√
mRLξ√
mRRξ

)
(5.117)

Using the result in Eq. (5.50) and using γ = (E/m), γβn = p/m, we find
that the boosted spinors have the form

u(p, s) =

(√
E − p · σ ξ√
E + p · σ ξ

)
; v(p, s) =

( √
E − p · σ η

−√
E + p · σ η

)
(5.118)



5.5. Dirac Equation and the Dirac Spinor 215

Another choice is to work in the Dirac representation and use the
normalization ūu = 1. If we choose the Dirac representation of the γ-
matrices, then the four independent spinors we need: u(p,+1), v(p,+1)
and v(p,−1), u(p,−1) can be taken to be the column vectors

u =

⎛
⎜⎜⎝
1
0
0
0

⎞
⎟⎟⎠ and

⎛
⎜⎜⎝
0
1
0
0

⎞
⎟⎟⎠ ; v =

⎛
⎜⎜⎝
0
0
1
0

⎞
⎟⎟⎠ and

⎛
⎜⎜⎝
0
0
0
1

⎞
⎟⎟⎠ (5.119)

This choice corresponds to the implicit normalization conditions of the form

ū(p, s)u(p, s) = 1, v̄(p, s)v(p, s) = −1, ūv = 0, v̄u = 0 (5.120)

Obviously, Lorentz invariance plus basis independence tells us that these
relations should hold in general.54 If you now do the Lorentz boost and
work through the algebra you will get the solution in an arbitrary frame to
be:

u(p, s) =
γapa +m√
2m(Ep +m)

u(0, s); v(p, s) =
−γapa +m√
2m(Ep +m)

v(0, s)

(5.121)
It is often useful to express these normalization conditions in a somewhat
different form. To do this, note that in the rest frame, we have the relation

∑
s

ua(p, s)ūb(p, s) =
1

2

(
γ0 + 1

)
ab

∑
s

va(p, s)v̄b(p, s) =
1

2

(
γ0 − 1

)
ab

(5.122)

To express this in a more general form, we have to rewrite the right hand
side as a manifestly Lorentz invariant expression. It is possible to do this
rather easily if you know the result! The trick is to write55

∑
s

ua(p, s)ūb(p, s) =

(
γapa +m

2m

)
ab∑

s

va(p, s)v̄b(p, s) =

(
γapa −m

2m

)
ab

(5.123)

and verify that it holds in the rest frame. If you did not know the result,
you could reason as follows: There is a theorem which states that any 4×4
matrix can be expressed as a linear combination of a set of 16 matrices56{

1, γm, σmn, γmγ5, γ5
}

(5.124)

So the left hand side of Eq. (5.123), being a 4×4 matrix, should be express-
ible as a linear combination of these matrices; all we need to do is to reason
out which of these can occur and with what coefficients. You cannot have
γ5 or γmγ5 because of parity; you cannot have σmn because of Lorentz
invariance when you realize that you only have a single Lorentz vector pa

available. Therefore, the right hand side must be a linear combination of
γapa and m. You can fix the relative coefficient by operating from the left
by γapa. The overall normalization needs to be fixed by taking α = β and
summing over α.

54Notice that ūu = 1 while v̄v = −1;
we do not have a choice in this matter.
Also note that, under the charge con-
jugation, the individual spinor compo-
nents change as (u↑)

c = v↓, (u↓)
c =

v↑, and (v↑)
c = u↓, (v↓)

c = u↑. In
other words, charge conjugation takes
particles into antiparticles and flips the
spin.

Exercise 5.12: Obtain Eq. (5.121).

55If we use the alternative normali-
sation of ūu = 2m in the rest frame,
we need to redefine u and v by scaling
up a factor (

√
2m) so that you don’t

have the factor 2m on the right hand
side of Eq. (5.123). This is particularly
useful if you want to study a massless
fermion.

56A simple way to understand this
result is as follows. We know that
γmγn = ±γnγm where the sign is
plus if m = n and is minus if
m 	= n. This allows us to re-
order any product of gamma matrices
as ±γ0 . . . γ0γ1 . . . γ1γ2 . . . γ2γ3 . . . γ3.
In each of the sets, because γa squares
to ±1, we can simplify this product to
a form ±(γ0or 1)×(γ1or 1)×(γ2or 1)×
(γ3or 1). So the net result of multi-
plying any number of gamma matrices
will be — upto a sign or ±i factor —
one of the following 16 matrices: 1 or
γm; or γmγn with m 	= n which can be
written (1/2)γ[mγn]; or a product like
γlγmγn with different indices which,
in turn, can be expressed in terms
of (1/6)γ[lγmγn] = iεlmnrγrγ5; or
γ0γ1γ2γ3 = −iγ5. These are clearly
16 linearly independent 4×4 matrices.
Given the fact that any 4 × 4 matrix
has only 16 independent components,
it follows that any matrix can be ex-
panded in terms of these.
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57Here, as well as in many other ex-
pressions, we will suppress the spin in-
dex and write u(p) for u(p, s) etc.

Another combination which usually comes up in the calculations is
ū(p′)γmu(p). There is an identity (called the Gordon identity) which allows
us to express terms of the kind ū(p′)γmu(p) in a different form involving
p+ p′ and q ≡ p− p′. This identity is quite straightforward to prove along
the following lines:57

ū(p′)γmu(p) =
1

2m
ū(p′)(γnp′nγm + γmγnpn)u(p)

=
1

2m
ū(p′)(p′nγnγm + γmγnp

n)u(p)

=
1

2m
ū(p′)(p′n[ηmn + iσmn] + [ηmn − iσmn]p

n)u(p)

=
1

2m
ū(p′)[(p′m + pm) + iσmnq

n]u(p) (5.125)

The existence of the σmn term tells you that, when coupled to an electro-
magnetic potential in the Fourier space through ū(p′)γmu(p)Am(q) where
q = p′ − p is the relevant momentum transfer, we are led to a coupling
involving the term

σmnqnAm =
1

2
σmn(qnAm − qmAn) =

1

2
σmnFnm (5.126)

in the interaction. This is the real source of a magnetic moment coupling
arising in the Dirac equation. We will need these relations later on while
studying QED.

5.6 Quantizing the Dirac Field

5.6.1 Quantization with Anticommutation Rules

Now that we have found the mode functions which satisfy the Dirac equa-
tion, it is straightforward to elevate the Dirac field as an operator and
attempt its quantization. The mode expansion in plane waves will be

ψ(x) =

∫
d3p

(2π)3/2(Ep/m)1/2

∑
s

[
b(p, s)u(p, s)e−ipx + d†(p, s)v(p, s)eipx

]
(5.127)

As usual, the px in the exponentials are evaluated on-shell with p0 = Ep =
(p2 +m2)1/2. In the right hand side, we have integrated over the momen-
tum p and summed over the spin s. The overall normalization is slightly
different from what we are accustomed to (e.g., in the case of a scalar field)
and has a m1/2 factor; but this is just a matter of choice in our normalisa-
tion of the mode functions. Obviously one could rescale u and v to change
this factor. The b and d† are distinct, just as in the case of the complex
scalar field we encountered in Sect. 3.5 (see Eq. (3.148)), because ψ is com-
plex. Here b annihilates the electrons and d† creates the positrons; both
operations have the effect of reducing the amount of charge by e = −|e|.

The key new feature in the quantization, of course, has to do with
the replacement of the commutation relations between the creation and
the annihilation operators by anti-commutation relations. That is, for the
creation and annihilation operators for the electron, we will impose the
conditions

{b(p, s), b†(p′, s′)} = δ(3)(p− p′)δss′

{b(p, s), b(p′, s′)} = 0; {b†(p, s), b†(p′, s′)} = 0 (5.128)
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There is a corresponding set of relations for the creation and annihilation
operators for the positrons involving d and d†.

The rest of the discussion proceeds in the standard manner. One starts
with a vacuum state annihilated by b and d and constructs the one particle
state by acting on it with b† or d†. You cannot go any further because
(b†)2 = (d†)2 = 0 showing that you cannot put two electrons (or two
positrons) in the same state. Since we have done much of this in the case
of bosonic particles, we will not pause and describe them in detail, except
to highlight the key new features.

An obvious question to ask is what happens to the field commutation
rules, when we impose Eq. (5.128). You would have guessed that they will
also obey anticommutation rules rather than commutation rules. This is
in fact easy to verify for, say, the anticommutator {ψ(x), ψ̄(x′)} at equal
times t = t′. The calculation is simplified by using translational invariance
and setting t = t′ = 0 as well as x′ = 0. This will give, with straightforward
algebra using the anticommutation rule for the creation and annihilation
operators, the result

{ψ(x, 0), ψ̄(0)} =

∫
d3p

(2π)3(Ep/m)
(5.129)

×
∑
s

[
u(p, s)ū(p, s)e−ip·x + v(p, s)v̄(p, s)eip·x

]
We now use the result in Eq. (5.123) to obtain58

{ψ(x, 0), ψ̄(0)} =

∫
d3p

(2π)3(2Ep)

[
(γapa +m)e−ip·x + (γapa −m)eip·x

]
=

∫
d3p

(2π)3(2Ep)
2p0γ0e−ip·x = γ0δ(3)(x) (5.130)

In other words,59

{ψa(x, t), iψ
†
b(0, t)} = iδ(3)(x) δab (5.131)

In the same way, one can also show that anticommutators {ψ, ψ} = 0
and {ψ†, ψ†} = 0. One could have also postulated these anticommutation
rules for the field operators and obtained the corresponding results for the
creation and annihilation operators.

This anticommutation rule which we use for fermions has several non-
trivial implications all round. As a first illustration of the peculiarities
involved, let us compute the Hamiltonian for the field in terms of the cre-
ation and annihilation operators. We begin with the standard definition of
the Hamiltonian density given by

H = π
∂ψ

∂t
− L = ψ̄(iγα∂α +m)ψ (5.132)

Note that the last expression has only the spatial derivatives which can be
converted into a time derivative using the Dirac equation. This allows us
to express the Hamiltonian in the form:

H =

∫
d3xH =

∫
d3x ψ̄iγ0 ∂ψ

∂t
(5.133)

Plugging in the mode expansion for ψ and carrying out the spatial integra-
tion, it is easy to reduce60 this to the form:

58We have also used the fact that the
integral vanishes when the integrand is
an odd function of p.

59From the structure of the Dirac La-
grangian, L = ψ̄(iγm∂m − m)ψ, we
find that the canonical momentum is
indeed given by πψ = [∂L/∂(∂0ψ)] =

iψ̄γ0 = iψ†. So the choice of vari-
ables for imposing the commutation
rules makes sense; but, of course, it
is the anticommutator rather than the
commutator which we use.

60Make sure you understand the man-
ner in which various terms come about.
Very schematically, ψ̄ contributes (b†+
d) while ψ̇ contributes (b − d†) where
the minus sign arises from ∂tψ. So the
product goes like (b† + d)(b − d†) ∼
b†b−dd† because the condition v̄u = 0
kills the cross terms.
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61So, if nature has the same num-
ber of bosonic and fermionic degrees
of freedom, then the total zero-point
energy will vanish — which would be
rather pleasant. This is what happens
in theories with a hypothetical symme-
try, called supersymmetry, which the
particle physicists are fond of. So far,
we have seen no sign of it, having dis-
covered only roughly half the particles
predicted by the theory; but many live
in hope.

Exercise 5.13: Try this out.

62You may object saying that even
the expression in Eq. (5.137) is in-
finitely negative because of the zero-
point energy. But remember that you
are not supposed to raise issues about
zero-point energy in a QFT course; or
rather, you make it go away by intro-
ducing the normal ordering prescrip-
tion we had discussed earlier.

63The fact that such a simple, univer-
sal rule — viz., that fermions obey the
Pauli exclusion principle — requires
the formidable machinery of QFT for
its proof, is probably because we do not
understand fermions at a sufficiently
deep level. But most physicists would
disagree with this view point.

H =

∫
d3p

(2π)3

∑
s

Ep

[
b†(p, s)b(p, s)− d(p, s)d†(p, s)

]
(5.134)

When we re-order the second term with d† to the left of d, we have to use
the anticommutation rule and write

−d(p, s)d†(p, s) = d†(p, s)d(p, s)− δ(3)(0) (5.135)

The last term is the Dirac delta function in momentum space, evaluated
for zero momentum separation; that is:

δ(3)(0) = lim
p→0

∫
d3x exp[ip · x] =

∫
d3x (5.136)

which is just the (infinite) normalisation volume. Substituting Eq. (5.135)
into Eq. (5.134), we get the final expression for the Hamiltonian to be

H =

∫
d3p

(2π)3

∑
s

Ep

[
b†(p, s)b(p, s) + d†(p, s)d(p, s)

]

−
∫

d3x

∫
d3p

(2π)3

∑
s

Ep (5.137)

The first two terms are the contributions from electrons and positrons of
energy Ep corresponding to the momentum p and spin s. This makes
complete sense. The last term has the form:

E0 = −
∫

d3x

∫
d3p

(2π)3

∑
s

2

(
1

2
Ep

)
(5.138)

This is our old friend, the zero-point energy, with (1/2)Ep being con-
tributed by an electron and a positron separately, for each spin state. But
the curious fact is that it comes with an overall minus sign unlike the
bosonic degrees of freedom which contribute +(1/2)Ep per mode. This is
yet another peculiarity of the fermionic degree of freedom.61

In our approach, we postulated the Pauli exclusion principle for fermions
and argued that this requires the creation and annihilation operators to
anticommute rather than commute. This, in turn, leads to the anticommu-
tation rules for the field with all the resulting peculiarities. A somewhat
more formal approach, usually taken in textbooks, is to start from the an-
ticommutation rules for the field and obtain the anticommutation rules for
the creation and annihilation operators as a result. In such an approach,
one would first show that something will go wrong if we use the usual
commutation rules rather than anticommutation rules for the field opera-
tors. What goes wrong is closely related to the expression for the energy
we have obtained, which — once we throw away the zero-point energy —
is a positive definite quantity. If you quantize the Dirac field using the
commutators, you will find that the term involving d†d in Eq. (5.137) will
come with a negative sign and the energy will be unbounded from below.
This is the usual motivation given in textbooks for using anticommutators
rather than commutators for quantizing the Dirac field.62 It is possible to
provide a rigorous proof that one should quantize fermions with anticom-
mutators and bosons with commutators by using very formal mechanisms
of quantum field theory; but we will not discuss it.63
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5.6.2 Electron Propagator

Having quantized the Dirac field, we can now determine its propagator. A
cheap, but useful, trick to obtain the propagator is the following. We know
that when any field Ψ obeys an equation of the kind K̂(∂a)Ψ(x) = 0, the
propagator in momentum space is given by (1/K(pa)) and the real space
propagator, fixed by translational invariance, is just:

G(x− y) =

∫
d4p

(2π)4
e−ip·(x−y)

K(p)
(5.139)

For example, the Klein-Gordon field has K(p) = p2 − m2 + iε and the
corresponding propagator is precisely what we find64 using the prescription
in the above equation. (See e.g., Eq. (1.96).) For the Dirac field, K̂(∂a) =
iγapa − m and hence K(p) = γapa − m + iε. Hence, the propagator in
momentum space (which is conventionally written with an extra i-factor)
is given by:

iS(p) ≡ i

γapa −m+ iε
= i

(γapa +m)

p2 −m2 + iε
(5.140)

where the second expression is obtained by multiplying both the numerator
and the denominator by (γapa +m). This propagator, like everything else
in sight, is a 4×4 matrix. The corresponding real space propagator is given
by

iS(x) =

∫
d4p

(2π)4
e−ip·x i

γapa −m+ iε
=

∫
d4p

(2π)4
e−ip·x i(γapa +m)

p2 −m2 + iε
(5.141)

In fact, one can write this even more simply as

S(x) = (iγa∂a +m)

∫
d4p

(2π)4
e−ip·x

p2 −m2 + iε
= (iγa∂a +m)G(x) (5.142)

where G(x) is the scalar field propagator.
If we want to do this more formally (without the cheap trick), we have

to define the propagator in terms of the time ordered product T [ψ(x)ψ̄(0)]
of the Dirac operators, in a Lorentz invariant manner. The definition of
this operator was quite straightforward for bosonic fields, leading to a rela-
tivistically invariant expression. But in the case of fermionic fields we again
have to be a little careful in its definition.

To see what is involved, let us take the propagator in Eq. (5.141), ob-
tained above through our trick, and try to write it in terms of the three

dimensional momentum integral involving d3p rather than d4p. As usual,
when we do the p0 integration in the complex plane, we have poles at
p0 = ±(Ep − iε). So, for x0 > 0, we need to close the contour in the lower
half plane to make the factor exp(−ip0x0) converge. Going around the pole
at +[Ep − iε] in the clockwise direction (see Fig. 5.1(a)), we get

iS(x) = (−i)i

∫
d3p

(2π)3
e−ipx γ

apa +m

2Ep

(5.143)

On the other hand, when x0 < 0, we have to close the contour in the upper
half plane but now we go around the pole at −[Ep− iε] in the anticlockwise
direction. This leads to

iS(x) = i2
∫

d3p

(2π)3
eiEpx

0+ip·x 1

−2Ep

(−Epγ
0 − pαγα +m) (5.144)

64Of course, we need to add a positive
imaginary part to m to get the correct
iε factor; this rule is universal.

x0 > 0

Re po

−Ep + iε

Ep − iε

(a)

Im po

x0 < 0

Re po

−Ep + iε

Im po

Ep − iε

(b)

Figure 5.1: Contours to compute the
p0-integral for the propagator.
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We now change the integration variable from p to −p to get the Lorentz
invariant factors eipx and γapa. Then this contribution becomes:

iS(x) = −
∫

d3p

(2π)3
eipx

1

2Ep

(γapa −m) (5.145)

Putting these two together, we get:

iS(x) =

∫
d3p

(2π)3(Ep/m)

[
θ(x0)

γapa +m

2m
e−ipx − θ(−x0)

γapa −m

2m
eipx
]

(5.146)
This suggests that, if we have to get the same propagator from the time-
ordered product of the fields, we need to introduce a crucial minus sign in
the time ordered product and define it as

Tψ(x)ψ̄(0) ≡ θ(x0)ψ(x)ψ̄(0)− θ(−x0)ψ̄(0)ψ(x) (5.147)

There is actually a simple reason why the time ordering operator for
fermions needs to be defined with a minus sign. We know that fermionic
annihilation operators, for example, anticommute for generic momenta and
times. Therefore,

T {ap(t)aq(t′)} = −T {aq(t′)ap(t)} (5.148)

So, if we try to define the time ordering operation as merely moving the
operators around and putting them in time order, this equation will imply
that time ordered product vanishes! To prevent this from happening, we
should define the time ordering operator for fermions by keeping track of
the minus signs which arise when we move the anticommuting operators
through each other. So, the correct definition will require the extra minus
sign as in:

T {ψ(x)χ(y)} = ψ(x)χ(y)θ(x0 − y0)− χ(y)ψ(x)θ(y0 − x0) (5.149)

Having motivated the minus sign from reverse engineering our result
in Eq. (5.141), we could just take Eq. (5.147) to be our definition and
compute the vacuum expectation value 〈0|T [ψ(x)ψ̄(0)]|0〉. An elementary
calculation now gives, for x0 > 0

iS(x) = 〈0|ψ(x)ψ̄(0)|0〉 =
∫

d3p

(2π)3(Ep/m)

∑
s

u(p, s)ū(p, s)e−ipx

=

∫
d3p

(2π)3(Ep/m)

γapa +m

2m
e−ipx (5.150)

For x0 < 0, one needs to be slightly more careful, but it is again easy to
obtain the result

iS(x) = −〈0|ψ̄(0)ψ(x)|0〉 = −
∫

d3p

(2π)3(Ep/m)

∑
s

v̄(p, s)v(p, s)e−ipx

= −
∫

d3p

(2π)3(Ep/m)

(
γapa −m

2m

)
e−ipx (5.151)

Comparing with the result in Eq. (5.146), we find that everything turns
out fine once we have defined the time ordering operator with the minus
sign.
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Another closely related object we could compute is the anticommutator
at unequal times, defined by

iS = {ψ(x), ψ̄(y)} (5.152)

The computation is straightforward and is very similar to the one we did
above. The final result can be expressed in the form

iS(x− y) = (iγa∂a +m)[G(x − y)−G(y − x)]; ∂a ≡ ∂

∂xa
(5.153)

where

G(x− y) =

∫
d3p

(2π)32Ep

e−ip(x−y) (5.154)

is the standard scalar field propagator. The other two anticommutators
vanish

{ψ(x), ψ(y)} = {ψ̄(x), ψ̄(y)} = 0 (5.155)

This result, at the face of it, should ring some alarm bells. In the
case of the scalar field, we computed the corresponding quantity, viz. the
commutator [φ(x), φ(y)] which is exactly the term within the square bracket
in Eq. (5.153). We also saw that [φ(x), φ(y)] = 0 for (x − y)2 < 0, and
made a song and dance of it, claiming that this fact — viz. the scalar
fields at two spacelike separated events commute with each other — is an
expression of causality. This doesn’t hold for the Dirac field. Instead, what
we get from the known structure of G(x) is the result:

{ψ(x), ψ̄(y)} = 0; (x − y)2 < 0 (5.156)

That is, the anti-commutator (rather than the commutator) vanishes out-
side the light cone. So, what happened to causality in the presence of

fermions?

The only way to save the theory is to declare that ψ(x) is not a direct
observable in the laboratory.65 But if that is the case, what are the ob-
servables for the fermionic fields? We would expect them to be built out
of quadratic bilinear of the field, like

O(x) = ψ̄a(x) Oab(x) ψb(x) (5.157)

where Oab(x) is essentially a Dirac matrix consisting of c-numbers and
differential operators.66 We would like to have the commutator, (not the
anticommutator), [O(x), O(y)] of these observables to vanish for spacelike
separations; otherwise we are sunk! Let us calculate this commutator which
is given by

[O(x), O(y)] = Oab(x)Ocd(y)
[
ψ̄a(x)ψb(x), ψ̄c(y)ψd(y)

]
(5.158)

Using the operator identities

[A,BC] = [A,B]C +B [A,C] ; [A,BC] = {A,B}C −B {A,C}
(5.159)

we can expand out the expression and relate it to the basic anticommutators
of the fields at unequal times:[

ψ̄a(x)ψb(x), ψ̄c(y)ψd(y)
]

(5.160)

= ψ̄a(x)
({

ψb(x), ψ̄c(y)
}
ψd(y)− ψ̄c(y) {ψb(x), ψd(y)}

)
+
({

ψ̄a(x), ψ̄c(y)
}
ψd(y)− ψ̄c(y)

{
ψ̄a(x), ψd(y)

})
ψb(x)

65This might sound rather shady, but
remember that spinors flip in sign if
you rotate a coordinate by 2π. It is
difficult to conceive of a measuring de-
vice in the lab which will become “the
negative of itself” if we rotate the lab
by 2π!

66A simple example of such an observ-
able will be the Dirac current operator
for which Om

ab = q(γm)ab.
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67Note that causality arguments only
prove that particles with integer spin
should be quantized with commutation
rules; it cannot be used to prove that
particles with half-integer spins must
be quantized using anticommutation
rules. This is because observables for
spinors are bilinear in spinors and es-
sentially behave like integer spin parti-
cles.

68Recall the curious property of func-
tions of Pauli matrices described by
Eq. (5.9). You may now see a clear
similarity between Grassmannians and
structures involving Pauli or Dirac ma-
trices.

On using the results in Eq. (5.153) and Eq. (5.155), we can reduce this to
the form [

ψ̄a(x)ψb(x), ψ̄c(x)ψd(x)
]

= iSbc(x− y)ψ̄a(x)ψd(y)

−iSda(y − x)ψ̄c(y)ψb(x) (5.161)

We now see that the vanishing of the anti-commutator S(x − y) at space-
like separations (which we obtained earlier in Eq. (5.156)) now allows us
to conclude that the commutator of the observables vanishes at spacelike
separations:

[O(x), O(y)] = 0 for (x − y)2 < 0 (5.162)

Very gratifying, when you think about it. This is the conventional expres-
sion for causality.67

5.6.3 Propagator from a Fermionic Path Integral

In the study of the bosonic fields (like scalar or vector fields) we could
also interpret the propagator using an external source. For example, if the
Lagrangian for a free scalar field is taken to be L = −(1/2)φDφ, then we
could add a source term to the Lagrangian of the form Jφ and perform the
path integral over φ to define the vacuum persistence amplitude Z[J ] =
exp[−(1/2)JD−1J ]. A double functional differentiation of Z[J ] allows us
to define the propagator as D−1.

In principle, we can do the same with the Dirac Lagrangian by adding
suitable sources and performing the path integral. But if we treat ψ (and ψ̄)
as just c-number complex functions, we will get a result which is incorrect.
This again has to do with the fact that the Dirac field anticommutes with
itself, making ψ2 = 0 ! While manipulating the Dirac field as a c-number
function, one has to take into account this fundamental non-commutative
nature of the fermionic fields. This can be done by introducing c-number
quantities — called Grassmannians — which anticommute pairwise. We
will now introduce the curious mathematics of Grassmannians and define
the path integral for fermions using them.

In a way, Grassmannians are simpler than ordinary numbers. The fun-
damental property of these objects is that, for any two Grassmannians η
and ξ, we have the relation ηξ = −ξη which immediately makes η2 = 0 for
any Grassmannian. As a result of this, the Taylor series expansion of any
function f(η) of a Grassmannian truncates with the linear term68 giving
f(η) = a + bη. As for integration over the Grassmannians, we will insist
that the shifting of the dummy integration variable should not change the
result. That is, we must have∫

dη f(η + ξ) =

∫
dη f(η) (5.163)

Using the fact that the functions on both sides are linear ones, we will get
the condition that integral over η of (bξ) should vanish for all ξ. Since b
is just an ordinary number, this leads to the first rule of Grassmannian
integration ∫

dη = 0 (5.164)

Further, given three Grassmannians, χ, η and ξ, we have χ(ηξ) = (ηξ)χ;
i.e., the product (ηξ) commutes with the Grassmannian χ. Based on this
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motivation, we will declare that the product of any two anticommuting
numbers should be an ordinary number and, in particular, the integral of
η over η should be a pure number which — by convention — is taken to
be unity. This leads to the second rule of Grassmannian integration∫

dη η = 1 (5.165)

These two rules are sufficient to develop a consistent integral calculus in-
volving the Grassmannians.

There are, however, some surprises in these integrals which you need to
be aware of. For example, if f(η) is a Grassmannian of the form a + bη,
then the integral of f gives the result69∫

dη f(η) =

∫
dη (a+ bη) = b (5.166)

But if f(η) is an ordinary number (so that b is a Grassmannian), the same
integral gives you the result with a minus sign∫

dη f(η) =

∫
dη (a+ bη) = −b (5.167)

We can use these rules to compute Gaussian integrals over Grassman-
nians which is what we need in order to compute Fermionic path integrals.
If we have a set of N Grassmannians denoted by η = (η1, η2, . . . ηN ) and
similarly for another set η̄, then the Gaussian integral is given by∫

dη

∫
dη̄ eη̄Aη = detA (5.168)

where A = Aij is an anti-symmetric N × N matrix. In the case of the
Dirac Lagrangian, we can think of ψ̄ and ψ as independent Grassmannian
valued quantities and evaluate the generating functional in the form

Z =

∫
Dψ

∫
Dψ̄ ei

∫
d4xψ̄(iγ∂−m+iε)ψ

= det (iγ∂ −m+ iε) = etr log(iγ∂−m+iε) (5.169)

where we have omitted the overall multiplicative constant. This trace can
be simplified using a trick (and the cyclic property of the trace) along the
following lines:

tr log(iγ∂ −m) = tr log γ5(iγ∂ −m)γ5 = tr log(−iγ∂ −m)

=
1

2
[tr log(iγ∂ −m) + tr log(−iγ∂ −m)]

=
1

2
tr log(∂2 +m2) (5.170)

leading to the result

Z = exp

[
1

2
tr log(∂2 +m2 − iε)

]
(5.171)

In contrast, when we do the corresponding thing for a bosonic field, we end
up getting the result

Z =

∫
Dφ ei

∫
d4x 1

2 [(∂φ)
2−(m2−iε)φ2] =

(
1

det[∂2 +m2 − iε]

)1/2

= e−
1
2 tr log(∂2+m2−iε) (5.172)

69So the integral of f(η) over η is the
same as the the derivative of f(η) with
respect to η!
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70You will recall that lnZ is closely
related to the zero-point energy of the
field (see Eq. (2.71)). The flip of sign
suggests that the zero-point energy for
the fermionic field will have a sign op-
posite to that of the bosonic fields; this
is indeed what we found in Sect. 5.6.1;
see Eq. (5.138).

71We use S rather than A for the ac-
tion for typographical clarity.

So, essentially, there is a flip of sign in the generating function when we
move from bosons to fermions.70

As for the propagator, we can now proceed very much along the way
we did with the bosonic field. We first introduce two Grassmannian spinor
sources η and η̄ corresponding to ψ and ψ̄. In the resulting generating
functional, defined as,

Z(η, η̄) =

∫
DψDψ̄ exp

(
i

∫
d4x[ψ̄(iγ∂ −m)ψ + η̄ψ + ψ̄η]

)
(5.173)

we complete the square in the usual manner:

ψ̄Kψ + η̄ψ + ψ̄η = (ψ̄ + η̄K−1)K(ψ +K−1η)− η̄K−1η (5.174)

and perform the integration by shifting the integration measure. This leads
to the (expected) result

Z(η, η̄) = exp

(
−i

∫
d4x η̄(iγ∂ −m)−1η

)
(5.175)

allowing us to identify the propagator as the inverse of the operator (iγ∂−
m). This agrees with the result we obtained earlier.

Extending the path integral formalism to fermionic degrees of freedom
brings within our grasp the technical prowess of the path integral to deal
with issues in QED. We will describe two such applications.

5.6.4 Ward Identities

As a simple but important application of this, we will obtain a set of iden-
tities (usually called the Ward-Takahashi identities) which play a key role
in QED. The importance of these identities lies in the fact that they relate
to features of the exact, interacting, field theory.71

To derive these in a simple context, let us consider the effective ac-
tion corresponding to the original action S(ψ̄, ψ,Ai) which depends on
(ψ̄, ψ,Ai). As we described in Sect. 4.5, one can obtain the effective action
as a Legendre transform by introducing a source term for the fields. In
the example discussed in Sect. 4.5, we used just one scalar field φ and a
source J with φc = 〈J |φ|J〉 denoting the expectation value in the state with
source J . Now, since we have three fields (ψ̄, ψ,Ai), we need to introduce
three sources η̄, η, Ji and define the effective action through a Legendre
transform with respect to each of these sources. We will also have three
background expectation values ψ̄c, ψc, A

c
i which will act as the arguments

for the effective action. In this case, the generating functional will be

Z[ψ̄c, ψc, A
c
i ] ≡ exp(iSeff [ψ̄c, ψc, A

c
i ]) (5.176)

where Seff(ψ̄c, ψc, A
c
i ) is the effective action obtained by the Legendre trans-

form with respect to the sources η̄, η, Ji. Let us suppose that we compute
this effective action, say, order by order in a perturbation theory. To the
lowest order, this would be given by the classical action which can be ex-
pressed in the form

S0
eff [ψ̄c, ψc, A

c
i ]

=

∫
d4xd4y

[
1

2
Ai

c(x)D(0)ij(x− y)Aj
c(y) + ψ̄c(x)S(0)(x − y)ψc(y)

]

−e

∫
d4xψ̄c(x)A

j
c(x)γjψc(x) (5.177)
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where the subscript ‘0’ indicates the free-field expressions for the propaga-
tors including the effect of any gauge fixing terms. When we compute the
effective action, including higher order effects, we will expect it to have a
form like

Seff [ψ̄c, ψc, A
m
c ]

=

∫
d4x d4y

[
1

2
Am

c (x)Dmn(x − y)An
c (y) + ψ̄c(x)S(x − y)ψc(y)

]

−e

∫
d4x d4y d4z ψ̄c(x)A

m
c (y)Λm(x, y, z)ψc(z) + · · · (5.178)

In this expression, Dmn and S would correspond to the photon and electron
propagators incorporating the effect of interactions computed possibly upto
a certain order in perturbation theory. Similarly, Λm(x, y, z) incorporates
the effect of interactions at the electron-photon vertex to the same order
of approximation. (We will see an explicit computation of these quantities
later in Sect. 5.7.)

We now use the fact that the properly defined interacting theory of QED
must be gauge invariant. This, in turn, implies that the effective action
itself must be invariant under the local gauge transformations, except for
any gauge fixing terms we might have added. Let us assume for a moment
that there are no gauge fixing terms in the action (which, of course, is not
true and we will get back to it soon). Then the effective action must be
invariant under the local gauge transformations given by

δψ = iθ(z)ψ, δψ̄ = −iθ(z)ψ̄, δAm =
1

e
∂mθ(z) (5.179)

This result can be expressed as

0 = δSeff =

∫
d4x

[
δψ̄c

δSeff

δψ̄c
+

δSeff

δψc
δψc +

δSeff

δAm
c

δAm
c

]

=

∫
d4z

(
−iψ̄c

δSeff

δψ̄c
+ iψc

δSeff

δψc
− 1

e
∂m δSeff

δAm
c

)
θ(z) (5.180)

where the last term has been rewritten by an integration by parts. Since θ
is arbitrary, the expression within the brackets must vanish. The resulting
relations are called the Ward-Takahashi identities.72 We see that the term
involving Am will vanish only if the exact photon propagator satisfies the
constraint

∂mDmn(x− y) = 0; kmDmn(k) = 0 (5.181)

where the second relation holds in the Fourier space.
Let us now get back to the issue of gauge fixing terms in the action. A

gauge fixing term of the form

− 1

2λ

∫
d4x(∂mAm)(∂nA

n) = − 1

2λ

∫
d4xd4y(∂mAm)xδ(x− y)(∂nA

n)y

= − 1

2λ

∫
d4xd4y Am(x)[∂m∂nδ(x− y)]An

(5.182)

will contribute a term proportional to kmkn toDmn(k) in the Fourier space.
When we repeat the calculation in Eq. (5.180) with a gauge fixing term

72In our case, we could have also ob-
tained the same result more directly by
performing a gauge transformation on
Eq. (5.178).
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added, δSeff will not be zero but will be equal to the contribution from
the gauge fixing term. This will change the result in Eq. (5.181) to the
condition:

kmDmn(k) = − iλkn
k2

(5.183)

This has an interesting implication. We know that, at the tree-level, the
free-field photon propagator satisfies Eq. (5.183) (see Eq. (3.205)). So if we
write the exact propagator, separating out the tree-level in the form

Dmn(k) = − i

k2

[
ηmn − (1− λ)

kmkn
k2

]
+Dmn(k) (5.184)

then Eq. (5.183) implies that

kmDmn(k) = 0 (5.185)

In other words, the gauge parameter λ does not pick up any corrections due
to interactions — which makes sense since we do not expect the interactions
to take cognizance of an artificial gauge fixing term which we have added for
our convenience. This result reinforces the fact that no physical phenomena
in the theory can depend on the gauge parameter λ.

The constraint in Eq. (5.185), along with Lorentz invariance, tells you
that the corrections to the photon propagator Dmn(k) must be express-
ible in the form (k2gmn − kmkn)Π(k2) where Π(k2) is a function to be
determined. We will see later that explicit computation does lead to this
result.

As regards the terms involving ψ̄cψc in Eq. (5.180), we obtain the con-
dition:

−iS(x− y)δ(z − x) + iS(x− y)δ(z − y)− ∂

∂zm
Λm(x, z, y) = 0 (5.186)

Fourier transforming this result, we obtain yet another identity in mo-
mentum space relating the exact electron propagator and the exact vertex
function. Taking the limit of p′ → p, this result can be expressed in the
momentum space in an equivalent form as

Λm(p, 0, p) =
∂SF

∂pm
(5.187)

We will have occasion to explicitly verify this relation later on.

5.6.5 Schwinger Effect for the Fermions

As a second application of the path integral over fermionic fields, we will
compute the effective action for electromagnetism obtained by integrating
out the electron field. This is in exact analogy with the corresponding
result for the complex scalar field, obtained in Sect. 4.2. The idea again is
to perform the integration over ψ and ψ̄ in the full path integral:

Z =

∫
DAjDψDψ̄ exp(iS) (5.188)

where

S =

∫
d4x

(
−1

4
F 2
mn + ψ̄(iγD −m)ψ

)
(5.189)
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and we have not indicated the gauge fixing terms for simplicity. This will
allow us to define the effective Lagrangian for the electromagnetic field as:∫

DψDψ̄ exp(iS) ≡ exp iSeff [Aj ] = exp i

∫
d4xLeff [Aj ] (5.190)

This path integral can be calculated using a trick similar to the one
which led to Eq. (5.171). We note that, from the result73

Det(iγaDa −m) = exp [Tr log(iγaDa −m)]

= exp

[∫
d4x

∫
d4P

(2π)4
Tr log(γaPa −m)

]

= exp

[∫
d4x

∫
d4P

(2π)4
Tr log(−γaPa −m)

]
= Det(−iγaDa −m) (5.191)

we have Tr 〈x| ln(iγD −m)|x〉 = Tr 〈x| ln(−iγD−m)|x〉. Therefore, either
expression is equal to half the sum. So:

Tr 〈x| ln(iγD −m)|x〉 = 1

2
Tr 〈x| ln(−(γD)2 −m2)|x〉 (5.192)

Therefore, the effective Lagrangian for the electromagnetic field is given
by:

Leff = −1

4
F 2
mn − i

2
Tr 〈x| ln(−(γD)2 −m2)|x〉 (5.193)

Expressing the logarithm using the integral representation, this becomes

Leff = −1

4
F 2
mn +

i

2

∫ ∞

0

ds

s
e−ism2

Tr
[
〈x|e−is(γD)2 |x〉

]
(5.194)

Further, on using the result,

(γD)2 = DmDm +
e

2
Fmnσ

mn (5.195)

we can write

Leff = −1

4
F 2
mn +

i

2

∫ ∞

0

ds

s
e−ism2

Tr
[
〈x|ei[p̂−eA(x̂))2− e

2Fmnσ
mn]s|x〉

]
(5.196)

The rest of the calculation for computing the expectation value in
Eq. (5.196) proceeds exactly as in the case of the complex scalar field,
by reducing the problem to that of a harmonic oscillator. The final result
can be expressed in a covariant form as:

Leff = −1

4
F 2
mn − e2

8π2

∫ ∞

0

ds

s
e−m2s(a cot eas)(b coth ebs) (5.197)

where a and b are defined — as before, see Eq. (4.20) — by:

a2 − b2 = E2 −B2; ab = E ·B (5.198)

Here, and in what follows, ea, eb etc. stand for |ea|, |eb| etc. which are
positive definite.

As in the case of the scalar field, the expression for Leff is divergent
but these divergences are identical in structure to the ones obtained in the

73This is essentially a generalization
of Eq. (5.170), proved here in a fancier
way for fun!

Exercise 5.14: Obtain Eq. (5.197).
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74The magic of renormalizability, as
usual. It is only because this diver-
gent term has the same structure as
the original term that we could pro-
ceed further.

case of the scalar field. This can be seen by a perturbative expansion of
the integrand in the coupling constant e, which will give

(a cot eas)(b coth ebs) =
1

e2s2
− 1

3
(a2 − b2)− e2s2

45

[
(a2 − b2) + 7(ab)2

]
(5.199)

The first two terms lead to the divergences; the first one is an infinite
constant independent of Fab and can be ignored, while the second one —
being proportion to (a2 − b2) = (E2 − B2) — merely renormalizes the
charge.74 Subtracting out these two terms, we will get the finite part of
the effective Lagrangian to be

Leff = −1

4
F 2
mn − e2

32π2

∫ ∞

0

ds

s
e−sm2

(5.200)

×
[
4(a cot eas)(b coth ebs)− 4

e2s2
− 2

3
F 2
mn

]

which is to be compared with Eq. (4.45). The last term in the square
bracket combines with −(1/4)F 2

nm to eventually lead to a running coupling
constant exactly as in Eqns. (4.44), (4.47) and (4.55), but with Eq. (4.51)
replaced by

Z =
e2

12π2

∫ ∞

0

ds

s
e−m2s (5.201)

This, in turn, will lead to a slightly different β-function — compared to
the scalar field case — given by

β(e) = μ
∂e

∂μ
=

e3

12π2
(5.202)

We will later obtain the same result (see Eq. (5.274)) from perturbation
theory.

As in the case of the charged scalar field, the imaginary part of the
effective Lagrangian will give you the pair production rate per unit volume
per second through the relation

∣∣eiA∣∣2 = eiA e−iA∗

= ei(A−A∗) = e−2Im [A] = e−2V T ImLeff (5.203)

Calculating the imaginary part exactly as in the case of scalar field, we
obtain the result

2Im (Leff) =
1

4π

∞∑
n=1

1

s2n
e−m2sn =

αE2

2π2

∞∑
n=1

1

n2
exp

(−nπm2

eE

)
(5.204)

Except for numerical factors, this matches with the result in the case of
scalar field and is again non-perturbative in the coupling constant e.

There is a somewhat more physical way of thinking about the effective
Lagrangian, which is worth mentioning in this context. To do this, let us
again begin with the standard QED Lagrangian

L = −1

4
F 2
mn + ψ̄(iγ∂ −m)ψ − eAmψ̄γmψ (5.205)

which describes the interaction between ψ and Am. We are interested in
studying the effect of fermions on the electromagnetic field in terms of an
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effective Lagrangian for the electromagnetic field. From general principles,
we would expect such an effective Lagrangian to have the form

Leff = −1

4
F 2
mn − eAmJm

A (5.206)

where Jm
A is a suitable current. A natural choice for this current is the

expectation value of the Dirac current in a quantum state |A〉 containing
an electromagnetic field described by the vector potential Am. That is, we
think of the effective Lagrangian as given by Eq. (5.206) with

Jm
A ≡ 〈A|ψ̄(x)γmψ(x)|A〉 (5.207)

Computing this current is best done by using the following trick. We
first note that, in the absence of any electromagnetic field, the vacuum
expectation value in Eq. (5.207) can be written in the form

Jm
0 (x) = 〈0|ψ̄b(x)γ

m
baψa(x)|0〉 = −Tr

[〈0|ψa(x)ψ̄b(x)γ
m
ba|0〉

]
≡ −Tr〈x|Ĝγm|x〉 (5.208)

where we have introduced a Green function operator Ĝ such that the spinor
Green function G(x, y) can be expressed as the matrix element 〈x|Ĝ|y〉 with

Ĝ =
i

γp−m+ iε
(5.209)

In the presence of an external electromagnetic field, Eq. (5.208) will get
replaced by

Jm
A (x) = −Tr〈x|ĜAγ

m|x〉 (5.210)

where ĜA is the Green function operator in the presence of an external
electromagnetic field. This is given by the usual replacement:

ĜA =
i

γp̂− eγA(x̂)−m+ iε
(5.211)

Multiplying the numerator and denominator by γ(p− eA) +m and using
the standard result

(γp− eγA(x̂))2 = (p̂− eA(x̂))2 − e

2
Fmn(x̂)σ

mn (5.212)

we get:

ĜA =
i(γp− eγA(x̂) +m)

(p̂− eA(x̂))2 − e
2Fmn(x̂)σmn −m2 + iε

(5.213)

This means that the Dirac propagator, in the presence of an electromagnetic
field, has the integral representation given by

GA(x, y) = 〈y| i

γp− eγA−m+ iε
|x〉 (5.214)

=

∫ ∞

0

ds e−is(m2−iε)〈y|(γp− eγA(x̂) +m)e−iĤs|x〉

where

Ĥ = −(p̂m − eAm(x̂))2 +
e

2
Fmn(x̂)σ

mn (5.215)
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As an aside, and just for comparison, let us consider the correspond-
ing expressions for the complex scalar field. In this case, the relevant
Lagrangian is

L = −1

4
F 2
mn − φ∗(D2 +m2)φ (5.216)

with Dm = ∂m + ieAm. We will now define a propagator in the presence
of an external electromagnetic field as the expectation value of the time
ordered field operators in the state |A〉 containing an electromagnetic field
Am:

GA(x, y) = 〈A|T {φ(y)φ∗(x)} |A〉 (5.217)

In the standard operator notation with ∂j → −ipj, this expression can be
thought of as the matrix element of the Green’s function operator defined
by:

ĜA =
i

(p̂− eA(x̂))2 −m2 + iε
(5.218)

Using the standard integral representation we can then write the Green’s
function in the form

GA(x, y) = 〈y|ĜA|x〉 = 〈y| i

(p̂− eA(x̂))2 −m2 + iε
|x〉

=

∫ ∞

0

ds e−is(m2−iε)〈y|e−iĤs|x〉 (5.219)

where the effective Hamiltonian is

Ĥ = −(p̂− eA(x̂))2 (5.220)

Comparing Eq. (5.215) with Eq. (5.220), we find that the only extra term
is due to the spin of the particle, leading to (e/2)Fabσ

ab.
We are now in a position to evaluate the current in Eq. (5.210). Using

the integral representation for ĜA, we get

Jm
A = −Tr

[∫ ∞

0

ds e−is(m2−iε)〈x|γm(γp− eγA+m)e−iĤs|x〉
]

= −
∫ ∞

0

ds e−is(m2−iε)

× 〈x|Tr
[
γm(γp− eγA)ei((p−eA)2− e

2σmnF
mn)s

]
|x〉 (5.221)

where we have used the fact that the trace of the product of an odd number
of gamma matrices is zero. But it is obvious that this expression can be
equivalently written in the form

Jm
A = − i

2e

∂

∂Am

∫ ∞

0

ds

s
e−is(m2−iε) Tr

[
〈x|e−iĤs|x〉

]
(5.222)

where Ĥ is given by Eq. (5.215). Integrating both sides with respect to Am

and substituting into Eq. (5.206), we find that the effective Lagrangian is
given by

Leff = −1

4
F 2
mn +

i

2

∫ ∞

0

ds

s
e−is(m2−iε) Tr

[
〈x|e−iĤs|x〉

]
(5.223)

This result agrees with the expression we got earlier in Eq. (5.196) obtained
by integrating out the spinor fields in the path integral. Further, it shows
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that the effective Lagrangian can indeed be interpreted as due to interaction
with a spinor current in a state containing an external electromagnetic field,
as indicated in Eq. (5.206). (The same idea also works for a complex scalar
field. In this case, the current is more difficult to evaluate because of the
|φ|2AmAm term in the Lagrangian, but it can be done.)

Incidentally, the corresponding expression for the complex scalar field
is given by

Leff = −1

4
F 2
mn − i

∫ ∞

0

ds

s
e−is(m2−iε) 〈x|e−iĤs|x〉 (5.224)

where Ĥ = −(p̂−eA(x̂))2. This differs from the expression in Eq. (5.223) as
regards the sign of the second term, the factor half and the fermionic trace.
Of these, the most crucial difference is the sign which is responsible for the
difference in the sign of the zero point energy of the fermionic field vis-a-vis
the bosonic field. This is most easily seen by evaluating the expressions in
Eq. (5.223) and Eq. (5.224) in the absence of the electromagnetic field by
setting Aj = 0. Such a calculation was done for the scalar field in Sect. 1.4.5
where we showed that it leads to the zero point energy of the harmonic
oscillators making up the field. If you repeat the corresponding calculations
for the fermionic fields, you will find that the fermionic trace, along with
the factor −(1/2), leads to an overall factor of 4(−1/2) = −2 compared
to the result for the complex scalar field. The factor 2 is consistent with
the Dirac spinor having twice as many degrees of freedom as a complex
scalar field; the extra minus sign is precisely the sign difference between
fermionic and bosonic zero point energies, which we encountered earlier in
Eq. (5.138).

5.6.6 Feynman Rules for QED

Having discussed some nonperturbative aspects of QED, we shall now take
up the description of QED as a perturbation theory in the coupling constant
e. The first step in that direction will be to derive the necessary Feynman
diagrams in the momentum space for QED. This can be done exactly as
in the case of λφ4 theory by constructing the generating function and its
Taylor expansion. The essential idea again is to expand the generating
functional of an interacting theory as a power series in a suitable coupling
constant and re-interpret each term by a diagram. We will not bother
to derive these explicitly since — in this particular case — the rules are
intuitively quite obvious; we merely state them here for future reference
and for the sake of completeness:

(a) With each internal fermion line, we associate the propagator in the
momentum space iS(p). (See Fig. 5.2.)

(b) With each internal photon line, we associate a photon propagator
Dmn(p). Sometimes it is convenient to use a propagator with an infinitesi-
mal mass for the photon or a gauge fixing term. Most of the time, we will
use the Feynman gauge. (See Fig. 5.3.)

There is only one kind of vertex in QED which connects two fermion
lines with a photon line. We conserve momentum at every vertex while
drawing the diagram and labeling it.

(c) Each vertex where the two fermion and one photon lines meet, is
associated with the factor ieγm. (See Fig. 5.4.)

= i(γp+m)
p2−m2+iε

Figure 5.2: Electron propagator

= −iηmn
p2+iεp

Figure 5.3: Photon propagator

= ieγm

Figure 5.4: Interaction vertex

= ūs(p)
p

= us(p)
p

Figure 5.5: Incoming elec-
tron/positron

= vs(p)
p

= v̄s(p)
p

Figure 5.6: Outgoing elec-
tron/positron

= ε∗m(p)
p

= εm(p)
p

Figure 5.7: Incoming/outgoing pho-
ton
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75As we have stressed several times
before, the process of renormalization,
a priori, has very little to do with the
existence or removal of divergences in
perturbative field theory. The real rea-
son for renormalization has to do with
the fact that the parameters which oc-
curred in the original Lagrangian have
no direct physical meaning and the
physically relevant parameters have to
be defined operationally in terms of
physical processes. These conceptual
issues have been already highlighted in
the case of λφ4 theory and hence we
will not go over them again.

The external lines can represent electrons, positrons or photons. The
rules for these are as follows.

(d) For an incoming fermion line, associate u(p, s) and for an outgoing
fermion line, associate ū(p′, s′); for antifermions, use v and v̄ instead of u
and ū. (See Fig. 5.5 and Fig. 5.6.)

(e) With an incoming photon line, associate a polarization factor εm(p);
with the outgoing photon line associate a polarization vector ε∗m(p). (See
Fig. 5.7.)

These essentially summarize the translational table between the dia-
grams and algebraic factors. Momenta associated with the internal lines
should be integrated over, with the usual measure d4p/(2π)4. When sev-
eral different diagrams contribute to a given process, we should introduce
a (−1) factor if we interchange external, identical fermions to obtain a new
Feynman diagram. This rule can be understood by looking at the structure
of, say, a 4-point function

G(x1, x2, x3, x4) = 〈0|T {ψ(x1)ψ̄(x3)ψ(x2)ψ̄(x4)}|0〉 (5.225)

It is clear that G(x1, x2, x3, x4) = −G(x1, x2, x4, x3) due to anticommuta-
tion rules. For a similar reason, we also need to introduce an overall factor
of −1 for any closed fermion loop. We will use these rules extensively in
what follows.

5.7 One Loop Structure of QED

As in the case of λφ4 theory, the really non-trivial aspects of QED arise
only when we go beyond the lowest order perturbation theory (viz., tree-
level). This is because, when we consider a diagram involving integration
over internal momenta (which could arise, e.g., in diagrams with one or
more internal loops), we have to integrate over the momenta correspond-
ing to these loops. The propagators corresponding to the internal loops
will typically contribute a (1/p2) or (1/p4) factor to the integral at large
momenta, and the integration measure will go as p3dp. This could lead to
the contributions from the diagrams which require integration over the in-
ternal momenta, to diverge at large p. As in the λφ4 theory, it is necessary
to understand and reinterpret the perturbation theory when this occurs.75

In the case of QED, the bare Lagrangian contains the parameters rep-
resenting the bare mass of the electron (me), the bare mass of the photon
(mγ ≡ 0) and the coupling constant which is the charge of the electron
(e). Taking a cue from the λφ4 theory, we would expect renormalization
to change all these parameters to the physical values which are observed in
the laboratory. We would expect that the physical mass of the photon, mγ ,
should remain zero to all orders of perturbation theory. On the other hand,
we do not have any strong constraints on the electron mass and the cou-
pling constant except that they should correspond to the values observed
in the lab.

As a simple example of how this works, consider the electronic charge.
The charge of the electron can be operationally defined using the fact that
the potential energy of electrostatic interaction between two electrons scales
as e2/r at sufficiently large distances; that is, at distances r � (�/mc)
where m is the mass of the lightest charged particle in the theory. In
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Fourier space, this is equivalent to the statement that the propagator scales
as V (k) = e2/k2 for sufficiently small k, i.e., for k � m. (We have ignored
the tensor indices ηab of the propagator for simplicity.) This shows that
the operational definition of electronic charge in our theory is determined
by the limit:

e2R = lim
k2→0

k2V (k) (5.226)

If the interactions involving the lightest charged fermion in the theory
(which we will take to be the electron) modify V (k) to the form (e2/k2)[1−
e2Π(k)2]−1 where Π(k2) is a calculable function — and, as we shall see later,
this is precisely what happens — then the physical charge measured in the
laboratory (which we will call the renormalized charge) is given by

e2R = lim
k2→0

k2V (k) =
e2

1− e2Π(0)
(5.227)

In other words, if the interactions modify the nature of propagator (and
hence Coulomb’s law), they will also change the operationally defined value
of the electronic charge in the lab. It will no longer be the parameter e2

which you introduced into the Lagrangian but will be determined by the
expression in Eq. (5.227); and it can be calculated76 if we can calculate
Π(k).

More generally, you may decide to fix the coupling constant, not at
k = 0 but at some other value, say k = k1. That is, you define the coupling
constant as e1 ≡ k21V (k21). At tree-level, since V ∝ 1/k2, the e21 = e2 so
defined is independent of the k1 you have chosen. But when the propagator
is modified to

V (k) = (e2/k2)[1− e2Π(k2)]−1 (5.228)

this is no longer true, and the numerical value of the coupling constant
e1 = e(k1) is now a function of the energy scale which we used to define it,
and is given by e21 = e2[1− e2Π(k21)]

−1. Equivalently, e and e1 are related
by:

e−2 = e−2(k1) + Π(k21) (5.229)

A crucial piece of information about the theory is contained in the form
of this functional dependence.77 In our case, if we evaluate the coupling
constants e1 and e2 at two scales k = k1 and k = k2 and use the fact that,
in Eq. (5.229), left hand side is the same at both k = k1 and k = k2, we
get

1

e21
− 1

e22
= Π(k22)−Π(k21) (5.230)

which relates the coupling constants defined at two different energy scales.
We would expect such a relation, which connects directly observable quan-
tities, to be well-defined and finite. (We will see later that this is indeed
the case.)

As in the case of the λφ4 theory, the renormalization program requires
us to undertake the following steps. (a) Identify processes or Feynman
diagrams which will lead to divergent contributions.78 (b) Regularize this
divergence in some sensible manner. (c) See whether all the divergent terms
can be made to disappear by changing the original parameters λ0

A of the
theory to the physically observable set λren

A . (d) Re-express the theory
and, in particular, the non-divergent parts of the amplitude in terms of

76Of course, since interactions modify
the form of V (k2), they not only make
the electronic charge observed in the
laboratory, e2R, different from the pa-
rameter e2 introduced into the theory,
but also modify the actual form of the
electromagnetic interaction.

77This is another way of thinking
about the “running of the coupling
constant”.

78By and large, the procedure we have
outlined deals with UV divergences
of the theory arising from large val-
ues of the internal momentum during
the integration. In QED (and, more
generally, in theories involving mass-
less bosons), one also encounters IR
divergences which arise at arbitrarily
low values of the internal momentum
which is integrated over. While con-
ceptually rather curious, the IR diver-
gences arise due to different physical
reasons compared to UV divergences
and are considered relatively harmless.
We will have occasion to mention IR
divergences briefly later on. When we
talk about divergences, they usually
refer to the UV divergence unless oth-
erwise specified.

p

p− k

k k

Figure 5.8: One loop correction to
photon propagator
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p p

k

μ νp− k

Figure 5.9: One loop correction to
electron propagator

p′ p

q

p− kp′ − k

k

Figure 5.10: Correction to the electro-
magnetic vertex

79At this order, there are also
other diagrams like the ones given in
Fig. 5.11. These, however, can be
thought of as correcting the propaga-
tors themselves and will not contribute
to the magnetic moment of the elec-
tron.

Figure 5.11: Sample of three diagrams
at the same order.

80We need to carry out this program
to all orders in perturbation theory in
order to convince ourselves that the
theory is well defined. This is indeed
possible, but we shall concentrate on
illustrating this procedure at the low-
est order which essentially involves in-
tegration over a single internal momen-
tum variable. Extending this approach
to all orders in perturbation theory is
technically more complicated but does
not introduce any new conceptual fea-
tures.

the physical parameters λren
A . This will form the basis for comparing the

theory with observations.

With the above motivation in mind, let us consider the diagrams in
QED involving a single internal momentum integration, which lead to di-
vergences. It is easy to verify that there are three such primitive diagrams.

(i) The first one is that in Fig. 5.8. This figure represents the lowest
order correction to the photon propagator line (which will be a simple wavy
line with a momentum labelled k originally.) You could think of this as
a process in which a photon converts itself into a virtual electron-positron
pair, which disappears, leading back to the photon. That is, this is a
correction to the photon propagator due to an electron loop.

(ii) Figure 5.9 is the counterpart for the electron propagator (which,
originally, would have been a straight line with momentum label p) due
to the emission and subsequent absorption of a photon of momentum k
by the electron. This provides the lowest order correction to the electron
propagator.

(iii) Figure 5.10 is probably the most complicated of the three processes
we need to consider. Here, a photon (with an internal momentum k) is
emitted and reabsorbed while the electron is interacting with an external
photon (momentum q). Unlike the other two diagrams, this involves three
vertices rather than two. The net effect of such a process is to correct the
coupling between the photon and electron in a — as we shall see — rather
peculiar manner. You will find that the new coupling involves not only the
charge but also the magnetic moment of the electron, thereby changing the
value of the gyro-magnetic ratio.79

If you use the Feynman rules to write down the expressions for these
three amplitudes, you will find that all of them are divergent. We need to
regularize all these expressions and then show that the divergent parts can
be incorporated into the parameters of the theory, modifying them to new
values just as we did in the case of the λφ4 theory. Once this is done, we will
be able to predict new and non-trivial physical effects in terms of physical
parameters of the theory. We will do this in the next few sections.80

5.7.1 Photon Propagator at One Loop

We will begin by computing the one loop correction to the photon prop-
agator, described by the Feynman diagram in Fig. 5.8, and describing its
physical consequences. We already know from the Ward-Takahashi identity
[see Eq. (5.181)] that the amplitude corresponding to this diagram must
have a form

iΠmn = i[k2ηmn − kmkn]e
2Π(k2) ≡ iPmn(k)e

2Π(k2) (5.231)

We have scaled out a factor e2 from Π(k2) since we know that Fig. 5.8 will
have this factor arising from the two vertices. The rest of the structure of
Πmn is decided by Lorentz invariance and the condition kmΠmn = 0.

Incidentally, you can understand the condition kmΠmn = 0 and its
relation to gauge invariance in a rather simple manner, which is worth
mentioning. The interaction of an electron with an external potential is
described, at the tree-level, by the diagram in Fig. 5.12(a); at the next
order, this will get modified by the addition of the diagram in Fig. 5.12(b).
Algebraically, this requires the addition of the two amplitudes given by
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M
(1)
fi = eūfγ

muiAm(q); M
(2)
fi = eūfγ

mui
−i

q2 + iε
iΠmnA

n(q) (5.232)

(We are using the free-field photon propagator in Eq. (3.195), obtained by
the gauge choice ζ = λ = 1 in Eq. (3.203), etc. This will be our choice
throughout.) If we now choose to describe the external electromagnetic
field in a different gauge, so that Am(q) → Am(q) + iqmχ(q), then the
gauge invariance of the second order term will require the condition

Πmn(q)q
n = 0 (5.233)

Note that this holds for a virtual photon with q2 �= 0.
Getting back to Eq. (5.231), we note that the factor Pab satisfies a useful

identity, which can be directly verified:

Pab(k)

(
ηbl

k2

)
Plm(k) = Pam(k) (5.234)

This allows us to sum up the corrections to the photon propagator com-
ing from a geometric series of electron loops in a rather simple manner.
(This is analogous to what we did to the scalar propagator in λφ4 theory;
see Eq. (4.145)) For example, the sum of the terms corresponding to the
Feynman diagrams shown in Fig. 5.13. can be represented by

Drs(k) =
−iηrs
k2

+
−iηra
k2

iΠab(k
2)

−iηbs
k2

+
−iηra
k2

iΠab(k
2)

−iηbl
k2

Πln(k
2)

−iηns
k2

+ · · ·

=
−iηrs
k2

+
i(k2ηrs − krks)

k4
[e2Π(k2) + e4Π2(k2) + · · · ]

=
−iηrs
k2

+
−i(k2ηrs − krks)

k4
e2Π(k2)

1− e2Π(k2)

=
−iηrs
k2

1

1− e2Π(k2)
+

ikrks
k4

e2Π(k2)

1− e2Π(k2)
(5.235)

In this expression, the second term with krks can be ignored because it will
never contribute to any physical process. This is because, in the compu-
tation of any physical amplitude, the propagator Drs will be sandwiched
between two conserved current terms, in the form Jr(k)Drs(k)J

s(k). Since
gauge invariance demands that any current to which the photon couples
needs to be conserved, we will necessarily have ksJ

s(k) = 0 in Fourier
space. This means that terms with a free tensor index on the momentum,
like kr in the propagator, will not contribute to the physical processes;
therefore, we shall hereafter ignore the second term in Eq. (5.235).

Before proceeding further, we will rescale the photon propagator by a
factor e2 and use the rescaled propagator Drs → e2Drs. At this stage, you
can think of it as just a redefinition. But this is far from a cosmetic exer-
cise and has an important physical meaning, which is worth emphasizing.
Conventionally, you would have written the Lagrangian describing QED in
the form

L = ψ̄[iγm(∂m − ieAm)−m]ψ − 1

4
FmnF

mn (5.236)

In this description, the photon field has nothing to do with the electric
charge e. The charge appears as a property of the electron in the Dirac

q

(a)

(b)

q

q

X

X

Figure 5.12: Scattering of an electron
(a) by an external potential and (b) an
one loop correction to the same.

+ · · · · · ·

= +

+

Figure 5.13: Diagrammatic represen-
tation of the geometric progression in
Eq. (5.235).
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81Of course, we get the same phys-
ical results even when we work with
Eq. (5.236). We will come back to this
aspect later in Sect. 5.8.

sector when we couple ψ to Aj , which sounds reasonable. This theory is
invariant under the gauge transformations given by ψ(x) → eieΛ(x)ψ(x)
and Am(x) → Am(x) + ∂mΛ(x). The gauge transformation of the Dirac
field involves a phase term which depends on the charge e of the electron
field, but the photon field is still oblivious of the electronic charge e.

We can, however, provide a completely equivalent description of this
theory by rescaling Am → (1/e)Am, thereby obtaining the Lagrangian:

L = ψ̄[iγm(∂m − iAm)−m]ψ − 1

4e2
FmnF

mn (5.237)

In this case, the charge has disappeared from the Dirac sector and appears
as an overall constant (1/e2) in front of the electromagnetic action. This
seems to suggest that the electric charge is more of a property of the pho-
ton field rather than the Dirac field! The gauge transformations are now
given by ψ → eiαψ, Am → Am + ∂mα and are completely independent
of the electronic charge. Obviously, this rescaling of the vector potential
is equivalent to rescaling the photon propagator by Drs → e2Drs which
is what we want to do. So we are going to work with the Lagrangian in
Eq. (5.237) rather than Eq. (5.236).

Since the two descriptions are mathematically the same, you may won-
der why we are making such a fuss about it and why we prefer the latter
description. The reason has to do with the fact that the corrections which
the photon propagator picks up due to the electron loops (as in Fig. 5.8)
do depend on the electronic charge e which appears at the pair of vertices
in Fig. 5.8. As we mentioned earlier (see Eq. (5.227)), one of the effects
of the corrections to the photon propagator is to renormalize the value of
e2; that is, the e2 you introduce into the Lagrangian and the e2R which
will be measured in the lab will be different due to renormalization. But
how do we know that the renormalization changes both the charge of the
electron and the proton in the same manner, especially since protons par-
ticipate in strong interactions while electrons do not? To pose this question
sharply, consider a theory involving protons, electrons and photons with a
Dirac-like term added to the Lagrangian in Eq. (5.236), where the proton
will be described with a different mass mp and a charge having the same
magnitude as the electron. (In addition, we can throw in the strong inter-
action terms for the proton.) We are keeping the charges of the electron
and proton equal at the tree-level by fiat. But it is not a priori obvious
that the corrections due to interactions will not lead to different renor-
malized charges for the electron and proton — which, of course, will be a
disaster. We know that this does not happen, but this is not obvious when
we write the Lagrangian in the form of Eq. (5.236). This fact is easier to
understand if we transfer the burden of the electric charge to the photon
field and write the Lagrangian as in Eq. (5.237). If we now add a proton
field to this Lagrangian, it will not bring in any new charge parameter (but
only a mass mp). So clearly, what happens to e2 is related to how the
photon propagator gets modified due to all sorts of interactions, and the
equality of the electron and proton charges are assured; after all, charge is
a property of the electromagnetic field and not of the matter field81 when
we work with the Lagrangian in Eq. (5.237).

In this picture, which is conceptually better, the photon propagator
describes the ease with which it propagates through a vacuum polarized
by the existence of virtual, charged particle-antiparticle pairs. We will
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therefore work with the rescaled propagator written as

Drs → e2Drs(k) ≡ − iηrs
k2

e2

[1− e2Π(k2)]
(5.238)

and have dropped the second term in Eq. (5.235). With future applications
in mind, we will rewrite the factor which occurs in this expression in the
following form:

e2

k2[1− e2Π(k2)]
=

(e2/k2)

[1− e2(Π(k2)−Π(0))− e2Π(0)]

=
(e2R/k

2)

[1− e2R(Π(k
2)−Π(0))]

(5.239)

where we have defined the renormalized charge e2R as in Eq. (5.227), by

e2R ≡ e2

1− e2Π(0)
(5.240)

We have essentially written Π(k2) in Eq. (5.238) as [Π(k2)−Π(0)] +Π(0),
pulled out the factor 1−e2Π(0) from both numerator and denominator and
redefined the electric charge by Eq. (5.227). This exercise might appear
a bit bizarre, but it has fairly sound physical motivation based on the
operational definition of the charge, which led to Eq. (5.227).

When we explicitly compute Π(k2) — which we will do soon — we will
see that the quantity Π(0) is divergent while [Π(k2) − Π(0)] is finite and
well defined. If we now define the renormalized charge as a finite quantity
given by Eq. (5.240) (by absorbing a divergent term into the parameter e2),
the final propagator in Eq. (5.239) is finite and well defined when expressed
in terms of e2R. This expression also tells you that in the limit of k2 → 0,
(which corresponds to very large distances), the propagator in Eq. (5.239)
reduces to the form e2R/k

2 which — in real space — will reproduce the
Coulomb potential e2R/r. This is precisely the manner in which we would
have defined the electronic charge at low energies (that is, at the k2 → 0
limit). So our renormalized charge in Eq. (5.240) is indeed the physically
observed charge in the lab at arbitrarily low energies.82

Let us now compute the propagator by evaluating the Feynman diagram
explicitly. We shall write down the contribution arising from the diagram
in Fig. 5.8 as

iΠmn(k) = −(−ie)2
∫

d4p

(2π)4
tr γmS(p)γnS(p− k) (5.241)

where S(q) = i[γq −m]−1 is the electron propagator. (We will write γiqi,
etc. as simply γq when no confusion is likely to arise.) Naive counting of
powers shows that the integral will go as (1/p2)p3dp which is quadratically
divergent. But we do know that the final result must be expressible in
the form of Eq. (5.231), which suggests that the integral will actually go
as (1/p4)p3dp and hence will diverge only logarithmically. But since the
integral is divergent, we need to introduce a procedure for regularizing it
before proceeding further.

One powerful technique we will use involves working in n dimensions
with sufficiently small n to make the integrals converge and analytically
continue the result back to n = 4. (We did this earlier in Sect. 4.7.2

82Note that everything we said above
remains valid even if Π(0) is a finite
quantity. The physical charge is indeed
measured as the coefficient of (1/k2)
in the limit of k → 0 and is given by
Eq. (5.240). This is what an experi-
mentalist will measure and not the e2

you threw into the Lagrangian. From
this point of view, renormalization of a
parameter in the Lagrangian (like the
charge) is a physical phenomena and
has nothing to do, a priori, with any di-
vergence — a fact we have stressed sev-
eral times in our discussions. Because
Π(0) happens to be divergent in QED,
this process also allows us to cure the
divergence.
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to tackle the divergences in the λφ4 theory.) The divergences will now
reappear but can be easily isolated in a controlled manner.

Since the technique of dimensional regularization requires our working
with a generic dimension n, it is important to understand the dimensions
of different quantities when we work in n dimensions. This is most easily
done by examining different terms in the Lagrangian in Eq. (5.236) and
ensuring that each of them remain dimensionless. (You will, of course, get
the same results from Eq. (5.237).) To begin with, from the term involving
iψ̄γa∂aψ, it is clear that dim [ψ] = (1/2)(n − 1). This will ensure the
correct dimensionality for mψ̄ψ term as well, provided dim [m] = 1 for all
n. From the F abFab part, we discover that dim [Aj ] = (n/2) − 1. (This
will also ensure the correct dimension for all the gauge fixing terms when
we add them.) Finally, in order to maintain dim [eAjψ̄γjψ] = n, we must
have dim [e] = 2 − (n/2). So, when we work in n-dimensions, we should
find that we get a dimensionless amplitude only if e2 has the dimension of
μ4−n where μ is an arbitrary mass scale.

There are two ways of incorporating this result when we do our analysis.
The conventional procedure (followed in most textbooks) is to actually
replace the coupling constant e2 by e2(μ)4−n, where μ is an arbitrary mass
scale, thereby retaining the dimensionless status of e2. (This is similar to
what we did in the case of λφ4 theory in Eq. (4.146).) The fact that e2

acquires a dimension when n �= 4 suggests that it is better to pull out
a e2μn−4 factor out of Π(k) in n− dimensions (rather than just e2) and
rewrite Eq. (5.240) in the form

e2R =
e2μn−4

1− (e2μn−4)Π(0)
(5.242)

This introduces an arbitrary mass scale μ, thereby keeping the renormalized
coupling constant e2R dimensionless. Rearranging the terms, we get{

1

e2R
+Π(0)

}
μ−2ε =

1

e2
; 2ε ≡ 4− n (5.243)

Since the right hand side is independent of mass scale μ we have introduced,
it follows that we must have the condition

μ−2ε

(
1

e2R
+Π(0)

)
= (independent of μ) (5.244)

This will prove to be useful later on — once we have evaluated Π(0) — to
determine the “running” of the coupling constant e2R with respect to the
mass scale μ.

In this approach, it is a little bit unclear how the final results are going
to be independent of the parameter μ which we have introduced. Therefore
we will not do this replacement right at the beginning but will carry on
keeping e2 to be a constant with dimension μn−4. We will see that, at a
particular stage, we can introduce a mass scale into the theory in a manner
which makes it obvious that none of the physical results will depend on μ.

So let us evaluate Πmn(k) in Eq. (5.241) keeping e2 as it is. Proceeding
to n dimensions and rationalizing the Dirac propagator will allow us to
rewrite the amplitude as

iΠmn(k) = −e2
∫

dnp

(2π)n
tr {γm(m+ γp)γn(m+ γ(p− k))}

(p2 −m2)((p− k)2 −m2)
(5.245)
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where e2 is defined in n - dimensions and is not dimensionless. The traces
involved in the expression can be computed in a fairly straightforward
manner83 to give the numerator to be:

N ≡ tr{· · · } =
{
pm(p− k)n + (p− k)mpn − [m2 + p(p− k)]gmn

}
(tr1)
(5.246)

In obtaining the result, we have left (tr 1) unspecified, but as we shall
see, this is irrelevant to our computation as long as (tr 1) = 4 in the four
dimensional limit. The simplest way to compute the momentum integrals
is to proceed as follows: (i) Analytically continue to the Euclidean sector
(with dnp → idnpE , p

2 → −p2 etc.). (ii) Write each of the factors in the
denominator as exponential integrals using

1

F(p)
=

∫ ∞

0

dt e−tF(p) (5.247)

(iii) Complete the square in the Gaussian and evaluate the momentum
integrals as standard Gaussian integrals. (These are standard tricks; we
used them earlier in Sect. 4.7.2.) The first two steps give

Πmn(k) = −e2
∫

dnEp

(2π)n

∫ ∞

0

ds dt e−s(p2+m2) e−t(p−k)2+m2) N (5.248)

Completing the square requires shifting the momentum variable to p′ =
p− [tk/(s+ t)], which leads to

Πmn(k) = −e2(tr 1)

∫ ∞

0

ds dt e−(s+t)m2

e−
st

s+t
k2

∫
dnEp

′

(2π)n
(5.249){

2p′mp′n − 2
st

(s+ t)2
kmkn − gmn

[
m2 + p′2 − st

(s+ t)2
k2
]}

e−(s+t)p′2

The Gaussian integrals are easy to do using the standard result:∫
dnEp

(2π)n
pmpn e−Ap2

= gmn 1

2A

1

(4πA)n/2
(5.250)

and we obtain:

Πmn(k) = − (tr 1)e2

(4π)n/2

∫ ∞

0

ds dt

(s+ t)n/2
e−(s+t)m2

exp

{
− st

s+ t
k2
}

{
1

s+ t
gmn − 2

st

(s+ t)2
kmkn −

[
m2 +

n

2

1

s+ t
− st

(s+ t)2
k2
]
gmn

}
(5.251)

At this stage, one resorts to yet another useful trick (see Eq. (4.165) of
Sect. 4.7.2) to make further progress. We will introduce a factor of unity
written in the form

1 =

∫ ∞

0

dq δ(q − s− t) (5.252)

and rescale the integration variables (s, t) to (α, β) where s = αq, t = βq.
Fairly straightforward manipulation now shows that the result indeed has
the form advertised84 in Eq. (5.231):

Πmn(k) = (k2gmn − kmkn)P(k) (5.253)

83The following relations which hold
in a spacetime of even dimensionality
n, are useful here and elsewhere.
(1) tr 1 = 2n/2,
(2) tr γmγn = −2n/2gmn,
(3) tr γmγnγrγs = 2n/2(gmngrs −
gmrgns + gmsgnr)
(4) tr γm1γm2 · · · γmk = 0; k = odd

84The fact that kmΠmn(k) = 0
— which leads to this specific struc-
ture can be directly verified from
Eq. (5.241). You first extend the in-
tegral to n-dimensions to make it con-
vergent, and then take the dot prod-
uct with km. If you now write kγ =
[γ(p + k) − m] − [γp − m], you will
find that the expression reduces to the
difference between two integrals which
are equal when you shift the variable

of integration in one of them from p
to p + k. It is this shifting which is
invalid for the original divergent inte-
gral in D = 4; but we can do it after
proceeding to n-dimensions.
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85This procedure (viz. multiplying
by unity, 1 = (μn−4/μn−4)) clearly
demonstrates that P(k2) is indepen-
dent of the mass scale μ as long as you
do not do anything silly while regular-
izing the expression.

86To be precise, there is a bit of an
ambiguity here. Because Π(0) is a di-
vergent quantity, you could have sub-
tracted out any amount of finite terms
and redefined it as a new Π(0). Again,
no physical result should depend on
how you do this subtraction, but in
higher order computations certain sub-
tractions will turn out to be more
advantageous than others. What we
have done here is closely related to the
minimal subtraction described in Sect.
4.8. Since our emphasis is on concepts
rather than calculations, we will not
elaborate on this again.

where

P(k) = −2
(tr 1)

(4π)n/2
Γ
(
2− n

2

)
e2
∫ 1

0

dαα(1− α)[m2 + α(1− α)k2](n/2)−2

(5.254)
Our aim now is to take the n → 4 limit which will require us to take the limit
of ε → 0 in a factor xε, with ε = n/2− 2 inside the integral. Writing xε =
exp(ε lnx) and taking the limit, we will obtain a term of the form (1+ε lnx).
For lnx to make sense, it is necessary that x is a dimensionless object. To
take care of this fact, we will rewrite the Eq. (5.254) by multiplying and
dividing the expression by a factor μn−4 where μ is an unspecified finite
energy scale.85

P(k2) = − 2
(tr 1)

(4π)n/2
Γ
(
2− n

2

)
e2μn−4 × (5.255)

∫ 1

0

dα α(1 − α)

[
m2 − α(1− α)k2

μ2

](n/2)−2

≡ e2μn−4Π(k2)

Since we know that e2 in n- dimensions has the dimension μ4−n, this keeps
e2μn−4 dimensionless, as it should. We have also rotated back from the
Euclidean to the Lorentzian space which changes the sign of k2. The last
equality defines Π(k2), after pulling out the factor e2μn−4.

Let us first evaluate Π(0) using this expression, in the limit of ε ≡
[2− (n/2)] → 0. Setting k = 0 and tr1 = 4, we have

Π(0) = − 1

2π2

(
μ2

m2

)ε

Γ(ε)

∫ 1

0

dαα(1 − α) (5.256)

The integral has a value (1/6). We now take the limit of ε → 0 using the
expansion of the gamma function

Γ(ε) ≈ 1

ε
− γE (5.257)

(where γE is Euler’s constant) and writing( μ

m

)2ε
= exp

[
2ε ln

( μ

m

)]
≈ 1 + 2ε ln

( μ

m

)
. (5.258)

This leads to the result86

Π(0) = − 1

12π2ε
(1 +O(ε)) (5.259)

Once we know the structure of Π(0) — which, of course, diverges as (1/ε)
as ε → 0 — we can use it in Eq. (5.244). Substituting the form of Π(0)
into Eq. (5.244) and expanding the result to the relevant order, we demand
that the expression{

1

e2R
− 1

12π2ε

}(
1− 2ε ln

( μ

m

))
=

1

e2R
+

1

6π2
ln
( μ

m

)
− 1

12π2ε
+O(ε)

(5.260)
remains independent of μ. Evaluating the right hand side at two values of
μ, say μ = μ1 and μ = μ2 and subtracting one from the other, we get the
result

1

e2R(μ2)
=

1

e2R(μ1)
− 1

6π2
ln

(
μ2

μ1

)
(5.261)
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This allows us to relate the renormalized coupling constant at two different
scales as:

e2R(μ2) = e2R(μ1)

[
1− e2R(μ1)

6π2
ln

(
μ2

μ1

)]−1

(5.262)

This is analogous to the result we obtained earlier nonperturbatively (see
Eq. (4.55) of Sect. 4.2.2) and Eq. (5.202) for the charged scalar field and
the Dirac field.87 The sign of the coefficient of the logarithmic term is
important. We see that, because of the negative sign, the effective charge
becomes larger at short distances (i.e., at larger energies) and the coupling
gets stronger.

Let us now proceed to evaluate the physical part of the propagator
contributed by Πphy(k

2) ≡ Π(k2) − Π(0). To do this, we first evaluate
Eq. (5.255) in the limit of small ε by replacing xε by (1 + ε lnx) to obtain:

Π(k2) = − 1

2π2
Γ(ε)

∫ 1

0

dαα(1 − α)

[
1 + ε ln

μ2

m2 − k2α(1− α)

]
(5.263)

From this we can obtain, by direct subtraction, the result:

Πphy ≡ Π(k2)−Π(0) = − ε

2π2
Γ(ε)

∫ 1

0

dαα(1 − α) ln
m2

m2 − k2α(1 − α)
(5.264)

On using εΓ(ε) → 1 when ε → 0, we get:

Πphy(k
2) =

1

2π2

∫ 1

0

dαα(1− α) ln

[
1− k2

m2
α(1− α)

]
(5.265)

which is perfectly well-defined, independent of μ and, of course, finite.88

This quantity Πphy(k
2) does play an operational role in scattering am-

plitudes. To see this, consider the scattering of two very heavy fermions f1
and f2 which have the same charge as the electron but much larger masses
m1 � m and m2 � m. We want to study the lowest order scattering of
these fermions at energies m2 � k2 � (m2

1,m
2
2). At these energies, the

photon propagator will get modified due to virtual electron loops in exactly
the manner described earlier. The lowest order scattering of these fermions,
without incorporating electron loops, will be governed by the diagram in
Fig. 5.14 which translates into the tree-level amplitude given by

Mtree = (−ie)2
−iηmn

q2
[ū(p1)γ

mu(k1)][ū(p2)γ
nu(k2)]

≡ (−ie)2
−iηmn

q2
jm(p1, k1)j

n(p2, k2) (5.266)

where qi is the momentum transfer.89 We, however, know that the photon
propagator in the diagram in Fig. 5.14 gets modified due to the electron
loops. (It will also get modified by, say, muon loops and even by loops of
the heavy fermions f1, f2 we are studying. However, the most dominant
effect will come from the lightest charged fermion, which we take to be the
electron.) At the next order of approximation, the corrected amplitude will
be given by

Mloop = (−ieR)
2 −iηmn

q2(1− e2RΠphy(q2))
Jm(p1, k1)J

n(p2, k2) (5.267)

87Since we are evaluating Πmn per-
turbatively to first order in e2, the
question again arises as to whether it
is legitimate to write an equation like
Eq. (5.262) with a denominator con-
taining 1 − e2R(....) kind of factor. As
we mentioned in the case of λφ4 theory
— see the discussion after Eq. (4.179)
— the result is similar to the one in
Eq. (5.238). The Eq. (5.238), in turn,
was obtained by summing a subclass
of diagrams in Fig. 5.13 as a geo-
metric progression to all orders in the
coupling constant. The expression in
Eq. (5.262) thus captures the effect of
summing over a class of diagrams on
the running of the coupling constant.

88One can evaluate the integral ex-
plicitly, but it is not very transparent;
see Eq. (5.277). We will discuss its ex-
plicit form later.

u(k1)

ū(p1)

u(k2)

ū(p2)

Figure 5.14: Diagram for tree-level
scattering of two heavy fermions.

89This is a bit schematic in the sense
that we have ignored spin labels etc.
They are not important for the point
we want to make.
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90Terms like e3(k1)[de(k1)/dk1] =
O(e6) are consistently ignored to ar-
rive at this result.

where Jm(p1, k1) = ū(p1)Λ
m(p1, k1)u(k1) etc. in which the vertex cor-

rections have changed γm to Λm. (We will work this out explicitly in
Sect. 5.7.3.) In the limit of |q2| � m2

i , however, we can still approximate
the vertex functions by Λm(p1, k1) ≈ γm, and also use the approximate
form for the photon propagator. It is then obvious that the key effect of
the 1-loop correction is to actually change the effective value of the elec-
tronic charge from eR (fixed at large distances, i.e., at low energies) to the
effective value e2eff(q) (for a scattering involving the momentum transfer
q2), where:

1

e2eff
=

1

e2R
−Πphy(q

2) (5.268)

and Πphy(q
2) is given by Eq. (5.265). It is easy to verify that

q2
d

dq2

(
1

e2eff

)
≈

⎧⎪⎪⎨
⎪⎪⎩
0 (−q2 � m2)

− 1

12π2
(−q2 � m2)

(5.269)

To a good approximation, e2eff remains approximately constant for |q2| <
m2 and it starts running at a constant rate for |q2| � m2. This analysis
shows that the concept of a running coupling constant is an operationally

well defined result which is testable by scattering experiments.
There is another aspect of the running coupling constant which is worth

mentioning at this stage. In Eq. (5.228), we determined how the Coulomb
potential is modified by the electron loops by evaluating a sum over a set
of diagrams in geometric progression. Suppose we do not perform such a
sum and stick to the lowest order correction. Then Eq. (5.228) will read:

V (k) ≈ e2

k2
[1 + e2Π(k2) +O(e4)] (5.270)

If we now define the coupling constant at some scale k = k1 by k21V (k1) ≡
e2(k1), then we have e21 = e2[1+e2Π(k21)], which can be solved, to the same
order of approximation we are working in, to give e2 = e21[1 − e21Π(k

2
1)].

Substituting for e2 in Eq. (5.270), we get:

k2V (k) ≈ e2(k1)
(
1− e2(k1)[Π(k

2
1)−Π(k2)]

)
(5.271)

So the corrected potential is

V (k) ≈ e2(k1)

k2

[
1− e2(k1)

2π2

∫ 1

0

dαα(1− α) ln

[
m2 − k21α(1 − α)

m2 − k2α(1 − α)

]]
(5.272)

If we now consider the limit k1 � m, this result reduces to:

V (k) ≈ e2(k1)

k2

[
1− e2(k1)

6π2
ln

k1
k

]
(5.273)

We certainly do not want V (k) to depend on the arbitrary scale k1 we used
to define our coupling constant; so we demand k1(dV/dk1) = 0. Work-
ing this out, to the order of accuracy90 we are interested in, we get the
differential equation:

k1
de2(k1)

dk1
≡ β(e2) =

e4(k1)

6π2
(5.274)
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which again defines the beta-function of the theory. This is the same as
Eq. (5.202) we obtained earlier from the Schwinger effect.

If we now integrate this differential equation exactly, we get the result
that relates the coupling constant at two different energy scales by:

e2(k2) = e2(k1)

[
1− e2(k1)

6π2
ln

(
k2
k1

)]−1

(5.275)

This is algebraically same as the result we found earlier in Eq. (5.262), but
there is a subtle difference. In the above analysis, we started with a one loop
result in Eq. (5.270) and did not sum over the geometric series of diagrams.
We then took the large momentum approximation (k1 � m, k2 � m) which
led to the potential in Eq. (5.273) in the ‘leading log’ approximation.91 The
demand that V (k) should not depend on the arbitrary scale k1 we have in-
troduced, then led to the beta function of the theory in Eq. (5.274). We
integrated this equation for the running coupling constant, pretending that
it is exact; that is, we did not ignore terms of the order O(e6), which were
indeed ignored in the result in Eq. (5.270) which we started with. This

process has led to the same result as we would have obtained by summing

over a specific set of diagrams as a geometric progression! This is no big
deal in 1-loop QED, but in more complicated cases or at higher orders,
obtaining the beta function to a certain order of perturbation and inte-
grating it exactly, allows us to bypass the (more) complicated summation
of a subset of diagrams.

In this particular case of 1-loop QED, we can also use the form of
Π(k) − Π(k1) for any two values of k and k1 in Eq. (5.230) to obtain the
coupling constants defined at these two scales as:

1

e2(k)
− 1

e2(k1)
= Π(k21)−Π(k2) (5.276)

=
1

2π2

∫ 1

0

dαα(1 − α) ln

[
m2 − k21α(1 − α)

m2 − k2α(1 − α)

]
When we do not invoke the approximation k1 � m, k2 � m, this result is
more complicated.

Let us next consider the explicit form of Πphy(q
2). The presence of the

logarithm signals the fact that it is non-analytic in q2. You can evaluate it
by straightforward integration techniques to obtain the result92

Πphy(q
2) =

e2

2π2

∫ 1

0

dαα(1− α) ln

[
1− α(1− α)

q2

m2

]

=
e2

4π2

[
−5

9
− 4

3

m2

q2
+

1

3

(
1 +

2m2

q2

)
f(q2)

]
(5.277)

where f(q2) has different forms in different ranges and is given by

f(q2) =

√
1− 4m2

q2
ln

√
1− 4m2

q2 + 1√
1− 4m2

q2 − 1
, (q2 < 0) (5.278)

= 2

√
4m2

q2
− 1 tan−1 1

4m2

q2 − 1
, (0 < q2 ≤ 4m2)

=

√
1− 4m2

q2
ln

1 +
√
1− 4m2

q2

1−
√
1− 4m2

q2

− iπ

√
1− 4m2

q2
, (4m2 < q2)

91Recall that something very similar
happened with the running of λ in the
λφ4 theory which we commented upon
in Sect.4.7.2 just after Eq. (4.179).

92The UV divergences which arise in
a theory are usually proportional to
polynomials in momenta. In a non-
renormalizable theory, these polynomi-
als — translating to higher and higher
order derivatives in real space — lead
to local short distance effects. In con-
trast, the finite part arising from the
loops (even in a non-renormalizable
theory) can have non-analytic momen-
tum dependence which leads to resid-
ual, well defined, long distance interac-
tions.

Exercise 5.15: Prove this result.
(Hint: Integrate by parts to eliminate
the logarithm and introduce the vari-
able v = 2β − 1. The rest of it can be
done by careful complex integration.)
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Exercise 5.16: Prove this result

93As we described earlier in Sect. 3.7,
the appearance for branch-cut (and
imaginary part) in the propagators
signals intermediate states with some
specified mass threshold. In this
particular case, the threshold q2 =
4m2 arises from an intermediate
state |e+e−〉 containing an e+e−

pair which will contribute a factor
|〈0|Am|e+e−〉|2. Any such state with
p = 0 will be labelled by the momenta
p1 = (ε/2,k/2), p2 = (ε/2,−k/2).
The momentum transfer is now q2 =
(p1+p2)2 = ε2 = |k|2+4m2. The fac-
tor (1 − (4m2/q2))1/2 in Eq. (5.278)
in fact arises from the phase space
density k2 dk = kE dE ∝ k d(q2) =
(q2 − 4m2)1/2dq2. It is the creation
of e+e− pairs which lead to the imag-
inary part in the propagator.

Exercise 5.17: Prove Eq. (5.280).
[Hint: Write α(1 − α) as
(d/dα)[(α2/2) − (α3/3)]. Substi-
tuting and integrating by parts, you
should be able to get the relevant re-
sult with r(s) expressed as an integral
which can be easily evaluated.]

Exercise 5.18: Prove Eq. (5.284),
Eq. (5.285) and Eq. (5.286).

94This change in the Coulomb poten-
tial does affect the atomic energy levels
and contributes to the so called Lamb

shift (which is the shift in the energy
levels of 2S1/2 and 2P1/2 of the hydro-
gen atom, which have the same energy
in Dirac’s theory). There is, however,
a much larger contribution to this en-
ergy shift which arises from the vertex
terms. We shall not discuss this effect.

We see that for q2 > 4m2, the function Πphy(q
2) picks up an imaginary

part. This is the threshold for the production of e+ − e− pairs by the
photon. If we interpret (1 − Πphy) as analogous to the dielectric function
of a medium (in this case the vacuum), the negative imaginary part signals
the absorption of the electromagnetic radiation. In fact, this analogy can
be made more precise in the form of a dispersion relation

Πphy(q
2) =

1

π
q2
∫ ∞

0

dq′2
ImΠphy(q

′2)
q′2(q′2 − q2 − iε)

(5.279)

which tells you that the imaginary part of Πphy determines the entire func-
tion.93

Yet another useful integral representation for Πphy is given by the ex-
pression:

Πphy(k
2) =

1

4π

∫ ∞

4m2

ds r(s)
k2

k2 + s
(5.280)

where

r(s) =
1

3π

1

s

√
1− 4m2

s

(
1 +

2m2

s

)
(5.281)

This form is useful to determine the modification of the Coulomb potential
due to the vacuum polarization, described by Πphy. The electromagnetic
field produced by a given source is always given by

〈Am(x)〉 =
∫

d4x′ Dmn(x − x′)Jn(x′) (5.282)

Since the propagator — which is the Green’s function connecting the source
to the field — is now modified by Πphy, it also affects the field produced
by any source. Using Eq. (5.280), we can now write:

〈Am(x)〉 = e2
∫

d4x′
∫

d4k

(2π)4

[
1

k2
+

e2

4π

∫ ∞

4m2

ds
r(s)

k2 + s

]
eik(x−x′)Jm(x′)

(5.283)
As an illustration, consider the Coulomb field produced by a point charge;
in this case, the scalar potential evaluates to

φ(r) =
q

4π|r|
[
1 +

e2

4π

∫ ∞

4m2

ds r(s)e−
√
s |r|
]

(5.284)

It is easy to obtain the limiting forms of this potential using the corre-
sponding limitings forms of r(s). We get

m|r| � 1 : φ(r) � q

4π|r|
[
1 +

e2

4π3/2

e−2m|r|

(m|r|)3/2
]

(5.285)

and

m|r| � 1 : φ(r) � q

4π|r|
[
1 +

e2

6π2
ln

(
e−γE

2m|r|
)]

(5.286)

It is obvious that the potential gets modified at distances of the order of
the Compton wavelength of the electron which is precisely what one would
have expected.94
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5.7.2 Electron Propagator at One Loop

Just as the photon propagator is corrected by electron loops, the electron
propagator is also corrected by emission and re-absorption of a virtual
photon as indicated in the diagram of Fig. 5.9. The corresponding algebraic
expression is given by

−iΣ(p) = (−ieμε)2
∫

dnk

(2π)n
γm i

γ(p− k)−m

−iηmn

k2
γn (5.287)

where we have already gone over to n− dimensions. We have also replaced
e by eμε right at the beginning, thereby keeping e dimensionless. In ex-
actly the same way as the photon propagator was corrected by the virtual
electron loop, the process described above corrects the electron propagator.
Just as in the case of photon propagator, we can also sum up an infinite
number of photon loop diagram while evaluating the correction to the elec-
tron propagator. Taking care about ordering of factors, this will lead to
the result

iS̄(p) ≡ S(p)[1 + (−iΣ(p))S(p) + (−iΣ(p)S(p))2 + · · · ]
= S(p)[1 + iΣ(p)S(p)]−1 =

i

γp−m− Σ(p)
(5.288)

So, the inverse propagator for the electron will get modified to the form

S̄−1(p) = γp−m− Σ(p) (5.289)

To see what this could lead to, let us write Σ(p) in a Taylor series
expansion:

Σ(p) = A+B(γp−m) + ΣR(p)(γp−m)2 (5.290)

Substituting this into the propagator, and treating A,B,ΣR as perturbative
quantities of order e2, we get

iS̄(p) =
i

γp−m−A−B(γp−m)− (γp−m)2ΣR(p) + iε

� i

(γp−m−A)(1 −B) (1− (γp−m)ΣR(p)) + iε

� (1 +B)i

(γp−m−A) (1− (γp−m)ΣR(p)) + iε
(5.291)

This expression shows that the propagator has been modified in two ways.
First, the mass has shifted from m to m+A which defines the renormalized
mass. (We saw a similar feature in the case of λφ4 theory in Sect. 4.7.1)
Second, we have also acquired an overall multiplicative factor Z2 ≡ (1+B)
in the numerator.95 As we shall see, both A and B will be divergent
quantities. We can absorb the divergence in A by redefining the mass.
To absorb the divergence in Z2 (which is the residue of the pole of the
propagator) we need to rescale the original field ψ(x) and ψ†(x) by ψ′ =
Z

−1/2
2 ψ etc. The propagators for the primed fields will now have unit

residue at the pole, as they should. Once this is done, we have a finite
quantity ΣR(p) which will describe non-trivial, finite effects of photon loops
on the electron propagator. We will now see how this works out.

Expression in Eq. (5.287) can, again, be evaluated just as before.96 The

Exercise 5.19: Fill in the details and
obtain this result. (This is again sim-
ilar to what we did for the scalar field
to obtain Eq. (4.145).

95The notation Z1, Z2, .... etc is of his-
torical origin and contains no signifi-
cance.

96The details are given in Mathemat-
ical Supplement 5.9.1.
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97Recall that ∂p2/∂(γjpj) = 2γjpj

Exercise 5.20: Work out explicitly
the effect of mγ .

98This actually defines a running

mass parameter mR(μ) because e2 de-
pends on μ. From Eq. (5.244), we see
that, to the lowest order, e2 satisfies
the relation μ(de2/dμ) = (n−4)e2. So
we get μ(dmR/dμ) = −(3e2/8π2)mR.
We will see later that the physical
mass, defined by the location of the
pole of the propagator, is independent
of μ.

final result is given by

Σ(p) =
e2

16π2ε
(−γp+ 4m) +

e2

16π2

{
γp(1 + γE)− 2m(1 + 2γE)

+2

∫ 1

0

dα [γp(1− α)− 2m] ln

(
αm2 − α(1− α)p2

4πμ2

)}
(5.292)

where n = 4− 2ε.
The expression clearly has a divergence in the first term when ε → 0.

This is the usual UV divergence which arises because the momentum of
the virtual photon can be arbitrarily high. The cure for this UV divergence
is based on the standard renormalization procedure in a manner similar to
what we did for the photon propagator. We shall describe this procedure
in a moment. However, before we do that, let us take note of the fact
that there is another divergence lurking in Eq. (5.292) in the integral in
the last term. One way to see this is to try and evaluate the coefficient B
which appears in the Taylor series expansion in Eq. (5.290). By definition,
B is given by B ≡ ∂Σ/∂(γjpj) evaluated at γjpj = m. Differentiating
Σ(p) in Eq. (5.292) with respect to γjpj and97 evaluating the result at
γjpj = m, p2 = m2, we get:

B =
∂Σ

∂(γjpj)

∣∣∣∣∣
γp=m

= − e2

16π2

1

ε
+

e2

4π2

∫ 1

0

dα

α
+ (finite terms) (5.293)

The first term diverges when ε → 0 and is the usual UV divergence. The
second term diverges in the lower limit of the integration which is ac-
tually an infrared divergence. The reason for the infrared divergence is
conceptually quite different from the UV divergence. It has to do with
the fact that a process like the one in Fig. 5.9 is always accompanied by
the emission of very low frequency photons. This can be taken care of
mathematically by adding a small mass mγ to the photons and taking the
limit mγ → 0 right at the end of the calculation. One can easily show that
changing k2 to (k2 − m2

γ) in Eq. (5.287) will replace αm2 in Eq. (5.292)
by [αm2 + (1 − α)m2

γ ]. Then the infrared divergence in Eq. (5.293) will
disappear and, instead, we will get a term proportional to ln(mγ/m). Since
our interest is essentially in the UV divergence and renormalization, we will
not discuss IR divergences in detail. (See Problem 18.)

From Eq. (5.292), we see that the UV divergent piece in the last term
is given by

Σdiv(p) = − e2

(4π)2
2

n− 4
(4m− γp) (5.294)

which allows us to write the divergent part of the inverse propagator as

S̄−1
div(p) = γp−m− Σdiv(p) (5.295)

=

[
1− e2

(4π)2
2

n− 4

]{
γp−m

[
1− e2

(4π)2
6

n− 4

]}

To take care of these divergences, we need to do two things. First, we need
to renormalize the mass of the electron to a physical value98 by the relation

m = mR

[
1 +

e2

(4π)2
6

n− 4

]
(5.296)
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The correction to the mass δm arising from this process (while divergent)
is proportional to m. In other words, δm → 0 as m → 0. This is actually
related to the fact that the Dirac Lagrangian remains invariant under the
transformation ψ → e−iαγ5ψ in the m = 0 limit. This symmetry is retained
to all orders of perturbation theories, which, in turn, implies that a non-
zero mass should not be generated by the loop corrections. In other words,
this symmetry — called the chiral symmetry — protects the electron mass
from what is usually called the hierarchy or fine-tuning problem. You may
recall that in the φ4 theory, the one loop correction to the scalar propagator
changes the mass in the form m2 = m2

0+(constant)M2, where M is a high
mass scale in the theory (see the margin note after Eq. (4.72)). We see
that, in contrast to λφ4 theory, the QED correction to the mass δm is
determined by the mass scale m itself and is protected by chiral symmetry.

The second thing we have to do is to take care of the overall divergent
factor in front of the curly bracket in Eq. (5.295). This is done by renor-
malizing ψ (and ψ̄) themselves by rescaling them, so that we can write:

S(p) = Z2 SR(p); Z2 ≡
(
1 +

e2

(4π)2
2

n− 4

)
(5.297)

where SR(p) is a finite renormalized propagator and Z2 is a divergent con-
stant. (This correction is also sometimes called the wave function renor-

malization.) Once this is done, we get a finite renormalized propagator
given by

S−1
R (p) = γp−mR − Σren(p); Σren(p) = Σ(p)− Σdiv(p) (5.298)

where

Σren(p) = − e2

(4π)2

∫ 1

0

dα [4m− 2(1− α)γp] ln

[
αm2 − α(1 − α)p2

4πμ2

]

− e2

(4π)2
[2(1 + 2γE)m− (1 + γE)γp] (5.299)

and we have taken the n → 4 limit.
The physical mass of the electron, however, is determined by the loca-

tion of the pole of the propagator at which S−1
R (p) = 0 with mphy = γapa.

This leads to99 the result:

mphy = mR +Σren(p)|γjpj=mR

= mR

{
1− e2

(4π)2

[
3 ln

(
m2

R

4πμ2

)
− 4 + 3γ

]}
(5.300)

Re-expressing the propagator in terms of the physical mass, we get the final
result to be

S−1(p) = γp−mphy − Σ̄(p) (5.301)

where

Σ̄(p) = − e2

(4π)2

∫ 1

0

dα [4m− 2(1− α)γp] ln

[
αm2 − (1− α)p2

λm2

]

− e2

(4π)2
(−γp+m)

[
ln

(
m2

4πμ2

)
+ γE − 2

]
(5.302)

99You can now explicitly verify
that mphy satisfies the condition
dmphy/dμ = 0 as it should.
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100We encountered the same issues in
the λφ4 theory. As you will recall,
when we subtract only the divergent
terms, it is called the minimal sub-

traction scheme (MS). Occasionally,
one includes a factor of 4πe−γE into
the subtracted term, which is the MS
scheme.

101Numerically, the difference between
mphy and mR will be small if one
chooses the renormalization point μ ≈
mphy; this is evident from Eq. (5.300).
All these facts are not very pertinent
to one loop QED, but the renormaliza-
tion scheme and the subtraction proce-
dure can make significant differences to
the ease of calculation in QCD and in
higher order perturbation theory.

102We do not have to worry about a
term involving σmnqn because it can
be expressed as a linear combination
of the first two terms, in expressions
of the form ū(p′)Λmu(p). (As usual,
we will suppress the spin parameter in
u(p, s) and simply denote it by u(p)
etc.) We will only be concerned with
the vertex function which occurs in this
function.

Incidentally, the above calculations also illustrate several standard tech-
niques used in renormalization theory, especially in higher order perturba-
tion theory, QCD etc. For example, notice that we have actually introduced
two different masses mR and mphy. The first one mR was obtained by reg-
ularizing the divergences which appeared in the theory (see Eq. (5.296)).
The divergent terms in this expression (as well as in the definition of Z2 in
Eq. (5.297)) were chosen without any finite parts. One could have always
redefined the finite quantities which arise in Eq. (5.298) by adding some
finite parts to the divergent quantities and redefining the terms.100 Any
one of these subtraction schemes allows us to define the renormalized mass
mR. As one can see from Eq. (5.296), the mR does pick up radiative correc-
tions and ‘runs’ with the renormalization scale μ. In contrast, the physical
mass mphy is always defined using the location of the pole of the electron
propagator. In our scheme mphy does not depend on the renormalization
scale μ, as we have explicitly seen above.101

It should be stressed that the specific form of the divergence of Σ(p)
played a crucial role in our ability to carry out the renormalization. Because
Σ contained two divergent pieces, one proportional to γjpj and the other
proportional to m, we could write

γp−m− Σ(p) = (γp−m) +
e2

8π2ε
(γp− 4m) + Σfin(p)

= Z−1
2 (γp− (m+ δm)) + Σfin(p) (5.303)

This, in turn, allowed us to reabsorb the divergences by a mass renormal-
ization and wave function renormalization. If, for example, we had picked
up a divergent term like e.g., p2/mε in Σ(p), we would be sunk; QED would
not have been renormalizable.

Also note that the finite piece Σfin(p) is non-analytic in p — unlike
the divergent pieces which are analytic in p. This will turn out to be a
general feature in all renormalization calculations. There is a branch-cut
in the expression when the argument of the log becomes negative; i.e., when
p2 > m2/x. In particular, at x = 1, there is a branch-cut at p2 = m2 and
Σ(p) will pick up an imaginary piece. This is similar to what we saw as
regards the photon propagator (see Eq. (5.278)) and in Sect. 3.7.

5.7.3 Vertex Correction at One Loop

In this case, we need to compute the contribution from the diagram in Fig.
5.10 which translates into the algebraic expression

−ieμεΛm = (−ieμε)3
∫

dnk

(2π)n
−iηnr

k2
γn

i

γ(p− k)−m
γm

i

γ(p− k)−m
γr

(5.304)
The net effect of such a diagram will be to change the vertex factor from
−ieγm to −ieΛm in D = 4. As mentioned earlier, it is convenient to pull
out a dimensionful factor με and write (in n = 4 − 2ε dimensions) the
relevant contribution as −ieμεΛm; this will again keep e dimensionless.

Before we plunge into the calculation, (which is probably the most
involved of the three we are performing, since this requires working with
three vertices), we will pause for a moment to understand what such a
modification of γm → Λm physically means.

Given the vectors which are available, the most general form for the
modified vertex is given by102
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Λm(p, q, p′ = p+ q) = γmA+ (p′ + p)mB + (p′ − p)mC (5.305)

The coefficients A,B,C could contain expressions like γp or γp′. But when
sandwiched between the two spinors, in a term of the form ū(p′)Λmu(p),
we can replace γp and γp′ by m on-shell. Further, since p2 = p′2 = m2, the
only non-trivial quantity left for us to consider as an independent variable
is q2 = 2m2 − 2p · p′. Thus, A,B,C can be thought of as functions of q2.
There is one more simplification we can make. Gauge invariance requires
that qmū(p′)Λmu(p) = 0. This is trivially satisfied for the first term in
Eq. (5.305) because of the Dirac equation and due to the identity (p′ − p) ·
(p′ + p) = p′2 − p2 = m2 − m2 = 0 for the second term. But there is no
reason for this to hold for the last term in Eq. (5.305) unless C = 0. Thus
we conclude that, in the right hand side of Eq. (5.305) we can set C = 0
and need to retain only the first two terms.

It is conventional to replace the second term using the Gordon identity
(see Eq. (5.125)) and write the resulting expression in the form

ū(p′)Λmu(p) = ū(p′)
[
γmF1(q

2) +
iσmnq

n

2m
F2(q

2)

]
u(p) (5.306)

where F1 and F2 are called the form-factors. When we do the computa-
tion, however, it is more convenient to re-write this result (again using the
Gordon identity) in terms of (p′ + p) and (p′ − p). Doing this, we find that
to leading order in the momentum transfer q, we can write this expression
in the form

ūΛmu = ū(p′)
{
(p′ + p)m

2m
F1(0) +

iσmnqn
2m

[F1(0) + F2(0)]

}
u(p) (5.307)

By definition, the coefficient of the first term is the electric charge in
the q → 0 limit, and hence we must have F1(0) = 1. This tells us that the
primary effect of the vertex correction is to shift the magnetic moment from
its Dirac value by a factor 1 + F2(0). In other words, radiative corrections
lead to the result that the gyro-magnetic ratio of the electron is actually
g = 2[1 + F2(0)]. This is a clear prediction which can be compared with
observations once we have computed Λm and extracted F2(0) from it. We
shall now proceed to do this.

We compute the expression in Eq. (5.304) by the usual tricks to reduce

it to Λm = Λ
(1)
m + Λ

(2)
m where the first term has a UV divergent piece with

the structure103

Λ(1)
m =

e2

16π2

1

ε
γm + finite; 2ε = 4− n (5.308)

and the second term is finite and is given by

Λ(2)
m =

e2

16π2

∫ 1

0

dα

∫ 1−α

0

dβ (5.309)

×γn(γ
jp′j(1− β) − αγjpj +m)γm(γjpj(1− α)− βγjp′j +m)γn

[−m2(α+ β) + α(1 − α)p2 + β(1− β)p′2 − αβ2p′ · p]

Once again, we need to take care of the divergent part Λ
(1)
m using a

renormalization prescription. But let us first compute the finite part and
extract from it the value of F2(0) which will give us the anomalous magnetic

103The details are given in Mathemat-
ical Supplement 5.9.2. This term also
has an IR divergent piece which can
be regulated by adding a small mass
to the photon. We will be primarily
concerned with the UV divergence.
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104Note that the divergent (1/ε)
terms satisfy the identity Λm =
−∂Σ(p)/∂pm. This is implied by the
Ward identity in Eq. (5.187) which
should hold to all orders in the pertur-
bation theory. Here, we have explicitly
verified it to the one loop order.

moment of the electron. A somewhat lengthy calculation (given in Math-
ematical Supplement 5.9.2) shows that the finite part, when sandwiched
between two Dirac spinors, can be expressed in the form

ū(p′)Λ(2)
m u(p) = ū(p′)

−e2

16π2m2

∫ 1

0

dα

∫ 1−α

0

dβ
1

(α+ β)2

×
(
− 2γmm2[2(β + α) + (α+ β)2 − 2]

−2iσmnq
nm[(α + β)− (α+ β)2]

)
u(p) (5.310)

Right now, we are only interested in the part which is the coefficient of
iσmn/2m; this is given in terms of the two easily evaluated integrals

∫ 1

0

dα

∫ 1−α

0

dβ
1

(α+ β)
= 1;

∫ 1

0

dα

∫ 1−α

0

dβ =
1

2
(5.311)

The term which we are after now reduces to

iσmnq
n

2m

[
e2

8π2

]
=

iσmnq
n

2m

[ α
2π

]
(5.312)

so that F2(0) = α/2. This leads to the famous result by Schwinger, viz.,
that the gyro-magnetic ratio of the electron is given by

g = 2
(
1 +

α

2π

)
(5.313)

5.8 QED Renormalization at One Loop

We have now computed the corrections to the photon propagator, the elec-
tron propagator and the vertex term at the one loop level. Each of the
results involved a divergent piece and finite terms. To clarify the renor-
malization program, we will now summarize how the divergent pieces were
handled.

Let us begin by re-writing our results, isolating the divergences in the
form104 (see Eq. (5.294), Eq. (5.259), Eq. (5.308):

Σ(p) =
e2

16π2ε
(−γjpj + 4m) + finite

Πmn(k) =
e2

12π2ε
(kmkn − k2gmn) + finite

Λ(1)
m (p, q, p′) =

e2

16π2ε
γm + finite (5.314)

Let us begin by eliminating the divergence in the electron propagator which
actually has two separate pieces, one proportional to γjpj and another
proportional to m. To take care of these, we will now add a counter-term
to the Lagrangian of the form

ΔL = iBψ̄γj∂jψ − Aψ̄ψ (5.315)

where A and B are undetermined at present. These counter-terms will lead
to two more Feynman rules requiring the factors iB(γjpj) and −iA in the



5.8. QED Renormalization at One Loop 251

respective diagrams. So, all the amplitudes in the modified theory (with
the counter-term in the Eq. (5.315) added) will now have the contribution

−iΣ(p)− iA+ iBγjpj = −i
e2

16π2ε
(−γjpj + 4m) + finite− iA+ iBγjpj

(5.316)
We now need to choose A and B such that this amplitude is finite. This is
easily done with the choices:

A = −me2

4π2ε
, B = − e2

16π2ε
(5.317)

The trick now is to match the fermionic part in the two Lagrangians: The
modified physical Lagrangian L+ΔL and the original Lagrangian L0 with
bare parameters which are indicated with a subscript zero. That is, we
demand

i(1 +B)ψ̄γj∂jψ − (m+A)ψ̄ψ = iψ̄0γ
j∂jψ0 −m0ψ̄0ψ0 (5.318)

As indicated in the earlier discussion, this can be accomplished by a mass
renormalization and a wave function renormalization of the form:

ψ0 =
√
Z2 ψ, m0 = m+ δm (5.319)

where

Z2 = 1 +B = 1− e2

16π2ε
,

m0 = Z−1
2 (m+A) = m

(
1 +

e2

16π2ε

)(
1− e2

4π2ε

)

= m

(
1− 3e2

16π2ε

)
= m+ δm (5.320)

We had already commented on the fact that the correction δm to the mass
is proportional to m (unlike in the λφ4 theory).

Let us next consider the divergent term in the photon propagator which
we hope to tame by adding a counter-term to the electromagnetic La-
grangian. We are working with the Lagrangian of the form105

L = −1

4
FmnF

mn − 1

2
(∂mAm)2 =

1

2
Am(ηmn�)An (5.321)

which includes the gauge fixing term. Hence, a priori, one could have added
a counter-term of the kind

ΔL = −C

4
FmnF

mn − E

2
(∂mAm)2 (5.322)

This is, however, a little bit disturbing since you would not like a pure gauge
fixing term to pick up corrections due to renormalization. Let us, however,
proceed keeping these terms general at this stage and try to determine
C and E. These counter-terms in the Lagrangian will lead to two more
Feynman rules requiring the inclusion of the factors −iC(k2ηmn − kmkn)
and −iEk2ηmn in the respective diagrams. But we see that the divergent
term in the propagator has the structure:

iΠmn(k) = −i
e2

12π2ε
(k2ηmn − kmkn) (5.323)

105We can use either the Lagrangian in
Eq. (5.237) or the one in Eq. (5.236);
we will use the latter since it will clarify
an important point. Exercise: Redo
this analysis using the Lagrangian in
Eq. (5.237).
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106This matches with the conclusion
we obtained earlier in Eq. (5.183) and
Eq. (5.184), from the Ward identity,
viz. that the gauge fixing parameter
does not pick up radiative corrections.
This, however, does not mean that the
structure of the propagator at higher
orders will have the same form as the
original one in whatever gauge you are
working with. But, the subsequent cal-
culations at higher order can always be
done in the same gauge.

which tells you that we can take care of everything with the choice

C = − e2

12π2ε
; E = 0 (5.324)

In other words, the gauge fixing term does not invite corrections at the one
loop level. With this addition, the electromagnetic part of the Lagrangian
takes the form106

L+ΔL = −
(
1 + C

4

)
FmnF

mn− 1

2
(∂mAm)2 ≡ −Z3

4
FmnF

mn− 1

2
(∂mAm)2

(5.325)
where

Z3 = 1 + C = 1− e2

12π2ε
(5.326)

As usual, we identify L+ΔL with the original Lagrangian plus any gauge
terms which you choose to add. This is easily taken care of by another
wave function renormalization of the form

Am
0 =

√
Z3 A

m (5.327)

Having handled the pure Dirac sector and the pure electromagnetic sec-
tor, we finally take up the vertex correction which modifies the interaction
term. Playing the same game once again, we now add a counter-term of
the form

ΔL = −Deμεψ̄γjAjψ (5.328)

which will lead to a Feynman rule of the form −iDeμεγm. (As described
earlier, we have kept e to be dimensionless and introduced a mass scale μ.)

We now need to choose D such that −ieμε(Λ
(1)
m + Dγm) is finite, where

Λ
(1)
m = (e2/16π2ε)γm plus finite terms. This is easily taken care of by the

choice D = −(e2/16π2ε). The full Lagrangian will then become

L+ΔL = −(1 +D)eμεAmψ̄γmψ ≡ −Z1eμ
εAmψ̄γmψ (5.329)

with

Z1 = 1 +D = 1− e2

16π2ε
(5.330)

We thus find that we need 3 multiplicative renormalization factors for the
wave functions given by:

Z1 = Z2 = 1− e2

16π2ε
, Z3 = 1− e2

12π2ε
(5.331)

Equating the modified Lagrangian to the bare one as regards the interaction
term, we obtain the condition:

−Z1eμ
εAmψ̄γmψ = −e0A

m
0 ψ̄0γmψ0 = −e0

√
Z3

(√
Z2

)2
Amψ̄γmψ

(5.332)
where we have related the bare fields to the renormalized fields.

Let us now put these results together. The renormalization prescription
used in conjunction with dimensional regularization relates the bare and
renormalized quantities through the relations

Am =
1√
Z3

A(0)
m , ψ =

1√
Z2

ψ(0), mR =
1

Zm
m(0), eR =

1

Ze
μ

d−4
2 e(0)

(5.333)
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leading to a QED Lagrangian of the form

L = −1

4
Z3F

2
mn + iZ2ψ̄γ∂ψ −mRZ2Zmψ̄ψ − μ

4−d
2 eRZeZ2

√
Z3ψ̄γAψ

(5.334)
In this rescaling, we have kept eR and the various Zs as dimensionless. If
we write every Z in the form Zi = 1+ δi, then we know from our previous
studies that the divergent parts of δi are given by

δ2 =
e2R
16π2

[
−1

ε

]
, δ3 =

e2R
16π2

[
− 4

3ε

]
, δm =

e2R
16π2

[
−3

ε

]
, δe =

e2R
16π2

[
2

3ε

]
(5.335)

toO(e2R). This, in turn, allows us to obtain the running of the coupling con-
stants directly from the Lagrangian. For example, since the renormalized
Lagrangian depends on μ but not the bare Lagrangian, we must have

0 = μ
d

dμ
e0 = μ

d

dμ
[μεeRZe] = μεeRZe

[
ε+

μ

eR

d

dμ
eR +

μ

Ze

dZe

dμ

]
(5.336)

We know that, to leading order in eR, we have Ze = 1 giving

μ
d

dμ
eR = −ε eR (5.337)

while, to the next order:

μ
d

dμ
Ze = μ

d

dμ

(
1 +

e2R
16π2

2

3ε

)
=

1

ε

eR
12π2

(
μ

d

dμ
eR

)
= − e2R

12π2
(5.338)

We therefore get

β(eR) ≡ μ
d

dμ
eR = −ε eR +

e3R
12π2

→ e3R
12π2

(5.339)

where the last expression is obtained in the limit of ε → 0. This agrees with
our previous result for the β function in e.g., Eq. (5.202) or in Eq. (5.274).
(Note that the β’s differ by a trivial factor 2 depending on whether we define
β as μ(deR/dμ) or as μ(de

2
R/dμ). But we have now calculated it using only

the counter-terms without summation of logs etc.107 In a similar manner,
we can also work out the “running” of the electron mass. Since the bare
mass must be independent of μ, we have the result

0 = μ
d

dμ
m0 = μ

d

dμ
(ZmmR) = ZmmR

[
μ

mR

dmR

dμ
+

μ

Zm

dZm

dμ

]
(5.340)

It is convenient to define a quantity γm ≡ [(μ/mR) (dmR/dμ)] (which is
called the anomalous dimension). Using the fact that Zm depends on μ
only through eR, we have

γm = − μ

Zm

dZm

dμ
= − 1

Zm

dZm

deR
μ
deR
dμ

(5.341)

Using the known expressions for Zm and β(eR) correct to one loop order,
we find that

γm = − 1

1 + δm

(
2

eR
δm

)(
− ε

2
eR

)
= δmε = −3e2R

8π2
(5.342)

107Notice that the β function de-
pends on the combination Ze =
Z1/(Z2

√
Z3). Here, Z1 arises from the

electron-photon vertex, Z3 from the
vacuum polarization and Z2 from the
electron self-energy. In QED (but not
in other theories like QCD), Z1 = Z2

and hence the β function can be calcu-
lated directly from Z3 itself. The fact
that Z1 = Z2 is not a coincidence but
is implied, again, by the Ward iden-
tity in QED. Consequently, the charge
renormalization only depends on Z3

which is the photon field renormaliza-
tion factor. (This would have been ob-
vious if we had used the Lagrangian
in Eq. (5.237); we used the form in
Eq. (5.236) to explicitly show that we
still get the correct result.) The pro-
cedure of computing the running cou-
pling constant through the μ depen-
dence of the bare Lagrangian is more
useful in theories when Z1 	= Z2.
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108This is an explicit demonstration
of the features we described just af-
ter Eq. (5.237). We used the exam-
ple of quark + electron here to empha-
size that the charges need not have the
same magnitude at the tree-level.

This matches with the result obtained earlier from Eq. (5.296).
The fact that Z1 = Z2 is also closely related to the charge being a

property of the photon, along the lines we described earlier. To see this
more explicitly, consider a theory with a quark having the charge Qq = 2/3
and an electron with charge Qe = −1. A Lagrangian which includes both
the fields will be given by

L = −1

4
Z3F

2
mn + iZ2eψ̄eγ∂ψe − eRZ1eψ̄eγAψe + iZ2qψ̄qγ∂ψq

+
2

3
eRZ1qψ̄qγAψq (5.343)

Because Z1e = Z2e and Z1q = Z2q, this Lagrangian can be rewritten in the
form:

L = −1

4
Z3F

2
mn + Z2eψ̄e(iγ∂ − eRγA)ψe + Z2qψ̄q

(
iγ∂ +

2

3
eRγA

)
ψq

(5.344)
In other words, the relative coefficient between iγ∂ and eR(γA) does not
pick up any radiative correction. So the ratio of the charges of the elec-
tron and the quark does not change due to radiative corrections, which
of course is vital.108 In our way of describing the Lagrangian, we would
have rescaled the vector potential by Am → Am/eR. Then, the above
Lagrangian becomes:

L = − 1

4e2R
Z3F

2
mn + Z2eψ̄e

(
iγ∂ − Z1e

Z2e
γA

)
ψe

+ Z2qψ̄q

(
iγ∂ +

Z1q

Z2q

2

3
γA

)
ψq (5.345)

At the tree-level, all the Z-factors are unity and this Lagrangian is invariant
under the gauge transformations of the form

ψq → e(2/3)iαψq, ψe → e−iαψe, Am → Am + ∂mα (5.346)

These gauge transformations only involve the numbers −1 and 2/3 but not
eR. Further, such a transformation has nothing to do with perturbation
theory. As long as we do everything correctly using a regulator which
preserves gauge invariance, the loop corrections, counter-terms etc. will
all respect this symmetry and we must have Z1 = Z2 to all orders of
perturbation theory. This shows the overall consistency of the formalism.

The above discussion involved dealing with the bare parameters of a La-
grangian, a set of counter-terms and the final Lagrangian in terms of phys-
ical, renormalized quantities. Both the bare terms and the counter-terms
are divergent but the final renormalized expressions are finite. There is an
alternative way of viewing this procedure, which is algebraically equivalent
and conceptually better. In this approach, we start with a QED Lagrangian
written in the form

L = −1

4
Z3F

2
mn + iZ2ψ̄γ∂ψ − Z2ZmmRψ̄ψ − eRZ1ψ̄γAψ (5.347)

where we have used the abbreviation Z1 ≡ ZeZ2

√
Z3. We next expand the

parameters around the tree-level values as

Z1 ≡ 1 + δ1, Z2 ≡ 1 + δ2, Z3 ≡ 1 + δ3, Zm = 1 + δm, Ze = 1 + δe
(5.348)
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where δe = δ1 − δ2 − (1/2)δ3 + O(e4R). This allows us to separate the
Lagrangian into one involving the physical fields and the other involving
counter-terms, in the form109

L = −1

4
F 2
mn + iψ̄γ∂ψ −mRψ̄ψ − eRψ̄γAψ − 1

4
δ3F

2
mn (5.349)

+ iδ2ψ̄γ∂ψ − (δm + δ2)mRψ̄ψ − eRδ1ψ̄γAψ

The counter-terms will lead to new Feynman rules shown in Fig 5.15. We
can now work out a perturbation theory based on this renormalized La-
grangian. This has the virtue that, even though the counter-terms are
arbitrarily large numbers — scaling as (1/ε) in dimensional regularization
— they are defined by their Taylor expansions in powers of eR starting at
O(e2R). So, the regularized perturbation expansion (with finite but arbi-
trarily small ε) can be formally justified when eR is small. This should be
contrasted with the previous discussion in which we used the perturbation
expansion in the bare coupling e0 which itself diverges as ε and hence leads
to a somewhat dubious procedure.

Finally, we comment on the relation between perturbation theory and
the computation of effective action. You may be wondering what is the re-
lation between the order-by-order perturbation theory based on renormal-
ized coupling constants, say, and the effective Lagrangians we computed
in Sect. 5.6.5 (or in Sect. 4.2). The answer to this question is somewhat
complicated but we will briefly mention some relevant aspects.

To begin with, the key idea behind the calculation of the effective La-
grangian is to capture the effect of higher order Feynman diagrams (say,
the one involving several loops) by a tree-level Lagrangian. In other words,
a tree-level computation using the effective Lagrangian incorporates the
effects of summing over a class of Feynman diagrams, depending on the na-
ture of approximations used in the computation of the effective Lagrangian.
The way the effective Lagrangian achieves this is by modifying the structure
of the vertices in a specific manner. For example, the computation of the
Euler-Heisenberg effective Lagrangian did not use the photon propagator
at all. Nevertheless, the effects of complicated Feynman diagrams involving
photon propagators can be reproduced from the effective Lagrangian by a
suitable modification of the vertex.

In fact, the situation is better than this at least in a formal sense. In
computing the Euler-Heisenberg Lagrangian, we integrated out the electron
field but assumed the existence of a background electromagnetic field Aj .
One could have in fact computed an effective Lagrangian Γ[A, ψ̄, ψ] by
assuming background values for both the vector potential and the electron
field and integrating out the quantum fluctuations of all the fields. Such
an effective Lagrangian, when used at the tree-level will, in principle, give
the two-point function containing all the quantum corrections. The price
we pay for getting exact results for a tree-level effective action is that it
will be highly non-local.

5.9 Mathematical Supplement

5.9.1 Calculation of theOne LoopElectronPropagator

The integrals involved in Eq. (5.287) can be evaluated exactly as before
by writing the propagators in exponential form, completing the square and

109This is similar to what we did in
Sect. 4.8 for the λφ4 theory.

= i[γpδ2 − (δm + δ2)mR]

= −iδ3p
2gmn

= iδ3(p
2gmn − pmpn)

= −ieRδ1γ
m

�m n

m n

m n�

�

�

Figure 5.15: Diagrams generated by
the counter-terms and their algebraic
equivalents.
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110As we mentioned earlier, the expo-
nential form was first introduced by
Schwinger, and Feynman introduced
the technique we use below, which is
essentially the same.

performing the momentum integral. However, we will do it in a slightly
different manner to introduce a technique you will find in many other text-
books.

This will involve combining the two denominators in a particular way
which is completely equivalent to writing the propagators in exponential
form.110 We again begin with the expression:

−iΣ(p) = (−ieμε)2
∫

dnk

(2π)n
γm i

γjpj − γjkj −m

−iηmn

k2
γn

= −e2μ2ε

∫
dnk

(2π)n
γm(γjpj − γjkj +m)γm

[(p− k)2 −m2]k2
(5.350)

We now combine the two denominators using the identity:

1

AB
=

∫ 1

0

dα
1

[A+ (B −A)α]2
(5.351)

We then get:

−iΣ(p) = −e2μ2ε

∫ 1

0

dα

∫
dnk

(2π)n
γm(γjpj − γjkj +m)γm

[α(p− k)2 − αm2 + (1− α)k2]2

(5.352)
We next introduce the variable k′ = k−αp which eliminates any k′ ·p terms
from the denominator. This allows us to ignore terms which are odd under
k′ → −k′ in the numerator. This leads to:

−iΣ(p) = −e2μ2ε

∫ 1

0

dα

∫
dnk′

(2π)n
γm[(1 − α)γjpj − γjk′j +m]γm

[k′2 − αm2 + α(1 − α)p2]2

= −e2μ2ε

∫ 1

0

dαγm[(1− α)γjpj +m]γm

×
∫

dnk′

(2π)n
1

[k′2 − αm2 + α(1 − α)p2]2
(5.353)

We now rotate to the Euclidean sector and perform the k′0 integration,
thereby obtaining

−iΣ(p) = −ie2μ2εΓ(2− n/2)

(4π)n/2

∫ 1

0

dαγm[(1− α)γjpj +m] (5.354)

×γm[αm2 − α(1 − α)p2]n/2−2

= −ie2μ2εΓ(2− n/2)

(4π)n/2

∫ 1

0

dα[(1 − α)γjpj(2− n) +mn]

×[αm2 − α(1 − α)p2]n/2−2

= −ie2
Γ(ε)

16π2

∫ 1

0

dα[(1 − α)γjpj(−2 + 2ε) +m(4− 2ε)]

×
[
αm2 − α(1 − α)p2

4πμ2

]−ε

(5.355)
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Taking the ε → 0 limit and using Γ(ε) � ε−1 − γE , we find that:

−iΣ(p) = −ie2
(1/ε)− γE

16π2

∫ 1

0

dα[(1 − α)γjpj(−2 + 2ε) +m(4− 2ε)]

×
[
1− ε ln

(
αm2 − α(1− α)p2

4πμ2

)]

= −i
e2

16π2ε
(−γjpj + 4m)− i

e2

16π2

{
γjpj(1 + γE)− 2m(1 + 2γE)

+2

∫ 1

0

dα
[
γjpj(1− α)− 2m

]
ln

(
αm2 − α(1 − α)p2

4πμ2

)}

(5.356)

This is the result used in the text.

5.9.2 Calculation of the One Loop Vertex Function

The calculation proceeds exactly as before except that it is more compli-
cated. We first reduce the expression in Eq. (5.304) to the form

−ieμεΛm = (ieμε)3
∫

dnk

(2π)n
−iηnr

k2
γn

1

γ(p− k)−m
γm

1

γ(p− k)−m
γr

= −(eμε)3
∫

dnk

(2π)n
γn(γ(p− k) +m)γm(γ(p− k) +m)γn

k2[(p′ − k)2 −m2][(p− k)2 −m2]

= −2(eμε)3
∫ 1

0

dα

∫ 1−α

0

dβ

∫
dnk

(2π)n

× γn(γ(p− k) +m)γm(γ(p− k) +m)γn

[k2 −m2(α+ β)− 2k · (αp+ βp′) + αp2 + βp′2]3

(5.357)

Next, we combine the denominators using a slightly generalized version of
the formula used earlier:

1

abc
= 2

∫ 1

0

dα

∫ 1−α

0

dβ
1

[a(1− α− β) + αb + βc]3
(5.358)

Shifting the variable to k → k − αp− βp′ reduces it to the expression

Λm = −2i(eμε)2
∫ 1

0

dα

∫ 1−α

0

dβ

∫
dnk

(2π)n

× γn(γp(1− β)− αγp− γk +m)γm(γp(1− α)− βγp− γk +m)γn

[k2 −m2(α+ β) + α(1 − α)p2 + β(1− β)p′2 − αβ2p′ · p]3
≡ Λ(1)

m + Λ(2)
m (5.359)

The Λ
(1)
m contains two factors of ka in the numerator and is divergent; the

Λ
(2)
m has no ka in the numerator and is finite. (Note that terms with one

ka vanish due to k → −k symmetry.) Let us first evaluate Λ
(1)
m .

Writing γnγ
jkjγmγjkjγ

n = krksγnγ
rγmγsγn and using a standard in-

tegral
Exercise 5.21: Prove this.
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∫
dnl

(2π)n
lmln

[l2 +M2 + 2l · q]A = i(−1)n/2
1

(4π)n/2Γ(A)
(5.360)

×
[
1

2
gmn

Γ(A− 1− n/2)

(M2 − q2)A−1−n/2
+

Γ(A− n/2)qmqn
(M2 − q2)A−n/2

]

we can evaluate the integral with two factors of k to obtain∫
dnk

(2π)n
krks

[k2 −m2(α+ β) + α(1 − α)p2 + β(1 − β)p′2 − αβ2p′ · p]3

= i(−1)n/2
1

(4π)n/2Γ(3)

1

2
grs

× Γ(2− n/2)

[−m2(α+ β) + α(1 − α)p2 + β(1 − β)p′2 − αβ2p′ · p]2−n/2

= i
1

4(4π)n/2
grs

× Γ(ε)

[m2(α+ β) − α(1− α)p2 − β(1 − β)p′2 + αβ2p′ · p]ε (5.361)

Using now the result

grsγnγ
rγmγsγn = γnγ

rγmγrγ
n = γn(2− n)γmγn = (2− n)2γm (5.362)

we can easily isolate the singular part and obtain

Λ(1)
m = −2ie2

∫ 1

0

dα

∫ 1−α

0

dβ

[
i

1

4(4π)2ε

]
4γm + finite

=
e2

16π2

1

ε
γm + finite (5.363)

The evaluation of the non-singular part makes use of the integral:∫
dnl

(2π)n
1

[l2 +M2 + 2l · q]A = i(−1)n/2
Γ(A− n/2)

(4π)n/2Γ(A)(M2 − q2)A−n/2

(5.364)
This will lead to the result in Eq. (5.309) of the text.

To proceed further and obtain F2(0), we first note that sandwiching the
above expression between the Dirac spinors gives

ū(p′)Λ2
mu(p) = ū(p′)

{
e2

16π2

∫ 1

0

dα

∫ 1−α

0

dβ (5.365)

× γn(γ
jp′j(1− β)− αγjpj +m)γm(γjpj(1 − α)− βγjp′j +m)γn

[−m2(α + β) + α(1− α)p2 + β(1− β)p′2 − αβ2p′ · p]

}
u(p)

To simplify the numerator, we use the standard identities:

γnγ
jajγ

jbjγ
n = 4a · b, γnγ

jajγ
jbjγ

jcjγ
n = −2γjcjγ

jbjγ
jaj ,

γnγ
jajγ

n = −2γjaj (5.366)

which gives

γn(γ
jp′j(1− β)− αγjpj +m)γm(γjpj(1− α)− βγjp′j +m)γn (5.367)

= −2(γjpj(1− α)− βγjp′j)γm(γjp′j(1− β)− αγjpj)

+4m(pm(1− α)− βp′m) + 4m(p′m(1− β)− αpm)− 2γmm2

= −2(γjpj(1− α)− βm)γm(γjp′j(1 − β)− αm)

+4m(pm(1− α)− βp′m) + 4m(p′m(1− β)− αpm)− 2γmm2
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To arrive at the last expression, we have used the on-shell condition arising
from the Dirac equation. We next use the easily provable results:

γjpjγmγjp′j = 2(pm + p′m)m− 3m2γm,

γjpjγm = 2pm − γmγjpj → 2pm − γmm,

γmγjp′j = 2p′m − γjp′jγm → 2p′m − γmm. (5.368)

These allow us to reduce the numerator to the form:

N = −2

[
(1− α)(1 − β)(2(p+ p′)mm− 3m2γm)

−β(1− β)m(2p′m −mγm)− α(1− α)m(2pm −mγm) + αβm2

]

+4m
[
p′m(1 − 2β) + pm(1− 2α)

] − 2γmm2

= −2γmm2[−3(1− α)(1 − β) + β(1 − β) + α(1− α) + αβ + 1]

+4pmm[β − αβ − α2] + 4p′mm[α− βα − β2] (5.369)

while the denominator becomesD = −m2(α+β)2. The structure of the de-
nominator shows that we can re-write the numerator, as far as the integral
goes, in the equivalent form:

N = −2γmm2[4(β + α)− (α+ β)2 − 2] + 2(pm + p′m)m[(α+ β)− (α+ β)2]
(5.370)

Plugging in the numerator and denominator into Eq. (5.365), we get:

ū(p′)Λ(2)
m u(p) = ū(p′)

−e2

16π2m2

∫ 1

0

dα

∫ 1−α

0

dβ
1

(α+ β)2

×
(
− 2γmm2[4(β + α)− (α+ β)2 − 2]

+2(pm + p′m)m[(α + β)− (α+ β)2]
)
u(p)

= ū(p′)
−e2

16π2m2

∫ 1

0

dα

∫ 1−α

0

dβ
1

(α+ β)2

×
(
− 2γmm2[4(β + α)− (α+ β)2 − 2]

+2[2mγm − iσmnq
n]m[(α+ β)− (α+ β)2]

)
u(p)

= ū(p′)
−e2

16π2m2

∫ 1

0

dα

∫ 1−α

0

dβ
1

(α+ β)2

×
(
− 2γmm2[2(β + α) + (α+ β)2 − 2]

−2iσmnq
nm[(α+ β) − (α+ β)2]

)
u(p) (5.371)

This is the expression used in the text.



A Potpourri of Problems

Problem 1. Evaluation of 〈0|φ(x)φ(y)|0〉 for Spacelike Separation

Find 〈0|φ(x)φ(y)|0〉 in the coordinate space for (x − y)2 = −r2 < 0. Pay
special attention to the convergence properties of the integral.

Solution: We need to evaluate the integral

G(x− y) =

∫
d3p

(2π)3
1

2ωp

e−ip·(x−y) =
−i

2(2π)2r

∫ ∞

−∞
dp

peipr√
p2 +m2

(P.1)

where we have performed the angular part of the integration. This integral
is not convergent as it stands. One can distort the integration contour in
to the complex plane, but the contribution from the semicircle at infinity
in the complex plane will not vanish. One possibility is to explicitly add
a convergence factor like exp(−εp) and take the limit ε → 0 at the end of
the calculation. A simpler trick is to re-write the integral in the form

∫ ∞

−∞
dp

peipr√
p2 +m2

=

∫ ∞

−∞
dp

(p−√p2 +m2)eipr√
p2 +m2

+ 2πδ(r) (P.2)

where the Dirac delta function on the right hand side is cancelled by the
contribution from the second term in the integrand. The integrand now
falls as (1/p2) for large p and the contour integration trick will work for
this integral. This tells you that the usual regulators miss the 2πδ(r)
contribution; but for strictly spacelike separations we can take r > 0 (since
r = 0 will be on the light cone). So everything is fine and we can use the
standard integral representation for an avatar of the Bessel function∫ ∞

u

xe−μxdx√
x2 − u2

= uK1(uμ) [u > 0, Re μ > 0] (P.3)

to get the final answer.

Problem 2. Number Density and the Non-relativistic Limit

Consider a free, massive, scalar field φ(x) which is expanded in the terms
of creation and annihilation operators in the standard manner as

φ(x) =
1

(2π)3

∫
d3k√
2ωk

(
a(k)e−ik·x + a†(k)eik·x

) ≡ φ(+)(x) + φ(−)(x)

(P.4)
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Since the total number of particles is an integral over a†kak, it makes sense
to define a number density operator N (xi) in the real space through the
relations

N ≡
∫

d3k

(2π)3
a†(k)a(k) ≡

∫
d3x N (xi) (P.5)

(a) Find an expression for N in terms of φ±.

(b) In the text, we lamented the fact that localized particle states cannot
be introduced in a meaningful fashion in QFT. To see this in action once
again, let us study the expectation value of N in one-particle states. Define
a one-particle state |ψ〉 through the relations

|ψ〉 ≡
∫

d3k

(2π)3
ψ(k)a†(k)|0〉 ≡

∫
d3k

(2π)3
ψ(k)|1k〉, (P.6)

with

〈ψ|ψ〉 =
∫

d3k

(2π)3
|ψ(k)|2 = 1 (P.7)

Compute the expectation value 〈ψ|N (0,x)|ψ〉 in terms of the “wavefunc-
tion” ψ(x). What do you find?

(c) Show that things work out fine in the nonrelativistic limit.

(d) What happens if you choose ψ(k) ∝ √
ωk or if you choose ψ(k) ∝

[1/
√
ωk]? Calculate the expectation value of the Hamiltonian for a general

ψ(k) and explain why the above choices do not really lead to localization
of a particle. What happens in the non-relativistic case?

Solution: (a) It is easy to verify that a possible choice for N is given by
the expression

N (xi) = iφ(−)(xi)

←→
∂

∂t
φ(+)(xi) (P.8)

(b) The evaluation of the expectation value is straightforward. We get

〈ψ|N (0,x)|ψ〉 = i

∫
d3k

(2π)3
d3k′

(2π)3
ψ∗(k′)ψ(k) (P.9)

× 〈k′|φ(−)(x)φ̇(+)(x)− φ̇(−)(x)φ(+)(x)|k′〉 = Re (χ∗
1(x)χ2(x))

involving two distinct “wavefunctions” given by

χ1(x) ≡
∫

d3k

(2π)3
1√
ωk

ψ(k)eik·x; χ2(x) ≡
∫

d3k

(2π)3
√
ωk ψ(k)e

ik·x

(P.10)
The fact that you cannot work with a single, unique wavefunction is again
related to the fact that particle states are not localizable.

(c) When c → ∞, the two wavefunctions reduce, except for a normalization,
to

χ1(x) → 1√
mc

ψ(x), χ2(x) →
√
mcψ(x) (P.11)

with

ψ(x) =
1

(2π)3

∫
d3kψ(k)eik·x (P.12)

In this case, the expectation value of the number density becomes the
standard probability density |ψ|2 of NRQM. This is the best one can do.
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(d) If we choose ψ(k) ∝ √
ωk, then χ1(x) is proportional to the Dirac

delta function δ(x) suggesting that one of the two wavefunctions describes
a particle localized at the origin. But in this case, χ2 is proportional to
G+(x) and is spread over a Compton wavelength of the particle. [The
situation is similar for the other choice ψ(k) ∝ [1/

√
ωk].] More importantly,

the expectation value of the energy density operator is non-zero all over
the space. The expectation value of the normal ordered Hamiltonian

H(0,x) =
1

2
:
(
φ̇(0,x)2 + |∇φ(0,x)|2 +m2φ(0,x)2

)
: (P.13)

is given by

〈ψ|H(0,x)|ψ〉 = 1

2

(|χ2(x)|2 + c2∇χ∗
1(x) ·∇χ1(x) +m2c4|χ1(x)|2

)
(P.14)

Again, things work out in the nonrelativistic limit when we have

〈ψ|H(0,x)|ψ〉 → mc2|ψ(x)|2 + 1

2m
|∇ψ(x)|2 (P.15)

If you integrate this over all space, the first term gives mc2 while the
second term gives the expectation value of the nonrelativistic kinetic energy
operator.

Problem 3. From [φ, π] to [a, a†]

Using the standard mode expansion of the field φ(x) in terms of the cre-
ation and annihilation operators, prove that the equal time commutation
rule, [φ(x), π(y)] = iδ(3)(x− y), implies the commutation rules [ap, a

†
p′ ] =

(2π)3δ(3)(p− p′).

Solution: Using the relations

φ(x) =

∫
d3p

(2π)3
1√
2ωp

(
ap + a†−p

)
eip·x

π(y) =

∫
d3p′

(2π)3
(−i)

√
ωp′

2

(
ap′ − a†−p′

)
eip

′
·y (P.16)

which are valid at t = 0, one can determine the creation and annihilation
operators in terms of φ(x) and π(y). A straightforward computation will
then lead to the necessary result. An alternative route is the following:
Use Eq. (P.16) to compute the commutator [φ(x), π(y)] in terms of the
different sets of the commutators of creation and annihilation operators.
If you now write the Dirac delta function in Fourier space, you should be
able to argue that the only consistent solutions for the commutators of the
creation and annihilation operators are the standard ones.

Problem 4. Counting the Modes between the Casimir Plates

Prove the counting used in the text for the degrees of freedom associated
with different wavenumbers of the electromagnetic wave modes between
the Casimir plates.

A Potpourri of Problems
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Solution: Choose a coordinate system with one boundary at z = 0 and
consider the region 0 ≤ x ≤ Lx, 0 ≤ y ≤ Ly, 0 ≤ z ≤ Lz. From Maxwell’s
equations, it is straightforward to show that B⊥ = 0, E‖ = 0 where ⊥
and ‖ indicate the components perpendicular and parallel to the surface
respectively. These translate to the conditions A‖ = 0, ∂Az/∂z = 0. If we

take the plane wave modes to have the standard form A(t,x) = ε ei(k·x−ωt)

with ε · k = 0, where the wave vectors satisfy the standard boundary
conditions

kx =
πnx

Lx
, ky =

πny

Ly
, kz =

πnz

Lz
, (nα = 0, 1, 2, . . .) (P.17)

then we can write the expansion for Ax in the form

Ax(x, y, z) =
∞∑

nx=0

∞∑
ny=0

∞∑
nz=0

εx(k) cos(kxx) sin(kyy) sin(kzz) (P.18)

The expansions for Ay and Az follow the same pattern. If all the three nα

are non-zero, then the gauge condition puts one constraint; therefore only
two of the coefficients in εα(k) can be chosen independently. If only two
of the nα’s are non-zero, then the situation is a little tricky. Consider, for
example, the case with nz = 0 with nx �= 0, ny �= 0. Since Ax and Ay

contain the factor sin(kzz), they both vanish leaving only one independent
solution which will be proportional to εz(k). So there are two harmonic
oscillator modes when all of nα are non-zero but only one oscillator mode
for every triplet in which only two components are non-zero. This is the
result which was used in the text.

Problem 5. Effective Potential for m = 0

Consider the effective potential Veff of the λφ4 theory in the limit of m2
0 →

0. We know that the theory exhibits SSB when m2
0 < 0 while, it has a

single minimum (at φ = 0) when m2
0 > 0. The question arises as to what

happens to the theory due to higher order corrections when m2
0 = 0. In

this case, it is convenient to define the physical mass and coupling constant
by the conditions

m2
phys =

(
d2V

dφ2

)
φ=0

; λ =

(
d4V

dφ2

)
φ=Λ

. (P.19)

where Λ is an arbitrary energy scale. Work out the effective potential using
this prescription in terms of Λ.

Solution: In this case, the effective potential (worked out in the text)
becomes

Veff =
λ

4!
φ4 +

λ2

(16π)2
φ4 ln

λφ2

4μ2
(P.20)

From Eq. (P.19), we find that

λ = λ+

(
5

8π
λ

)2

+
24

(16π)2
λ2 ln

λΛ2

4μ2
. (P.21)

allowing us to express (4μ2/λ) in terms of Λ:

ln
λΛ2

4μ2
= −25

6
(P.22)
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Substituting back into Eq. (P.20), we get:

Veff =
λ

4!
φ4 +

λ2

(16π)2
φ4

[
ln

φ2

Λ2
− 25

6

]
(P.23)

The constant (25/6), of course, can be reabsorbed into ln Λ2; it is conven-
tional to leave it as it is.

Once again, we have obtained a finite Veff without any cut-off dependence,
but it has an apparent dependence on Λ. We have already seen that this is
only apparent because the coupling constant λ is now defined at the energy
scale Λ. If we change this scale Λ to Λ′, then we can retain the form of Veff

by changing λ to λ′, such that

λ′ = λ+
3λ2

16π2
ln

Λ′

Λ
(P.24)

Under Λ → Λ′, λ → λ′ transformations, Veff is invariant: Veff(λ
′,Λ′) =

V (λ,Λ)+O(λ3). This is exactly the “running” of the coupling constant we
have seen earlier.

Problem 6. Anomalous Dimension of the Coupling Constant

Consider the massless λφ4 theory in d = 4 with the Lagrangian L =
(1/2)(∂φ)2 + (λ/4!)φ4. The resulting action is invariant under the scale
transformation xm → s−1xm, φ → sφ with λ remaining invariant. Figure
out how the effective coupling constant of the renormalized theory changes
under the same scaling transformation.

Solution: This is fairly straight forward. Using the analysis given in the
text, you should be able to show that, to the lowest order,

λeff → λeff exp

(
3λeff

16π2
ln s

)
= λeffs

(3λ/16π2) ≡ sγλeff (P.25)

The constant γ is called the anomalous scaling dimension of the coupling
constant.1

Problem 7. Running of the Cosmological Constant

One key result we arrived at in the study of renormalization (both in the
case of the λφ4 theory and QED) is that the renormalized constants ap-
pearing in the Lagrangian can depend on an arbitrary energy scale μ and
“run with it”. This idea will be applicable even to a constant term (say,
−Λ0) added to the standard scalar field Lagrangian.2 We found in Sect.
1.4.5 that the coincidence limit of the Green’s function, G(x;x), can be
interpreted in terms of the zero point energy of the infinite number of os-
cillators. This zero point energy will combine with the bare parameter Λ0

to lead to a renormalized cosmological constant Λ. Regularize the rele-
vant expressions by the standard methods and show that the renormalized
cosmological constant Λ runs with the scale μ according to the equation

μ
dΛ

dμ
= (4− n)Λ− 1

2

m4

(4π)2
(P.26)

1This is one of the many examples
in QFT where a classical symmetry is
lost in the quantum theory. One way
of understanding this result is to note
that our regularization involves using
the arbitrary dimension d. The orig-
inal symmetry existed only for d = 4
and hence one can accept dimensional
regularization leading to a final result
in which a dimension dependent sym-
metry is not respected.

2Because of historical reasons, Λ is
called the cosmological constant; for
our purpose it is just another bare pa-
rameter in the original, unrenormal-
ized Lagrangian like m0, λ0 etc..

A Potpourri of Problems
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3For a more challenging task, you
can try computing the running of Λ
and E in the interacting λφ4 the-
ory. You will find that, at O(λ), the
Eq. (P.26) does not change!

−iηmn
k2

(a)

(b)

(c)

(d)

(e)

ie(pm + p′m)

2ie2ηmn

−iλ

i
k2−m2

Figure P.1: Feynman rules for the
scalar QED.

where m is the mass of the scalar field. Also show that the regularized zero
point energy is given by the expression

E =
1

4

m4

(4π)2

[
ln

(
m4

4πμ2

)
+ γE − 3

2

]
− Λ(μ) (P.27)

where the running of Λ(μ) ensures that E is independent of μ.

Solutions: Most of the work for this problem is already done in the text.
Just for fun, we will derive it using a more formal approach along the
following lines. From the Euclidean vacuum-to-vacuum amplitude of the
theory, expressed in the form

Z ≡ e−W =

∫
[Dφ] exp

{
−
∫
(dnxE)

[
1

2
(∂mφ)2 +

1

2
m2

0φ
2 − Λ0

]}
(P.28)

we immediately obtain the relation

∂

∂m2
0

lnZ = −1

2

∫
(dnxE)GE(x, x) (P.29)

where

GE(x, x) =

∫
(dnkE)

(2π)n
1

k2 +m2
0

(P.30)

is the coincidence limit of the Green’s function. We are working in Eu-
clidean n-dimensional space in anticipation of dimensional regularization
being used to handle Eq. (P.30). Using the standard Schwinger trick, we
can evaluate Eq. (P.30) to obtain

GE(x, x) =
(m2

0)
[(n/2)−1]

(4π)n/2
Γ
(
1− n

2

)
(P.31)

which allows us to integrate Eq. (P.29) and obtain:

Z = exp

{
−
∫
(dnxE)E

}
; E =

mn
0

(4π)n/2
1

n
Γ
(
1− n

2

)
− Λ0 (P.32)

(compare with Eq. (2.84)). Taking the limit n → 4 and isolating the
divergences, we find that the renormalized cosmological constant Λ and
the bare constant Λ0 are related by

Λ0 = μn−4

{
1

2

m4
0

(4π)2
1

n− 4
+ Λ

}
(P.33)

The standard condition μ(dΛ0/dμ) = 0 now gives us the running of the
cosmological constant in Eq. (P.26). In the free theory, physical mass is
the same as the bare mass and this identification has been made in this
context.3 Substituting back Eq. (P.33) into Eq. (P.32), we get Eq. (P.27).

Problem 8. Feynman Rules for Scalar Electrodynamics

In Sect. 4.2, we studied the scalar electrodynamics non-perturbatively in
order to compute the Schwinger effect. This theory is described by the
action

A =

∫
d4x

[
−1

4
FmnF

mn + (Dmφ)∗(Dmφ)−m2φ∗φ− λ

4
(φ∗φ)2

]
(P.34)
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where Dm(x) = ∂m − ieAm(x) is the standard gauge covariant derivative.
Work out and write down the Feynman rules for this theory.

Solution: The Feynman diagram with equivalent algebraic expressions are
given in Fig. P.1. Figures P.1(a) and (b) are straightforward and represent
the photon propagator and the scalar propagator. The last figure (Fig.
P.1(e)) represents the self-interaction vertex of the scalar field and has
nothing to do with the electromagnetic coupling. Figures P.1(c) and (d)
represent the photon-scalar vertices of the theory. Since there are both
linear and quadratic couplings to the vector potential, we get two kinds
of vertices — one with 3 lines and the other with 4 lines. The first one
is similar to the one in standard QED while the second one is new to the
scalar field interaction.

Problem 9. Two-loop Contribution to the Propagator in the λφ4

Theory

In Sect. 4.8 we described the renormalized perturbation theory for the λφ4

theory. We found that, at the one loop order, we needed counter-terms to
take care of the renormalization of the mass and the coupling constant. But
we did not require any wave function renormalization. The purpose of this
problem is to compute the corrections to the propagator toO(λ2

R) and show
that everything works out fine with a renormalization of the wavefunction.
To do this, it is convenient to relate the bare and renormalized quantities
through the equations:

φB = Z
1/2
φ φR, m2

B =
1

Zφ
(m2

R + δm2), λB =
1

Z2
φ

(λR + δλ) (P.35)

where Zφ is the wavefunction renormalization. The Lagrangian can now
be separated into the renormalized part and the counter-terms in the form

L =
1

2
(∂μφR)

2 − 1

2
m2

Rφ
2
R − λR

4!
φ4
R +

1

2
(Zφ − 1)(∂μφR)

2 − 1

2
δm2φ2

R − δλ

4!
φ4
R

(P.36)
We will expand the parameters as a power series in the coupling constant
by

Zφ − 1 = z1λR + z2λ
2
R + · · · , δm2 = m2

R(a1λR + a2λ
2
R + · · · ),

δλ = b2λ
2
R + b3λ

3
R + · · · (P.37)

We already know from our study correct to O(λR), in the main text, that:

z1 = 0; a1 =
μ−2ε

2(4π)2ε
; b2 =

3μ−2ε

2(4π)2ε
(P.38)

Draw the relevant diagrams with two-loops for the corrections to the prop-
agator and compute the resulting expression. Use the dimensional reg-
ularization and show that the new divergences can be removed with the
choices

z2 =
μ−4ε

24(4π)4ε
, a2 =

μ−4ε

4(4π)4

(
2

ε2
− 1

ε

)
(P.39)

Solution: This requires fairly involved computation, but you should be able
to fill in the details to the following steps. The relevant Feynman diagrams

+

+

+

a1

b2

+

z2/a2

Figure P.2: Two-loop diagrams that
contribute to the propagator.

A Potpourri of Problems
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are shown in Fig. P.2. The contribution from the first one is given by the
integral

I1 =
1

4
(−iλR)

2

∫
idnp

(2π)

−i

p2 +m2
R

∫
idnk

(2π)

( −i

k2 +m2
R

)2

=
iλ2

Rm
2
Rμ

−4ε

4(4π)4

(
4πμ2

m2
R

)2ε

Γ(ε)Γ(ε − 1) (P.40)

where the integrals are in Euclidean space. Standard dimensional regular-
ization techniques will now give the divergent contribution to be

I1 = − iλ2
Rm

2
Rμ

−4ε

4(4π)4

[
1

ε2
+

1

ε

(
1− 2γE + 2 log

4πμ2

m2
R

)]
(P.41)

where we have used the MS scheme. The contribution from the second
diagram is given by:

I2 =
1

2
(−iλR)(−ia1λRm

2
R)

∫
idnp

(2π)

( −i

k2 +m2
R

)2

=
ia1λ

2
Rm

2
Rμ

−2ε

2(4π)2

(
4πμ2

m2
R

)ε

Γ(ε) (P.42)

where we know from the result in the text that

a1 =
μ−2ε

2(4π)2ε
(P.43)

Again, the divergent contribution can be isolated by the MS scheme, leading
to

I2 =
iλ2

Rm
2
Rμ

−4ε

4(4π)4

[
1

ε2
+

1

ε

(
−γE + log

4πμ2

m2
R

)]
(P.44)

(Interestingly, you will find that the worst divergences proportional to ε−2

cancel when we add I1 and I2.) The third contribution is given by

I3 =
1

2
(−ib2λ

2
R)

∫
idnp

(2π)

−i

p2 +m2
R

= − ib2λ
2
Rm

2
Rμ

−2ε

2(4π)2

(
4πμ2

m2
R

)ε

Γ(ε− 1)

(P.45)
where we know from the result in the text that

b2 =
3μ−2ε

2(4π)2ε
(P.46)

This leads to:

I3 =
3iλ2

Rm
2
Rμ

−4ε

4(4π)4

[
1

ε2
+

1

ε

(
1− γE + log

4πμ2

m2
R

)]
(P.47)

Diagram 4 is completely straightforward to compute and gives the contri-
bution (iz2λ

2
Rp

2 − ia2λ
2
rm

2
R).

Let us next get on to diagram 5 which is possibly the most complicated
one we need to calculate. Here we need to evaluate the integral

I5 =
iλ2

R

6

∫
dnk

(2π)

dnq

(2π)

1

k2 +m2
R

1

q2 +m2
R

1

(p+ k + q)2 +m2
R

(P.48)



269

We will obtain the divergent parts by a series of tricks rather than attempt
a brute force computation. There are two divergent contributions at O(p0)
and O(p2) if we expand I5 as a power series in p. We will evaluate the
coefficients of the divergences separately.

For the first one, we can set p = 0 and write the integral, say, as I(m2
R),

scaling out the factor iλ2
R/6. It is a little easier to compute the derivative

I ′(m2
R) rather than I(m2

R) itself. With a little bit of guess work, you can
separate out I ′(m2

R) into two terms of which the second one is finite and
the first one is given by

I ′(m2
R) = −3

∫
dnk

(2π)d
dnq

(2π)d
1

(k2 +m2
R)(q

2 +m2
R)

2(k + q)2
(P.49)

This is a standard integral and its evaluation leads to the result

I ′(m2
R) = −3(m2

R)
−2ε

2(4π)4−2ε

[Γ(ε)]2

1− ε
(P.50)

Integrating I ′(m2
R), we find the divergent part to be

I(m2
R) = −3m2

Rμ
−4ε

2(4π)4

[
1

ε2
+

1

ε

(
3− 2γE + 2 log

4πμ2

m2
R

)]
(P.51)

This takes care of the divergence of O(p0).

To determine the second divergence of O(p2), it is again good to combine
the denominators of the integral in I5 by the Schwinger-Feynman trick.
One can then pick out the divergent pieces which are proportional to p2.
This requires a fair amount of algebraic ingenuity but the final answer is
given by

D = − p2μ−4ε

2(4π)4ε

∫ ∞

0

dx dy dz δ(x+ y + z − 1)
xyz

(xy + yz + zx)3
(P.52)

This triple integral, in spite of the appearances, has the simple value of
(1/2). This is most easily done by writing the denominator using the
Schwinger trick, obtaining

D =
1

2

∫ ∞

0

dx dy dz δ(x+ y + z − 1)xyz

∫ ∞

0

dt t2e−t(xy+yz+zx) (P.53)

If you now rescale x, y, z by
√
t and change variables to u = yz, v =

zx, w = xy (with the Jacobian du dv dw = 2xyzdxdydz), then you will
find that the expression reduces to

D =
1

2

∫ ∞

0

du dv dw e−(u+v+w) =
1

2
(P.54)

Therefore, the final answer for the divergent part is given by

I5 =
iλ2

Rm
2
Rμ

−4ε

4(4π)4

[
− 1

ε2
+

1

ε

(
−3 + 2γE − 2 log

4πμ2

m2
R

− p2

6m2
R

)]
(P.55)

Adding up all the divergent contributions, we get our final result to be

I =
iλ2

Rm
2
Rμ

−4ε

4(4π)4

(
2

ε2
− 1

ε
− p2

6m2
Rε

)
+ iz2λ

2
Rp

2 − ia2λ
2
Rm

2
R (P.56)
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4See Sect. 5.4.7.

5As we said in the main text, no-
body has found a physical situation in
which θ is relevant. So we consider
only states with a = b = 0.

You would have noticed that there were several cancellations, as to be
expected. The remaining divergences can be eliminated if we choose

z2 =
μ−4ε

24(4π)4ε
, a2 =

μ−4ε

4(4π)4

(
2

ε2
− 1

ε

)
(P.57)

Clearly, we now need a non-zero wavefunction renormalization.

Problem 10. Strong Field Limit of the Effective Lagrangian in
QED

In the text, we computed the QED effective Lagrangian resulting from inte-
grating out the charged scalar and fermionic particles. The real part of the
effective Lagrangian was computed for weak fields in a Taylor series expan-
sion. Do the same for strong fields and show that the resulting corrections
have the asymptotic forms given by

Leff
φ ≡ − e2

192π2
(E2 −B2) log

[
−4e2

(�c)3

(mc2)4
(E2 −B2)

]
+ · · · (P.58)

for the scalar field and

Leff
ψ ≡ − e2

48π2
(E2 −B2) log

[
−4e2

(�c)3

(mc2)4
(E2 −B2)

]
+ · · · (P.59)

for the fermionic field.

Solution: This is completely straightforward and can be obtained by evalu-
ating the parametric integral for Leff using the saddle point approximation.

Problem 11. Structure of the Little Group

Let |p; a, b〉 be an eigenstate of the operators A and B with eigenvalues a
and b related to the Little Group in the massless case.4 Show that one
can now construct another eigenstate |p; a, b, θ〉 of A and B with θ being a
continous parameter, leading5 to a continous set of eigenvalues if a �= 0 or
b �= 0.

Solution: The required state can be defined through the relation |p; a, b, θ〉
≡ e−iθJ3 |p; a, b〉. Using the usual trick of writing

Ae−iθJ3 |p; a, b〉 = e−iθJ3
(
eiθJ

3

Ae−iθJ3
)
|p; a, b〉 (P.60)

and the commutation rule eiθJ
3

Ae−iθJ3

= A cos θ − B sin θ, it is easy to
show that |p; a, b, θ〉 is indeed an eigenket of A and B with eigenvalues
(a cos θ − b sin θ) and (a sin θ + b cos θ) respectively.

Problem 12. Path Integral for the Dirac Propagator

In the text, we showed that the propagatorG(x, y) for a spinless relativistic
particle can be obtained by a parametric integration over the proper time
s of a 5-dimensional kernel K(x, y; s). The latter can be thought of as a
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quantum mechanical propagator of the form 〈x| exp(−isH)|y〉 with H =
p2+m2. This allows one to obtain a path integral representation for G(x, y)
which is manifestly Lorentz invariant. Show that one can carry out similar
steps for a spin-half Dirac particle as well. What kind of paths should one
sum over in the spacetime in this case?

Solution: There is a general trick to obtain any propagator of the form

G(x, y) ≡
∫

d4p

(2π)4
eip·(x−y)

H(p)
(P.61)

in terms of a parametric integration. To do this, we use the Schwinger trick
to write the denominator H(p) in an integral representation and use the
fact that 〈p|y〉 = exp(ipy). This gives

G(x, y) = i

∫ ∞

0

ds

∫
d4p

(2π)4
e−isH(p)−ip·(x−y) = i

∫ ∞

0

ds〈x|e−isH(p̂)|y〉

≡ i

∫ ∞

0

ds K(x, y; s) (P.62)

In the final expression, we think of H(p̂) as a quantum mechanical operator
with the usual representation p̂a = i∂a. (It is assumed that H has a
regularizer −iε to make the integral converge in the upper limit.) The
kernel K(x, y; s) has the obvious path integral representation given by

K(x, y; s) =

∫
Dp

∫
Dx exp i

∫ s

0

dτ [paẋ
a −H(p)] (P.63)

In the case of a spin half particle, we can take H(p) = γapa − m + iε,
resulting in the path integral representation for the Dirac propagator

S(x, y) =

∫ ∞

0

ds

∫
D4x

∫
D4p eiA (P.64)

where

A =

∫ s

0

dτ [paẋ
a − (γapa −m)] (P.65)

Notice that, unlike the bosonic case, the Hamiltonian is now (formally)
linear in the momentum. (The result is formal because both the kernel and
the Dirac propagator are 4 × 4 matrices.) If we proceed in the standard
manner, the functional integration over the momentum will lead to a Dirac
delta functional of the form δ[ẋa−γa]! If we interpret this result in terms of
the eigenvalues, this would require every bit of the path to have a velocity
equal to ±1. So the paths we need to sum over are on the light cone
everywhere.6

Problem 13. Dirac Propagator as a Green Function

Show that the Dirac propagator satisfies the differential equation for the
Green’s function, viz.

(iγm∂m −m)S(x− y)ab = iδ(4)(x− y)δab (P.66)

by explicitly working it out in the coordinate representation.

6One can actually compute such a
path integral and obtain the Dirac
propagator. Stated without any
preamble, this construction will look
unnecessarily mysterious. But, as we
have emphasized, once you know the
propagator — say, from the field the-
ory — it is trivial to do a reverse en-
gineering and obtain this path inte-
gral expression for the Dirac propa-
gator. (The details of this calcula-
tion are available, for example, in J.V.
Narlikar, ‘Path Amplitudes for Dirac
Particles’, (1972), Jour.Indian Math.

Soc, 36, p.9.) Unfortunately, trying to
get the propagators for higher spin par-
ticles using path integrals — even for
a massive spin one particle — does not
lead to any better insight than what is
provided by the field theory.

A Potpourri of Problems
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7So this is not a gauge transforma-
tion.

8The current may now include a pos-
sible contribution from the change in
the path integral measure as well.

Solution: This is straightforward to do in Fourier space but may be fun to
work it out in real space to see how exactly it comes about. We need to
start with the expression in

S(x−y)ab = θ(x0−y0)〈0|ψa(x)ψ̄b(y)|0〉−θ(y0−x0)〈0|ψ̄b(y)ψa(x)|0〉 (P.67)

and act on it with the operator (iγm∂m−m). The computations are simpli-
fied by noticing the following fact: The partial derivative ∂m will act on the
correlator as well as on the θ function. Of these, the terms arising from ∂m
acting on the correlator will lead to terms like (iγm∂m−m)〈0|ψa(x)ψ̄b(y)|0〉
which identically vanish due to the Dirac equation. So, we need to only
worry about terms arising from the θ function, leading to Dirac delta func-
tions. These terms give, through straightforward computation, the result:

(iγm∂m −m)S(x− y)ab = iγ0δ(x0 − y0)〈0|{ψa(x), ψ̄b(y)}|0〉,
= iγ0δ(x0 − y0)〈0|{ψa(x), ψ

†
b(y)γ

0}|0〉,
= i(γ0)2δ(x0 − y0){ψa(x), ψ

†
b(y)}〈0|0〉,

= iδ(x0 − y0)δ(3)(x− y)δab (P.68)

Problem 14. An Alternative Approach to the Ward Identities

Consider a field theory with an action A(φ) which is invariant under the
transformation φ → φ′ = φ+δεφ where ε is a infinitesimal constant param-
eter. Let jm be the associated conserved current in the classical theory.

(a) Show that in quantum theory, ∂m〈jm〉 = 0 where 〈· · · 〉 denotes the
path integral average.

(b) Let O(φ) denote a member of a class of local operators which change
as O(φ) → O(φ + δεφ) = O(φ) + δεO where δεO := (δεφ)(∂O/∂φ), when
the field changes by φ → φ′ = φ+ δεφ. Prove that

∂μ〈jμ(x)
n∏

i=1

Oi(xi)〉 = −
n∑

i=1

δD(x− xi)〈δOi(xi)
∏
j =i

Oj(xj)〉 (P.69)

That is, the divergence of a correlation function involving the current jm

and a product of n local operators vanishes everywhere except at the loca-
tions of the operator insertions.

(c) Consider the transformations ψ → ψ′ = eiαψ, ψ̄ → ψ̄′ = e−iαψ̄,
Am → A′

m = Am in standard QED where we have not7 changed Aj . Pro-
mote this to a local transformation (again without changing Aj) and obtain
the resulting Ward identity related to the operator 〈jm(x)ψ(x1)ψ̄(x2)〉.
Solutions: (a) Since the theory is invariant when ε = constant, the variation
of the path integral to the lowest order must be proportional to ∂mε when
ε is promoted as a spacetime dependent function. Therefore, to the lowest
order, we must have8

Z =

∫
Dφ′e−A[φ′] =

∫
Dφ e−A[φ]

[
1−
∫
M

jm∂mε dDx

]
(P.70)

Since the zeroth order term on both sides of Eq. (P.70) are equal, and ε(x)
is arbitrary, an integration by parts leads to the result ∂m〈jm〉 = 0.
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(b) Start with the result

∫
Dφ e−A[φ]

n∏
i=1

Oi(φ(xi)) =

∫
Dφ′ e−A[φ′]

n∏
i=1

Oi(φ
′(xi)) =

∫
Dφ e−A[φ]

×
[
1−
∫
M

jm∂mε dDx

]⎡⎣ n∏
i=1

Oi(xi) +

n∑
i=1

δεOi(xi)
∏
j =i

Oj(xj)

⎤
⎦

(P.71)

The first equality is trivial and the second follows by writing φ′ = φ+ δεφ
and expanding Dφ′ exp(−A[φ′]) and the operators to first order in ε(x).
This leads to the result

∫
M

dDx ε(x)∂m

(
〈jm(x)

n∏
i=1

Oi(xi)〉
)

= −
n∑

i=1

〈δεOi(xi)
∏
j =i

Oj(xj)〉

(P.72)
We now use a simple trick of writing

δεOi(xi) =

∫
M

dDx δD(x− xi) ε(x) δOi(xi) (P.73)

so that all the terms in Eq. (P.72) become proportional to ε(x). This leads
to the result quoted in the question.

(c) You should first verify that the transformation stated in the text with
constant α is indeed a quantum symmetry. The QED action is definitely
invariant but you need to verify that the Jacobian of the path integral
measure is indeed unity, which turns out to be the case.

Consider now the resulting current jm = ψ̄γmψ and the correlation func-
tion 〈ψ(x1)ψ̄(x2)〉. Since we now have δψ ∝ ψ, the Ward identity obtained
in part (b) above becomes

∂m〈jm(x)ψ(x1)ψ̄(x2)〉 = −δD(x−x1)〈ψ(x1)ψ̄(x2)〉+δD(x−x2)〈ψ(x1)ψ̄(x2)〉
(P.74)

If you now introduce the Fourier transforms (in D = 4) by:

Mm(p, k1, k2) :=

∫
d4x d4x1 d

4x2 e
ip·x eik1·x1 e−ik2·x2〈jm(x)ψ(x1)ψ̄(x2)〉

M0(k1, k2) :=

∫
d4x1 d

4x2 e
ik1·x1 e−ik2·x2〈ψ(x1)ψ̄(x2)〉 (P.75)

then we get the momentum space Ward identity

ipmMm(p, k1, k2) = M0(k1 + p, k2)−M0(k1, k2 − p) (P.76)

This is precisely the one obtained in the text.

Problem 15. Chiral Anomaly

In the text, we computed the expectation value of the electromagnetic
current in a quantum state, |A〉, hosting an external vector potential Aj . In
a similar fashion, one can define a pseudoscalar current as the expectation

A Potpourri of Problems
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value J5 ≡ 〈A|ψ̄(x)γ5ψ(x)|A〉. As usual, define a and b by E · B = ab,
E2 −B2 = a2 − b2.

(a) Compute J5 and show that it is given by

J5 = i
e2

4π2m
ab (P.77)

(b) When m = 0, the Dirac Lagrangian is invariant under the the chiral
transformation ψ → exp(iαγ5)ψ, leading to a conserved current Jm5. This
current is no longer conserved when m �= 0. Show that

〈A|∂mJm5|A〉 = − e2

2π2
ab (P.78)

Solutions: (a) The procedure is almost identical to what we did for the
scalar and fermionic currents in the text. We first note that J5 can be
expressed in the form

J5 = 〈A|ψ̄(x)γ5ψ(x)|A〉 = −Tr
[〈x|GAγ

5|x〉]
= −Tr

[∫ ∞

0

ds e−ism2〈x|(γp− eγA+m)γ5e
i(γp−eγA)2s|x〉

]

= −m

∫ ∞

0

ds e−ism2

Tr
[
〈x|γ5e−iĤs|x〉

]
(P.79)

The evaluation of the matrix element proceeds exactly as before, using:

〈x|e−iĤs|x〉 = 〈x; 0|x; s〉 = i

16π2
ei(1/2)esσmnFmn (es)2ab

Im cosh(es(b+ ia))
(P.80)

and
(σmnF

mn)2 = 4(b2 − a2) + 8iγ5ab (P.81)

leading to

Tr
[
γ5e

i(1/2)esσF
]
= −4i Im cosh(es(b+ ia)) (P.82)

These results should be enough for you to obtain the result quoted in the
question.

(b) Recall that the standard QED Lagrangian is invariant under the chiral
transformation ψ → exp(iαγ5)ψ in the limit of m → 0, with a conserved
current Jk5 = ψ̄γkγ5ψ. When m �= 0, this axial current satisfies the
condition

∂kJ
k5 = 2imψ̄γ5ψ (P.83)

Using our result for 〈A|ψ̄(x)γ5ψ(x)|A〉, we find the result quoted in the
question.

Problem 16. Compton Scattering: A Case Study

We never completely worked out any probability amplitude using the tree-
level Feynman diagrams in the main text. The purpose of this exercise is
to encourage you to do this for Compton scattering, with a bit of guidance
in the form of a solution.
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One possible experimental set up for Compton scattering is as follows. A
photon with energy ω, travelling along the z-axis, hits an electron at rest.
After the scattering, the photon carries an energy ω′ and travels at an angle
θ to the z-axis. You can assume that the photon is initially unpolarized (so
that you should average over the initial polarizations) and the electron is in
a mixed spin state (so that you average over the initial spins). In the final
state, we usually measure the momenta of the electron and photon but not
the final polarization or spin. (So you can sum over the final polarization
and spins as well.)

(a) Draw the relevant tree-level Feynman diagrams and translate them into
an algebraic expression for the amplitude M.

(b) Show that

1

2

∑
s,s′

1

2

∑
pol

|M|2 (P.84)

= 2e4

[
p12
p14

+
p14
p12

+ 2m2

(
1

p12
− 1

p14

)
+m4

(
1

p12
− 1

p14

)2
]

where, in the left hand side, you have averaged over the polarizations and
the spins of both the initial and the final states, and pAB is a shorthand
for pA − pB.

Solutions: (a) This part is easy. There are two contributing diagrams
shown in Fig. P.3. Writing down the relevant algebraic expressions, we
find that the net tree-level amplitude is given by

iM = −ie2εm(p2)ε
∗
n(p4) ūs(p3)

[
γn(γp1 + γp2 +m)γm

(p1 + p2)2 −m2

+
γm(γp1 − γp4 +m)γn

(p1 − p4)2 −m2

]
us′(p1)

≡ −ie2εm(p2)ε
∗
n(p4)Mmn (P.85)

(b) This part involves lots and lots of work but is a fairly standard cal-
culation in QED. You should be able to fill in the details of the steps
outlined below. To begin with, we need to compute |M|2. So calculate
(Mmn)∗ = (Mmn)†. Evaluating this expression from the previous result,
we get

(Mmn)
†

= ū†
s′(p1)

[
γn(γp1 − γp4 +m)γm

(p1 − p4)2 −m2

+
γm(γp1 + γp2 +m)γn

(p1 + p2)2 −m2

]
us(p3) (P.86)

We can now write down an expression for |M|2. It is easiest to average
over the initial and final polarizations at this stage. This will give

1

2

∑
pol

|M|2 =
1

2
e4
∑
pol

εm(p2)ε
∗
a(p2)

∑
pol

ε∗n(p4)εb(p4)Mmn
(Mab

)†

=
1

2
e4(−gma)(−gnb)Mmn

(Mab
)†

=
1

2
e4MmnM†

mn (P.87)

p1 − p4

p1 p4

p3p2

p1 p4

p2 p3

p1 + p2

Figure P.3: Feynman diagram for the
Compton scattering
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The next step is to average over the spins. The summing over s′ is fairly
easy, and we get:

1

2

∑
s s′

1

2

∑
pol

|M|2 =
1

4
e4
∑
s

ūs(p3)Mus(p3) (P.88)

with

M ≡
[
γn(γp1 + γp2 +m)γm

(p1 + p2)2 −m2
+

γm(γp1 − γp4 +m)γn

(p1 − p4)2 −m2

]
(γp1 +m)

×
[
γn(γp1 − γp4 +m)γm

(p1 − p4)2 −m2
+

γm(γp1 + γp2 +m)γn
(p1 + p2)2 −m2

]
(P.89)

Plugging everything in, the problem reduces to the calculation of a bunch
of traces of the gamma matrices in the expression

1
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∑
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1

2

∑
pol

|M|2

=
1

4
e4Tr

[[
γn(γp1 + γp2 +m)γm

(p1 + p2)2 −m2
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γm(γp1 − γp4 +m)γn

(p1 − p4)2 −m2

]
(γp1 +m)

×
[
γn(γp1 − γp4 +m)γm

(p1 − p4)2 −m2
+

γm(γp1 + γp2 +m)γn
(p1 + p2)2 −m2

]
(γp3 +m)

]

(P.90)

This is fairly tedious and the best way to do this is to separate it out term
by term. For example, the term which has a factor m4 reduces to

Q =
1

4
e4m4Tr

[(
γnγm

(p1 + p2)2 −m2
+

γmγn

(p1 − p4)2 −m2

)

×
(

γnγm
(p1 − p4)2 −m2

+
γmγn

(p1 + p2)2 −m2

)]

= 4e4m4

[
1

p12 p14
+

1

p212
+

1

p214

]
(P.91)

If you similarly calculate all the rest and add them up, you should get the
result quoted in the question.

Problem 17. Photon Mass from Radiative Corrections in d = 2

We saw that the radiative corrections preserve the condition m = 0 for the
photon in standard QED in d = 4. This depended crucially on the fact
that the Π(p2) — computed by summing the electron loop contribution to
the photon propagator — has no pole at p = 0. Curiously enough, the
situation is different in d = 2 where Π(p2) acquires a pole, and as a result,
the photon acquires a mass! Prove this result — originally obtained by
Schwinger — by computing Πmn(p

2) in d = 2.

Solution: We now need to compute in d = 2 the standard integrals for
Πmn(p) and regularize them. We will choose dimensional regularization
and set D = 2− ε. Then the relevant integral is given by

−iΠmn(p) = (ie)2(−i2)

∫
dDq

(2π)D
Tr [(γq − γp)γnγqγm]

q2(q − p)2
(P.92)
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We will use, for the traces, the relations9

Tr(γmγn) = 2gmn; Tr(γmγnγrγs) = 2 (gmngrs − gmrgns + gmsgrn)
(P.93)

The integral can be evaluated exactly as we did in the main text for d = 4,
and will now lead to the result

−iΠmn = −2ie2πD/2
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∫ 1
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2
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2
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− 2
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2
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+ gmn
p2x

(−p2x+ p2x2)1+ε/2
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1 +
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2

)]
(P.94)

Taking the limit D → 2, ε → 0, we find that

−iΠmn(p) = i(pmpn − p2gmn)Π(p
2) = − ie2

πp2
(pmpn − p2gmn) (P.95)

This is a finite quantity in d = 2. The sum of the electron loops will now
lead to a photon propagator of the form

iDmn(p) = − i
(
gmn − (pmpn/p

2)
)

p2 (1−Π(p2))
(P.96)

Because Πmn(p
2) ∝ (1/p2), the resulting propagator has the structure

iDmn(p) = − i
(
gmn − (pmpn/p

2)
)

p2 − (e2/π)
(P.97)

showing that the photon acquires a mass mγ = e/
√
π.

Problem 18. Electron Self-Energy with a Massive Photon

Compute Σ(p,m) for the one loop electron self-energy graph when the pho-
ton has a mass mγ . This can be done using dimensional regularization but
for some additional practice, try it out using a technique called the Pauli-
Villars regularization. The idea behind this regularization is to replace the
(1/k2) of the photon propagator by

1

k2
→ 1

k2
− 1

k2 − Λ2
(P.98)

where Λ is a large regulator mass scale. Obviously, Λ → ∞ gives back
the correct photon propagator, but the modified photon propagator in

9The coefficient 2 on the right hand
side could have been replaced by any
analytic function F (D) with F (2) = 2.
We simplify the notation by setting it
to 2 right from the start.
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Eq. (P.98) has better UV convergence which will make the integrals fi-
nite. Show that you can now express Σ in the form Σ(p,m) = A(p2)(γp)+
mB(p2), where:

A(p2) = +
2e2

(4π)2

∫ 1

0

dα (1 − α) ln

(
(1− α)Λ2

−α(1 − α)p2 + αm2 + (1− α)m2
γ

)

B(p2) = − 4e2

(4π)2

∫ 1

0

dα ln

(
(1− α)Λ2

−α(1− α)p2 + αm2 + (1− α)m2
γ

)
(P.99)

Solution: This is completely straightforward, though a bit tedious. You
can perform the calculation exactly as in the case of mγ = 0. The photon
propagator can be taken as

Dmn =
−iηmn

k2 −m2
γ

(P.100)

in the generalization of a Feynman gauge.



Annotated Reading List

There are several excellent text books about QFT, with more being written
every year, if not every month! It is therefore futile to give a detailed
bibliography on such a well developed subject. I shall content myself with
sharing my experience as regards some of the books in this subject, which
the students might find useful.

1. I learnt quantum field theory, decades back, from the following two
books:

• Landau L.D. and Lifshitz E.M., Relativistic quantum theory,

Parts I and II, (Pergamon Press, 1974).

The first three chapters of Part I are masterpieces of — concise
but adequate — description of photons, bosons and fermions.
There is a later avatar of this Volume 4 of the Course of Theo-
retical Physics, in which the discussion of some of the “outdated”
topics are omitted, and hence is much less fun to read!

• Roman P., Introduction to Quantum Field Theory, (John Wiley,
1969).

The discussion of the formal aspects of QFT (LSZ, Wightman
formalism, ...) is presented in a human readable form. Unfortu-
nately, the author does not discuss QED.

2. The following two books are very different in style, contents and in-
tent, but I enjoyed both of them.

• Zee A., Quantum Field Theory in a Nutshell, (Princeton Uni-
versity Press, 2003).

Possibly the best contemporary introduction to QFT, with cor-
rect balance between concepts and calculational details and de-
lightful to read.

• Schwinger J., Particles, Sources and Fields, Vol. I, II and III,
(Perseus Books, 1970).

An extraordinarily beautiful approach which deserves to be bet-
ter known among students — and also among professors but
(alas!) they are usually too opinionated to appreciate this work
— for clarity, originality and efficiency of calculations.

You will find the influence of the above two books throughout the
current text!

3. A conventional treatment of QFT, covering topics more extensive
(and different) compared to the present one, from a modern perspec-
tive can be found in the following two books:
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• Peskin M. E. and Schroeder D.V., An introduction to Quantum

Field Theory, (Addison-Wesley Publishing Company, 1995).

• Alvarez-Gaume L. and Vazquez-Mozo M. A., An Invitation to

Quantum Field Theory, (Springer, 2012).

Another modern treatment, clear and to the point, is available in

• Maggiore Michele, A Modern Introduction to Quantum Field

Theory, (Oxford University Press, 2005).

There are, doubtless, several other books of similar genre, but these
are among my personal favourites.

4. Very down-to-earth, unpretentious discussion, with rich calculational
details can be found in the books by Greiner. Three of them which
are of particular relevance to QFT are:

• Greiner W., Relativistic Quantum Mechanics Wave Equations,
(Springer, 2000).

• GreinerW. and Reinhardt J.,Quantum Electrodynamics, (Springer,
1994).

• Greiner W. and Reinhardt J., Field Quantization, (Springer,
1996).

These are very student-friendly and give details of the calculations
which you may not find in many other books.
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breaking, 90
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fermions, 222
for Dirac propagator, 271
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Hamiltonian evolution, 9
Jacobi action, 13
non-relativistic particle, 4
relativistic particle, 16, 41
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properties of, 192
Pauli-Villars regularization, 277
perturbation theory

λφ4 theory, 153
running coupling constant, 171

photon propagator
at one loop, 234
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Casimir operators, 210
Lie algebra of, 210
Little group of, 270

propagation amplitude
3-d Fourier transform, 22
4-d Fourier transform, 24
antiparticle, 32
harmonic oscillators, 30
non-relativistic particle, 6
relativistic particle, 19
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time-ordered product, 31
vacuum persistence amplitude,

48

quantization
complex scalar field, 77, 101
Dirac field, 216
electromagnetic field, 105
in Schrodinger picture, 90
real scalar field, 74, 91

quantum field theory
necessity for, 1

relativistic particle
Hamiltonian evolution, 27
path integral, 16, 41
propagation amplitude, 19

renormalization, 134
beta function, 146
effective Lagrangian, 139
running coupling constant, 145

renormalization group, 133
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rotations, 194
running coupling constant

λφ4 theory, 151
electromagnetic field, 145
in perturbation theory, 171
QED, 228, 233, 241

scattering amplitude
analytical structure of, 185

Schwinger effect
charged scalar field, 142
fermions, 227

spectral density, 126
Spin magnetic moment

from the Dirac equation, 200
from the Pauli equation, 193

spinor
adjoint of, 212
transformation under boosts, 198
transformation under parity, 208
transformation under rotation,

195

spontaneous symmetry breaking, 3,
87, 104

complex scalar field, 88
ferromagnet, 88
Higg’s mechanism, 90
real scalar field, 87
superconductivity, 90
with gauge field, 89

time-ordered product
Dirac field, 220
Feynman propagator, 102
propagation amplitude, 31

transitivity constraint
path integral, 4
relativistic particle, 20

transverse delta function, 108
two-loop renormalization

λφ4 theory, 267

vacuum functional, 96
path integral, 99

vacuum persistence amplitude, 12,
45

action, 56
functional Fourier transform, 53
imaginary part of, 50
interaction energy, 50
propagation amplitude, 48

vertex correction
at one loop, 248

vertex function
calculation of, 257

Ward-Takahashi identities, 224, 272

zero-point energy
Casimir effect, 116
cosmological constant, 265
Dirac field, 218
effective Lagrangian, 59, 180
electromagnetic field, 107
normal ordering, 95
real scalar field, 94

zeta function, 129
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